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Introduction

Let F' be a number field and K a quadratic algebra over F, i.e., either F' x F' or a quadratic
field extension of F. Denote by G the F-group defined by GL(2)/K. Then, given any cuspidal
automorphic representation m of G(Ar), one has (cf. [8], [9]) a transfer to an isobaric automorphic
representation IT of GL4(Ar) corresponding to the L-homomorphism *G — FGL(4). Usually,
IT is called the Rankin-Selberg product when K = F x F, and the Asai transfer when K is a
quadratic extension. (See also [4]) In the former case, 7 is a pair (71, m2) of cuspidal automorphic
representations of GL2(Ap), and II is denoted m; X 72, while in the latter case, II is denoted
Asgp(T).

The main purpose of this Note is the following. In the Appendix of [10], a criterion is given
for deciding when II is cuspidal, which is correct for non-dihedral forms 7, but has to be modified
for the dihedral ones. This error was encountered in the key Asai case by the first author in his
work with Anandavardhanan [1]. Here we give two different proofs of the corrected cuspidality
criterion. The first one is due to the second author, which slightly modifies and adapts his original
arguments in [8], [10], while the second one, due to the first author, is different and may generalize
to other situations. There is hardly any difference in the Rankin-Selberg case, so we give a unified
single proof in that case. We hope that it is appropriate to present the proofs here as an appendix
because Krishnamurthy also needs the corrected criterion for use in his work presented in [5].

The criterion has a natural analogue when F is a local field, where by a cuspidal representation
we will mean (as in [7]) a discrete series representation. In order to treat the local and global
cases simultaneously, let us write Cr for F™*, resp. the idele class group A}./F*, in the former,
resp. latter, case. In each case class field theory furnishes a natural isomorphism of Cr with
the abelianization of the Weil group Wr, and we will, by abuse of notation, use the same letter
to denote the corresponding characters of Cr and Wp. Let A, (F') denote the set of irreducible
isobaric automorphic, resp. admissible, representations of GL,(Afr), resp. GL,(F'), when F is
global, resp. local. Then one knows (cf. [7], [6]) that for every = in A, (F), there is a unique
partition nq + - - - +n,, and cuspidal representations 7; of GL(n;), 1 < j < r, such that there is, in
the sense of Langlands (cf. [7], [6]), an isobaric sum decomposition m = H_; 7;, which means in
particular that the L-function (resp. e-factor) of 7 is the product of the corresponding ones of the
mj. We will say that 7 is of (isobaric) type (n1,...,n,), and call each 7; an isobaric summand of
m. We will normalize the order so that n; > n; if i > j.

For convenience, we write down the full cuspidality criterion in the Rankin-Selberg and Asai
situations, though a correction is needed only in the dihedral case. Recall that a cuspidal repre-
sentation m of GLo(Ap) is dihedral iff 7 ~ 7 ® 0 for a quadratic character 0 of Cp. In this case, if
E denotes the quadratic extension of F' over which d becomes trivial, there is a character xy of Cg
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such that 7 is I g (x), the representation (automorphically) induced by x, implying in particular
that L(s,7) = L(s,x). When we began writing this Appendix, we had the criterion that in the
Asai case, Asg,p(m) is cuspidal iff we have either (i) , 70 are twist equivalent, or (ii) 7 is induced
from a biquadratic extension M of F' containing K. In the course of writing down the proof we
realized that when 7 is dihedral, (i) actually implies (ii), and the statement below reflects that. We
thank Krishnamurthy for a helpful conversation regarding Lemma D in section 2.

We take this opportunity to give, in addition to the cuspidality criterion, the precise occurrence
of the various possible isobaric types (ni,...,n,) of II.

