
This is the syllabus for MA5b, as taught in Winter 2015.

Syllabus for MA5b: Introduction to Abstract Algebra

Text Book: Dummit and Foote, Abstract Algebra.
Homework: due at 1am on Wednesdays.

WEEK 1 Introduction to Rings (7.1–7.3).
Jan 05 Def of ring. Associative, with unity, commutative.

Examples: Z, Z/nZ, Q,R,C,Q[X],Mn(Z),Fp.
More examples: for R a comm ring: Mn(R), R[X], CR(X) = {f : X → R}.
Def of invertible elements and zero divisors. IE implies not ZD (ZD implies
not IE). Def. integral domain, division ring, field.
Prop. Z/n is not ID is n is not prime.
Prop. Mn(R) is ID iff R is ID and n = 1. Mn(R) is not comm if n > 1.
Prop. If R finite ring then every non-zero element is either a zero divisor
or invertible.
Cor. If R finite and ID then R is division ring (in fact, R is a field).
Cor. Fp is a field.
Example of a (non-commutative) division ring: the Hamiltonians H.

Jan 07 Polynomial rings, matrix rings, group rings.
Prop. If R is an integral domain the R[X] is ID and R[X]∗ = R∗ via the
degree of a polynomial.
Prop. C(X) is ID iff R is ID and |X| = 1.
Definition of ring homomorphism. Many examples: inclusions, projections,
evaluation of polynomials. Definition of kernel and image. Defintion of
subring, 2-sided ideals, left and right ideals. Examples in Mn(R).

Jan 09 Isomorphism theorems for rings. If I is a 2-sided ideal, then R/I is a ring.
The ideals of R containg I and those of R/I. For I ⊂ J 2-sided ideals of R:
R/J is isomorphic to R/I/J/I. For A 2-sided ideal of R and B a subring
of R: A+B/A is isomorphic to B/A ∩B.
Examples: ideals in Z, in k[X] for k a field. A set of generators for an ideal.
Intersection, sum, product of ideals. A+B is the minimal ideal containing
both A,B. A∩B is the maximal ideal contained in A,B. AB is contained
in A ∩B.
If G is non abelian, then R[G] is non commutative. The augmentation
ideal. Morphisms of group to morphisms of their group algebra.

WEEK 2 More on Rings (7.4–7.6).
Jan 12 Assume R commutative: notion of maximal ideal, prime ideal. R is a field

iff (0) is maximal. R is a ID iff (0) is prime. Prime ideals in Z. Maximal
ideals are prime. Zorn’s Lemma and the axiom of choice.

Jan 14 Thm: Every commutative ring has a maximal ideal and a minimal prime
ideal. Cor: Each proper ideal is contain in a maximal one. Examples:
linear polynomial in k[x].
Thm. Every commutative ID is contained in a field. The fraction field of
Z, of K[x], of K[[x]].
Prop. Every field contains either Q or Fp, p prime (HW).
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Jan 16 Cor. If F is a field containg R then F is the fraction field of R if and only
if for every x ∈ F there exists b ∈ R× such that bx ∈ R.
Definition of comaximality for ideals: A+B = R. Thm. (Chinese Remain-
der Theorem).
Examples and applications: in Z and in Q[x]. The explicit definition of the
inverse map and how to use it.
Def. of irreducible element. Prop. f is irreducible iff (f) is maximal among
the principal ideal of R. Cor. If R is a PID then f is irreducible iff it is
prime.

WEEK 3 Euclidean domains, Principal domains (8.1–8.2)
Jan 19 MLK Holiday.
Jan 21 Definition of ”norm” and Euclidean Domain. Examples of ED: integres,

polynomials in one variable over a field; Gaussian integers.
Thm1. If R is ED then for any a,b the exists d=gcd(a,b) and (d)=(a,b).
Cor. How to compute x,y such that d = xa+ yb.
Thm2. ED implies PID. Rmk. Thm1 does not implies Thm2.
Examples: Z[x] (and Z[

√
−5]) not PID, thus not ED. Prop. Assume R

commutative: R[X] is a PID if and only if R is a field.
Jan 23 Notion of divisibility, and definition of gcd in a commutative ID.

