
CALIFORNIA INSTITUTE OF TECHNOLOGY

Ma 3 KC Border
Introduction to Probability and Statistics Winter 2015

Assignment 3

Due Monday, January 26 by 4:00 p.m. at 253 Sloan

Instructions: For each exercise please rate its difficulty (on a scale of your
choosing—just explain it), and record how much time you spent on it.

When asked for a probability or an expectation, give both a formula and
an explanation for why you used that formula, and also give a numerical
value when available.
When asked to plot something, use informative labels (even if handwrit-
ten), so the TA knows what you are plotting, attach a copy of the plot,
and, if appropriate, the commands that produced it.

Exercise 1 (30 pts) Is it possible to have three random variables X, Y , and Z, where
X and Y are stochastically independent, Y and Z are stochastically independent, and X
and Z are stochastically independent; but the set {X, Y, Z} of random variables is not
stochastically independent? Explain why your answer is correct.

Hint 1: The answer is Yes, there are three such random variables.
Hint 2: Let X and Y be independent Bernoulli(1/2) random variables. What is a

simple probability space for this?
Hint 3: The parity of an integer is 0 if the integer is even, and 1 if the integer is odd.

□

Exercise 2 (Problem 3.3.15 in Pitman) (20 pts)
Let X and Y be independent random variables. Show that

Var(X − Y ) = Var(X + Y ).

□

Exercise 3 (The Standard Normal Distribution)
The Standard Normal Density is given by

f(z) = 1√
2π

e−z2/2.
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The cumulative distribution function for the standard normal is denoted Φ. That is,

Φ(t) = 1√
2π

∫ t

−∞
e−z2/2 dz.

There is no closed form expression for this in terms of elementary functions, but there
are some decent approximations. Most statistics books have tables of selected values of
this cdf, but nowadays it is built in to languages such as R and Mathematica.

In Mathematica (since version 8), to find Φ(t), you evaluate
CDF[NormalDistribution[0, 1], t]. The values of the density at z is given by
PDF[NormalDistribution[0, 1], z]. Mathematica also lets you find the probability
mass function and cdf for a Binomial(n, p) variable with
PDF[BinomialDistribution[n, p], k] and CDF[BinomialDistribution[n, p], k].

In R to find Φ(t), you evaluate pnorm(t), or more completely,
pnorm(q, mean = 0, sd = 1, lower.tail = TRUE, log.p = FALSE) if you don’t trust
the defaults. The values of the density at z is given by dnorm(z). R also lets you find the
probability mass function and cdf for a Binomial(n, p) variable with dbinom(k, n, p)
and pbinom(t, n, p).

To get the corresponding functions for a N(µ, σ2) normal random variable with ex-
pectation µ and variance σ2, replace the 0 by µ and the 1 by σ (not σ2!) in the commands
above.

Note: You may want to look at Section 4.3 in Larsen–Marx [1] and/or Sections 2.2–2.3
in Pitman [2].

1. (20 pts for answering yes) Do you have some appropriate software installed? (E.g.,
R, Matlab, NumPy, Mathematica, or something else useful for statistical calcula-
tions and plotting.)

2. (10 pts) Use the program of your choice to make a table of values of Φ(t) for

t = −3, −2, −1, 0, 1, 1.96, 2, 2.58, 3, 4, 5, 6.

3. (5 pts) If Z is a standard normal random variable, what are Prob (Z ⩾ 1.96)
and Prob (|Z| ⩾ 2.58)?

4. (10 pts) In lecture I asserted that if p is the probability mass function of a Binomial(n, p)
random variable, then p(k) is well approximated by the density of a normal with
the same mean np and variance np(1 − p). For n = 10 and p = 1/2, p = 2/3, make
table comparing the binomial probabilities for k = 0, 1, . . . , 10 with the appropriate
normal density. Do the same for n = 100 and k = 0, 10, 20, . . . , 100.

5. In your coin tossing experiment you collectively have 27,392 presumably indepen-
dent tosses of for all intents and purposes the same coin. Collectively you got 13,660
Tails, or 49.8686% Tails. This seems pretty close to 1/2, but is it?
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Suppose the probability of Tails is indeed 1/2. Then the result of the experiment
is a Binomial(27392, 1/2) random variable that takes on the value k = 13660.

(a) What is the expectation of this Binomial(27392, 1/2) random variable?
What is its variance? And what is its standard deviation σ?

(b) (20 pts) How many standard deviations away from the mean is the value
49.8686%?
Use the normal approximation of to the binomial to estimate the probability
that the absolute value of the number of standard deviations away from the
mean is at least this large.

(c) (5 pts) This is the probability that if the coins were truly fair, then the outcome
of the experiment could be off by this much simply due to pure chance.
Do you think the coins are really fair?

(d) (10 pts) If you combine the last three year’s tosses, there were 43,585 Tails
out of 87,296 tosses, or 49.9278%.
What is the expectation of this Binomial(87296, 1/2) random variable? And
what is its standard deviation σ? How many standard deviations away from
the mean is 49.9278%? What is the probability of getting an absolute deviation
from the mean of at least that size if the coins are truly fair?

□

Exercise 4 (Cf. problem 3.3.26 in Pitman) (25 pts) Use Jensen’s Inequality (Lec-
ture 6) to show that for a random variable X with finite mean µ,

std. dev. X ⩾ E|X − µ|,

with equality if and only if |X − µ| is degenerate. □

Exercise 5 (20 pts) There are n balls numbered 1, . . . , n and n bins numbered 1, . . . , n.
The balls are put into the bins at random, one per bin. What is the expected number of
balls put in the matching bin? Explain your reasoning. (Hint: Let Ei be the event that
ball i is in bin i. Use indicator functions.) □
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