Theorem A Let F be a number field or a local field, and 7, 7" cuspidal representations in As(F).
Denote by 11 the Rankin-Selberg product 7 X «', which is in A4(F). Then we have the following:

(a) If m or 7" is non-dihedral, then I1 is non-cuspidal iff w, 7" are twist-equivalent, i.e., 7’ ~ TQu,
for an idele class character v of F;

(b) If w, 7" are both dihedral, then II is non-cuspidal iff they are both induced from a common
quadratic extension.

(c) 11 is of type (3,1) iff m, 7' are twist equivalent and non-dihedral, while it is of type (2,1,1),
resp. (1,1,1,1), iff m, 7" are twist equivalent and dihedral, both induced from a unique, resp.
non-unique, quadratic extension. 11 is of type (2,2) iff m, 7' are not twist equivalent, but are
both dihedral, induced from a common quadratic extension.

Now we turn to the statement of the result in the Asal situation.

Theorem B Let F be a number field or a local field, K/F a quadratic extension with non-
trivial automorphism 0, and w a cuspidal representation in Ax(K). Denote by Il the Asai transfer
Asg (), which is in A4(F). Then we have the following:

(a) If 7 is non-dihedral, then I is non-cuspidal iff T and wo 0 are twist-equivalent;

(b) If  is dihedral, then 11 is non-cuspidal iff © is induced from a quadratic extension M of K
which is biquadratic over F.

(c) TI admits an isobaric summand x in Ay (F) iff ™ ~ 7V @ x, for a 0-invariant character
X; in this situation, II is of type (3,1) iff it is non-dihedral, while it is of type (2,1,1), resp.
(1,1,1,1), iff it is dihedral, induced from a unique, resp. non-unique, quartic Galois extension
M of F' containing K.

(d) 11 is of type (2,2) iff w is dihedral, induced from a biquadratic extension of F', and there is no
§-invariant character x occurring as an isobaric summand of =X x?.

The first assertion of part (c) can also be deduced from [3].

1 The Rankin-Selberg case: Proof of Theorem A

When 7, 7" are both non-dihedral, the proof of (a) is given in [10] in the global case, which also works
in the local non-archimedean case when 7, 7’ are both supercuspidal. Suppose 7 is special, with F'
local non-archimedean, with parameter o = St(v) : Wr x SL(2,C) — GL(2,C), (w,g) — v(w)g,
where v € A;(F). If ' is supercuspidal, which need not be dihedral, with parameter ¢’ : Wp —
GL2(C), then by [8], IT is the generalized special representation, hence square-integrable, of GL4(F)



with parameter o ® o/, which is irreducible. If 7, 7" are both special, say of the form St(v), St(v/)
for characters v, 1’ of CF, then 7/ ~ 7 ® v/v~!, and II is non-cuspidal of type (3,1). Note that the
case F' = C does not occur here, as there is no cuspidal element of As(F), and if FF =R, 7,7 are
both dihedral. So we may disregard the archimedean case for part (a).

When 7/ is dihedral, say of the form I%(x), we have

II ~ If(rx ® X),

where 7 is the base change of 7 to GL(2)/K, which is cuspidal since 7 is non-dihedral. By [2],
the (automorphically) induced representation II is non-cuspidal iff mx ® x is invariant under the
non-trivial automorphism 6 of K/F i.e., iff

(1.1) Tk ~ mg ® A, with A=x"/x,

where x? denotes x o0, resp. x : w — X(éwéfl), if viewed as a character of Ck, resp. Wg; here

¢ denotes any element of Wy which lifts 6 € Wi p. Taking central characters, we see that =1
when (1.1) holds, and moreover, A’ = A™'. Hence A is f-invariant and we may write A as the base
change v = v o Ng/p, for a character v of Cr. Then m and 7 ® v have the same base change to
GL(2)/K, and since 7 is cuspidal, 7 is isomorphic to either 7 ® v or to ™ ® (v9), where ¢ is the
quadratic character of Cr attached to K/F. In either case, noting that 6 # v as vg = A # 1, we
see that m admits a non-trivial quadratic twist, contradicting its non-dihedral nature. So II must
be cuspidal if exactly one of {7, 7'} is dihedral. This finishes the proof of part (a).