Thm. In a PID (gcd(a, b)) = (a, b); i.e. in a PID the gcd(a, b) always ex-
ists and it is unique up to multiplication by a unit. Moreover, it can be
expressed as a linear combination of a, b.
App1. Existence of solution linear equations in PIDs. Given one solution
find them all.
App2. Solving linear equation in EDs.
(Rmk. Z[(1 +

√
−19)/2] is a PID not a ED.)

Thm1. if R is ID then prime implies irreducible.
Thm2. if R is a PID then prime iff irreducible.

WEEK 4 Unique Factorization domains(8.3), Polynomial rings (9.1–9.3)
Jan 26 Definition of UFD. Thm3. if R is a UFD then prime iff irreducible.

Thm4. if R is a UFD then the gcd exists and it is unique up to multiplication
by invertible elements.
Thm5. PID implies UFD.

Jan 28 Irreducibles in the Gauss integers Z[i]. Gauss’ Thm. When is a non nega-
tive integers a sum of two squares? How to factorize a Gauss integer.

Jan 30 Irreducibles in C[x]. Irreducibles in R[x]. Degree 1 irreducible in F [x].
Assume R is a UFD: definition of the content of p(x) ∈ R[x].
Prop. Content is multiplicative.
Gauss’ lemma: Assume R is a UFD, F the fraction field of R: if P(x) is
irreducible in R[x] then also in F [x]. If P (x) has content one, then irre-
ducible in R[x] iff in F [x].
If p is irreducible in R then also in R[x]. For all a ∈ R: x− a is irreducible
in R[x]. For all f(x) ∈ F [x] there exists a ∈ R such taht af(x) ∈ R[x] and
has content one.
Thm. R is a UFD if and only if R[X] is a UFD.
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MIDTERM is handed out, due back on Feb 11 at noon

WEEK 5 Irreducibility criteria (9.4-9.5), Introduction to modules (10.1-10.2)
Feb 02 How to find all irreducible factors of degree 1. Let f(x) ∈ R[x] monic

and I an ideal of R: if f(x) is irreducible mod I then f(x) is irreducible.
Eisenstein’s criterium. Examples. The degree of f(x) is greater or equal to
the number of distinct roots. All finite subgroup of the multipicative group
of a field are cyclic. F× is cyclic.

Feb 04 Definition of R-modules. Definition of submodules, of quotients.
E.g. R = Z: abelian groups, R = F vector spaces.
R is an R-module. Left ideals in R are R- submodules.
Homomorphisms of modules. Sum and intersection of submodules. Isomor-
phisms Theorems I,II,III and IV.
E.g. for any m ∈ M : (·m) : R → M , r 7→ rm, is R-linear. The image Rm
is the smallest submodule of M containing m.
Definition of cyclic modules, irreducible modules. Irreducible implies cyclic.
Every cyclic module is isomorphic to R/I for I a left ideal. A cyclic module
R/I is irreducible iff I is maximal.
E.g. Cyclic and simple abelian groups. 1-dim vector spaces.

Feb 06 The annihilator of m. Annihilators are proper left ideals of R. Definition
of torsion elements, torsion modules and torsion free modules.
E.g. z ∈ R is torsion if and only if z is a left zero divisor. R is not a torsion
module. R is torsion free if and only if R is an ID.
The annihilator of a module is a 2-sided ideal. Definition of faithful. If
there exists a non-torsion element then M is faithfull. If R ID and M
finitely generated then M torsion iff M is not faithfull (HW).
The endomorphism ring EndR(M) for M a R-module. M is a R-module iff
there is a ring homomorphism R to End(M). The map m 7→ rm is R-linear
if r ∈ C(R) (e.g. for all r if R is commutative).

