
This is the syllabus for MA1b Analytical Track, as taught in Winter 2015.

Syllabus for MA1b, Analytiical track: Linear Algebra

Text Book: Tom Apostol, Calculus, vol. II.
Homework: due 1am on Monday.

WEEK 1 Linear Spaces. Ch.1, sec. 1–10.
Jan 05 Defn. vector space. Eg. V = Rn, real-valued functions.

Few facts:
• for all V ∈ V : 0 · v = 0, (−1) · v = −v.
• for all v, w, u 6= 0 ∈ V , and real a, b 6= 0:

v + w = v + u⇒ w = u, av = aw ⇒ v = w, av = bv ⇒ a = b.

Defn. subvector space. Examples. Prop. If U is a subvector space, then U
(with the induced operations) is a vector space.
Defn. Linear combinations. Examples. Prop. A subset U of V is a subspace
iff U is closed under linear combinations.

Jan 07 Prop. The set L(S) of all linear combinations of v ∈ S is the smallest
subspace containing S.
Examples. S not unique. If S ⊂ S′ then L(S) ⊂ L(S′). L(W )=W if and
only if W is a subspace of V .
Defn. generating set, linearly independent set, basis. Examples.
Prop. S is a linearly independent set if and only if every linear combination
of vectors in S has uniquely determined coefficients.

Jan 09 Thm. Every (finitely generated) vector space has a basis.
Thm. All basis of a vector space V have the same size.
Thm. If G is a generating set and S is a linearly independent set, then
there exists B a basis, S ⊂ B ⊂ G. Corollaries.

WEEK 2 Linear Transformations. Ch. 2, sec. 1–9.
Jan 12 Proof: All bases have the same size.

Defn. Linear Transformations. Examples: inclusions, projections, general
linear transformation between Rn and Rm, differentiation.
Defn. Range of linear transformation Prop. R(f) is subspace of W . For
every U subspace of V , the image of U f(U) is a subspace of W . Relation
to linear systems.

Jan 14 Properties of linear transformations: f(0) = 0, f(L(S)) = L(f(S)).
Cor. The image of a basis of V generats image.
Prop. Let f : V → W be a linear transformation, then f is surjective
iff R(f) = W iff the image of a basis of V is a generating set of W iff
dimR(f) = dimW . A necessary condition is dimW ≤ dimV .
Defn. Null space of linear transformation. Prop. N(f) is a subspace of V .
Prop. Let f : V → W be a linear transformation, then f is injective iff
N(f) = 0 iff the image of a basis of V is a linearly independent set of W
iff dimN(f) = 0. A necessary condition is dimW ≥ dimV .
Operation on linear transformations.
Prop. The space of linear transformation L(V,W ) is a vector space.
Prop. The composition of two linear transformation is linear.
If g : W → U is a linear transformation, the map L(V,W ) → L(V,U),
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f 7→ g ◦ f is a linear transformation.
Prop. Let f : V → W be a linear transformation, then f is bijective
iff N(f) = 0 and R(f) = W iff the image of a basis of V is a basis of
W iff dimN(f) = 0 and dimR(f) = dimW . A necessary condition is
dimW = dimV .

Jan 16 Isomorphisms of vector spaces.
Thm. Every n-dimensional vector space is isomorphic to Rn.
Thm. A linear transformation f : V → W is uniquely determined by the
image of a basis B of V .
If B = {vi} is a ordered basis of V and n = dimV , then for any ordered
collection {wi} of n-vectors of W there exists and is unique a linear trans-
formation f : V →W satisfying f(vi) = wi for all i.
Cor. Every linear transforamtion of Rn to Rm corresponds to a matrix.
dimL(V,W ) = dimV dimW .

WEEK 3 Matrices. Ch.2, sec. 10–16.
Jan 29 MLK Holiday
Jan 21 THm. After a choice of bases of V and W: any linear tranformation V →W

corresponds to a matrix.
Thm. dimV = dimN(f) + dimR(f). Corollaries.
Prop. For U,W subspaces of V : L(U,W ) = U + W and dim(U + W ) =
dimU + dimW − dim(U ∩W ).

Jan 23 Matrices. Multiplication of Matrices. Properties. Invertible matrices. Left
and right inverses.

WEEK 4 Linear systems. Ch. 2, sec.17–21.
Jan26 Change of bases, how to pass between different coordinates. Similarity.

Canonical forms. Row-reduced Echelon Form.
Jan 28 Linear systems. Computation techniques. Consistency, degeneracy of linear

systems. Elementary matrices. Gauss-Jordan Elimination algorithm.
Jan 30 How to compute inverses via Gauss-Jordan Elimination algorithm.

Cor. All invertible matrices are products of elementary matrices
The incomplete GJ algorithm. How to compute a basis of the range of A
via GJ.

MIDTERM Exams are handed out, due 10:00 am on Monday, February 09, 2015.

WEEK 5 Determinants. Ch. 3, section 1–17.
Feb 02 Review.
Feb 04 Definition of determinant as a volume form. A is invertible iff det(A) 6= 0.