Let us now turn to (b), and assume that 7,7’ are both dihedral. If they are induced from
a common quadratic extension K, i.e., respectively of the form I%(x) and I%(x') respectively, it
follows by Mackey that we have the isobaric sum decomposition

(1.3) I = I (0) R Ig(X) ~ I (xx') BIE(XX).

Hence II is not cuspidal in this case.

We need to prove the converse, which leads us to the situation when 7 = I£(v) and ©’ = IE(u),
for characters v, p of distinct quadratic extensions E, K of F'. The assertion in this case is that if
IT := 7 X 7" is not cuspidal, then 7,7 are both induced from a common quadratic extension M of
F. We have

(1.4) I~ IE (kg @ ),

where mg denotes the base change of m to K. If m is not cuspidal, then m, 7’ are both induced
from K, and we are done. So we may assume that mx is cuspidal. Similarly, we may assume that
T, is cuspidal.

Let 6 be the non-trivial automorphism of K/F. When II is not cuspidal, mx ® p must be
f-invariant, yielding

(1.5) TR ~ T ® N\, with A= uf/p.

The character A must be quadratic as seen by comparing central characters. (If A\ were trivial, 7’
would not be cuspidal.) Now, since 6% = 1,

M=/l =2t =
Hence A is #-invariant, hence is the pull-back by norm of a character £ of F'. Thus

Tk >~ (T®&K.



Then
(1.6) TT®E or m~n®ED,

where 0 the quadratic character of F attached to K/F'. Since 0 # 1, £ and &0 are distinct. Moreover,
since g = A # 1, £ #1,0.

Let M, M’ be the quadratic extensions of F' corresponding to &, &0 respectively. Then 7 is
induced from either M or M’.

Next we work with 7’. The central character w’ of 7’ is § times the restriction pg of p to F.

Also,

(1.7) sym®(n') = Ij¢(4*) B po.

Since A = £ o Ng/p, N =1=(u/u%)?, so u?is f-invariant. Thus
(1.8) Ad(n') = sym*(7") @ W'~ = £ B &5 B 6.

Let us, by abuse of notation, use 7’ to also denote the associated 2-dimensional dihedral represen-
tation of the Weil group Wg. Then

End(r') ~ Ad(7") & 1,

which, when restricted to either of three different quadratic extensions, namely K, M and M’,
contains the trivial representation twice. This implies that the restriction of 7’ to any of these
three quadratic extensions is reducible; hence 7’ is induced from every one of these extensions.
On the other hand, since M/K (resp. M'/K) is cut out by £ (resp. &), (1.6) implies that 7 is
induced from either M or M’. Thus 7 and 7’ are both induced by a common quadratic extension,
completing the proof of part (b).

Now on to part (¢). If Il = 7 X «/ is non-cuspidal, then we have seen that m, 7' are both
non-dihedral or both dihedral. The possible isobaric types are (3,1),(2,2),(2,1,1), and (1,1,1,1).
Clearly, a GL(1) factor is a summand iff m, 77" are twist equivalent. Moreover, there is more than
one character of Cr appearing in the isobaric sum decomposition iff 7, and hence 7/, admits a
self-twist by a non-trivial character, i.e., they are dihedral. When 7, 7" are both non-dihedral, we
know (by part (a)), that II is non-cuspidal iff 7’ ~ 7 ® v, for some v € A;(F'), which gives

(1.9) I ~ (sym*(7) ®v) B wy,

where w is the central character of 7 and sym? () is the symmetric square representation in As(F')
attached to 7, which is cuspidal by Gelbart-Jacquet since 7 is non-dihedral. Hence (1.9) is an
isobaric sum decomposition of type (3,1). Consequently, the isobaric type (2,2) occurs iff w, 7’ are
dihedral and not twist equivalent. O