WEEK 6 Free modules (10.3), Introduction to vector spaces (11.1-11.2).
Feb 09 Schur’s lemma. If R→ A is a ring homomorphism, then A is an R-module.

hom(M,N) is an R-module. If R is commutative: homR(M,N) is an R-
module. Endomorpgism ring of cyclic modules.
Direct sum of modules. Universal property of direct sum, i.e. understanding
HomR(M ⊕N,P ) for any M,N,P .
Criterium for when a module is the direct sum of submodules. The CRT
as a creterium for cyclicity.

Feb 11 Definition of M free. Eg. R = F a field and M a vector space.
Rmk. Free implies faithful. If R is ID: free implies torsion free.
Eg. Q is torsion free but not free. A cyclic module is free if and only if it
is not torsion.
Prop. M is free of rank n iff M has a basis of size n.
Prop. if M is free of finite rank, then its rank is uniquely defined.
Eg. If V is finitely generated vector space then the dimension of V is
uniquely defined.
Rmk. S a set of linearly independent elements, of size equal to the rank, is
not necessarily a basis. Not all linearly independent subset can be extended
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to a basis.
Prop. HomR(Rn, Rm) = Rn,m, free of rank nm.
Cor. EndR(Rn) = Rn,n as the matrix ring.

Feb 13 More properties of homomorphism of free modules. Criterium for when a
map is injective, surjective, bijective. Eg. multiplication by n on Z.
Prop. If M/N is free then N has a complement. Eg. Every subspace has a
complement. If f is a linear map on V then V = ker f⊕ imf. Determinants.

WEEK 7 Modules over PIDs (12.1). (Also, handout)
Feb 16 President Day Holiday.
Feb 18 Statement of the theorem: R PID and M f.g. R-modules then M = T ⊕ F

where T = Tors(M) and F is free. Both T, F are finitely generated and the
rank of F is independent of the choice of a complement F to T .
Rmk 1. Given T, F are direct summand, then M f.g. implies both T, F are
finitely generated.
Rmk 2. If E is a complement of T then E is isomorphic to M/T . Thus
every complement of T is free of the same rank.
Rmk 3. If M/T is free then T has a complement and the complement is
free.
Prop 4. If R is a ID then T = Tor(M) is a submodule of M and M/T is
torsion free.
Goal: M f.g. module over R PID then M is free.
Lemma 1. R PID: if N < Fn then N free of rank ≤ n. Cor. R PID: if M
f.g. and N ≤M then N also f.g.
Lemma 2. If R ID and M is torsion free anf finitely generated then M is
isomorphic to a submodule of a free module. Prop. 5.R PID: if M fg and
torsion free then M is free.

Feb 20 Proof of lemma 1.
Lemma 3: Classification of finitely generated torsion modules over a PID.
(Two equivalent statements)

WEEK 8 More on vector spaces (12.2-12.3).
Feb 23 Proof of lemma 3: existence and uniquence of invariant factors and elemen-

tary divisors of a f.g. torsion module over a PID.
Cor1. R = Z: Classification of finitely generated abelian groups.
Rmk 1. M is a f.g. torsion module over Z iff M is a finite abelian group.
Cor 2. R = F [x]: Modules over F [x] are F -vector spaces with an F -linear
endomorphism X.
Rmk 2.V a f.g. torsion module over F [x] iff V is finite dimensional as a
vector space over F .
Rmk 3. Two square matrices A,B over F are similar if and only if the
corresponding F [x]-vector spaces are isomorphic.