Basic properties: det(I)n = 1, homogenous in each column, additive in each
column, invariant under permutation up to sign, multiplicative.
Determinant of elementary matrices. Determinant of uppertriangular ma-
trices. Expansion by columns.

Feb 06 Transpose of a matrix. detA = detAT . Expansion by rows.
Adjoint of a matrix. How to compute the inverse of a matrix. Cramer’s
rule.
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WEEK 6 More on determinants; Eigen values and Eigen vectors. Ch. 4, sec. 1–10.
Feb 09 How to compute the rank of a matrix. Applications to linear systems.

A different approach to determinants: full expansion. Sign of permutations.
Feb 11 Similar matrices. Two similar matrices have the same determinant. Diag-

onal matrices. (Some geometry: axes of symmetry.)
Definition of eigenvalues and eigenvectors. Geometric multiplicity.
Prop. Linear independence of eigenspaces:

∑
λ geo(λ) ≤ n.

Feb 13 Characteristic polynomial. Algebraic multiplicity.
Prop. alg(λ) > 0 iff geo(λ) > 0.
Prop.

∑
λ alg(λ) ≤ n. Over C the equality holds.

Prop. If v1 . . . vn are e-vectors corresponding to distinct evalues, then they
are linearly independent.

WEEK 7 Eigenvalues and Eigenvectors. Ch. 4, sec. 1–10
Feb 16 President Day Holiday.
Feb 18 Prop. For each e-value λ: alg(λ) ≥ geo(λ).

Cor. If alg(λ) = 1 then geo(λ) = 1.
Prop. A matrix is diagonalizabl if and only if

∑
geo(λ) = n.

Thm 1. Over C: If all eigen values are distinct then A is diagonalizable.
Thm 2. Over C: the A matrix is diagonalizable iff alg(λ) = geo(λ) for all
e-values.
How to decide whether A is diagonalizable (efficiently).
How to write all diagonal matrices similar to A.
How to find X invertible such that X−1AX is diagonal.

Feb 20 Examples and applications. Probability matrices.
Thm. If P is a probability matrix then 1 is an e-value of P . If P > 0, then
1 is an e-value with multiplicity 1 and all the over evalues λ satisfy |λ| < 1.

WEEK 8 Inner product spaces. Ch. 1, sec. 11–17.
Feb 23 Trace of matrix. If A and B are similar, then they have the same trace.

If A and B are similar then they have the same characteristic polynomial
(e.g. A and B have the same evalues with the same algebraic multiplicity).
The converse is false in general. Example of non-diagonalizable matrices.
If both A and B are diagonalizable then they are similar iff they have the
same characteristic polynomials.
Inner product and Euclidean distance in Rn and in Cn.
Pytagora’s theorem. Orthogonality. Triangular inequality.

Feb 25 Inner products. Examples. Euclidean spaces. Notion of distance.
How to represent an inner product by a matrix.
Cauchy-Schwartz inequality. Triangular inequality.
Orthogonality. Orthogonal complements.
Prop. Pairwise orthogonal implies linearly independent.

Feb 27 Thm. Every finite dimensional vector space with an inner product has an
orthonormal basis.
Thm. Every finite dimensional vector space with an inner product is iso-
metric to the Euclinean space.
How to write a vector as a linear combination of an orthogonal basis.
Orthogonal projections. Best approximation. Gramm-Schimdt process.

WEEK 9 Eigen values and Inner products. Ch. 5, sec.1–10, 19.
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Mar 02 Prop. Let U be a subspace of V and v ∈ V . Then v ∈ U iff v agrees with
its orthogonal projection.
How to compute the orthogonal projection and the distance of v from U
(without computing an orthogonal basis of U).
Prop. f : V → V is an isometry iff it maps an orthonormal basis to an
orthonormal basis.
Prop. A square matrix A represents an isometry of the euclidean space wrt
the standard basis iff A is unitary.

Mar 04 Thm. Over C: If f is an isometry then all its eigenvalues have absolute
value 1 and there exists an orthonormal basis consisting of eigenvectors.
Hermitian and skew-hermitian transformations.
Lemma. Assume f is hermitian or skew-hermitian: eigenvectors corre-
sponding to distinct eigenvalues are orthogonal.
Thm. If f is hermitian (resp. skew-hermitian) then all its eigenvalues are
real (resp. imaginary) and there exists an orthonormal basis consisting of
eigenvectors.

Mar 06 Symmetric, skew-symmetric, unitary and orthogonal matrices.

WEEK 10 Advanced Spectral Theory.
Mar 09 Caley Hamilton. Jordan Canonical Form. Review.
Mar 11 Review.

EXCUSED Students excused from the final exam will be informed on March 12, 2015.

FINAL Exams will be handed ou in class on Wednesday, March 11, and due back
by 1:00 am on Monday, March 16, 2015.
Material on advanced spectral theory is not included in the final exam.