Feb 25 Thm. (JCF) Assume F is algebraically closed. Every endomorphism X of
V has a (unique up to order) Jordan canonical form. Two matrices A,B
are similar iff they have the same Jordan canonical form.
Thm. (RCF) Every endomorphism X of V has a unique rational canonical
form. Two matrices A,B are similar if and only if they have the same
rational canonical form.
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Feb 27 Rmk. The rational canonical form is defined over F , and does not change
if F is replaced by a larger field K. Jordan canonical form depends on F .
Prop. Two square matrices A,B are similar over F if and only if they
are similar over K for any K/F field extension. Caley-Hamilton The-
orem: minimal polynomail of a matrix A is a divisor of its character-
istic polynomila of A, containing all the same irreducible factors. I.e.
min.polyA(t)| char.poly(t)|min.polyA(t)N , for N sufficiently large.
Prop. a matrix A is diagonalizable if and only if its minimal polynomial
has all distinct roots.
Rmk. If the characteristic polynomial has all distinct roots, then so does
the minimal polynomial.
How to compute the elementary divisors and the invariant factors of an
endomorphism X. Ie. How to compute the RCF and the JCF of X. How
to compute its characteristic and minimal polynomials.

WEEK 9 Dual vector spaces (11.3). Duality for modules.
Mar 02 How to find the bases of V for which X is in RCF, JCF respectively.

Let M f.g. over PID: using the classification theorem to understand sub-
modules of M , I-torsion in M , quotients of M , cyclicity, irreducibility,
endomorphisms and automorphisms of M .

Mar 04 Assume R commutative: duality for R-modules.
The dual morphism. Composition law: (φ ◦ ψ)∗ = ψ∗ ◦ φ∗.
Eg. If φ is surjective then φ∗ is injective. The dual of nZ → Z is not
surjective. The dual of multiplication by r is again multiplication by r.

Mar 06 Prop. If M is free of finite rank, then M∗ is free of the same rank. (HW)
Prop. If M is torsion finitely generated and R is ID, then M∗ = 0. (HW)
Cor. If M if free of finite rank then M∗∗ and M are isomorphic.
Duality for vector spaces and for modules over a PID. (HW) Dual maps.
E.g., The dual of M = ⊕ZR. The map M →M∗∗.

WEEK 10 Tensor product of modules (10.4).
Mar 09 Classification of module over the ring R = Z[i] of Gaussian integers .

Prop. M is a module over R iff M is an abelian group with a complex
structure (i.e. an automorphism φ s.t. φ2 = −IM ).
Prop. M is a finitely generated torsion module iff the underlying abelain
group is finite.
Thm. Let p be a prime, p ≡ 1 mod 4, write p = a+ ib. The abelian group
underlying Z[i]/(a + ib)n is Z/pn, where i acts as multiplication by x, for
x ≡ ab−1 mod p.
Let q be a prime, q ≡ 3 mod 4. The abelian group underlying Z[i]/(q)m is
Z/qm ⊕ Z/qm where i acts by i(1, 0) = (0, 1) and i(0, 1) = (−1, 0).

Mar 11 Bilinear maps. Examples: M × M∗ → R and R × M → M . Assume
R commutative: the existence of tensor product of modules, its universal
property: for any P , HomR(M ⊗R N,P ) = Bilinear(M,N ;P ). Distin-
guishing M ⊗Z N and M ⊗R N . Tensor product of linear morphisms.
Canonical isomorphisms for any modules over any commutative ring:
(1.) M ⊗N = N ⊗M .
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(2.) R⊗R M = M .
(3.) (M ⊕N)⊗ E ∼= (M ⊗ E)⊕ (N ⊗ E).
(4.) (M ⊗N)⊗ L) ∼= M ⊗ (N ⊗ L).
Cor: If N is free of finite rank n, then M ⊗N ∼= M⊕n.
Cor: If M,N are free of ranks r,s then M ⊗N is free of rank rs.
Cor: If M,N are finitely generated (resp. cyclic) then M ⊗ N is finitely
generated (resp. cyclic).
CRT: R/a⊗R R/b = R/a+ b. If a+ b = 1 then R/a⊗R R/b = 0.
Prop. R/I ⊗R M = M/IM as R/I-modules.
Prop. For R → S a homomorphism of rings, S ⊗R M is an S-module and
for any P a S-module: HomR(M,P ) = HomS(S ⊗R M,P ).

FINAL Exams due on Monday March 16, 2013 at noon.
The material on duality and tensor product is not included in the final exam.