2 The Asai case: The first proof of Theorem B

Let (K/F,0,7) be as in Theorem B, with II denoting the Asai transfer Asg/p(7) in A4(F). Then
the base change IIx to GL(4)/K is (isomorphic to) the Rankin-Selberg product 7 X (7 0 #). When
F' is global, or when F' is local with 7 non-dihedral and non-special, a proof of the assertion of
part (a) of Theorem B is in [10]. If F' is non-archimedean and 7 is special attached to v € A;(K),
then 7 o @ is also special, attached to v#, hence twist equivalent to m, and IIx = 7 X (7 0 6) is
non-cuspidal of type (3,1).



Let us now turn to the proof of part (b), so that = is a dihedral representation I g (1), where
1 is a character of Cg. Again we will, by abuse of notation, identify = with the corresponding
2-dimensional induced representation of Wi, which is irreducible as 7 is cuspidal. So we may also
think of Asg,p(m) as a 4-dimensional representation of Wp. Note also that in this (dihedral) case,
if § is an element of Gr = Gal(F/F) lifting 0, 7 0 6 is also dihedral of the form Igg(@be), where
E? = 0(E), and ¢?(x) = (067 1), for all z in Wye.

Lemma C Let (m, K/F,0) be as above, with w dihedral. Then Il ~ m X (7 0 0) is non-cuspidal
iff m and mo @ are induced from a common quadratic extension M /K which is Galois over F'.

Proof. By Theorem A we know that the non-cuspidality of Il is equivalent to both 7 and w06
being induced from a common quadratic extension M /K. If M is the unique quadratic extension
of K inducing , then it is necessarily Galois over F' as 7o f is induced from a Galois conjugate of
M. If, on the other hand, 7 is induced from more than one, hence three, quadratic extensions Ej,
J € {1,2,3}, of K cut out by quadratic characters ¢; of W, necessarily with Fy Ey = E1E3 = FEyE3,
then 7 o # is induced from each Ef, 1 <5 <3. Wemust have M = E; = Ej(?7 for some 4,5 < 3. If
i = j, M itself is Galois over F, and we are done. So let i # j. Then EY = E;, and the remaining
third quadratic extension FEj, say, must be preserved by 6 and hence Galois over F. It is also a
common inducing field for 7 and 7o 6. O

Now let M be a quartic Galois extension of F' containing K, with 7 = I¥()\). Then 7 = IAI}()\(;),
where 6 is a lift of 6 to Gal(M/F). Denote by 7 the non-trivial element of Gal(M/K). Then, as
we have seen in section 1, one has by Mackey,

(2.1) Iy ~7R(rof) ~ VBV, where V =IO, v/ = TEO)\).

Consequently, the base change of I1; of IT to M is an isobaric sum of the members of the following
set:

(2.2) S = DN ATATT ATA AT

When M/K is bi-quadratic, 6 has order 2, and preserves Vi ~ AN B AN, Tt follows that
V% ~ V and II is non-cuspidal (and not of type (3,1)). Part (b) of Theorem B will be proved if
we establish the following

Lemma D Suppose M/F is cyclic. Then II is non-cuspidal iff 7% is twist equivalent to m, and in
this case, w is also induced from a biquadratic extension M’ of F' containing K.

Proof.  Note that the set S above has 2 or 4 elements, and that II is cuspidal when |S| = 4
and Gal(M/F) has a unique orbit in S. Since M/F is cyclic here, 8 is of order 4, with 7 = 2.
S has two elements iff M is r-invariant, i.e., A\Y = xa, for some character y of Cx. Hence
TE (M%) ~ 1K (A 1xas), implying that when II is non-cuspidal,

(2.3) ¥~V ®x.

Conversely, suppose (2.3) holds. Then IIx contains a character, hence II must contain a character
or a two dimensional subrepresentation of W, completing this part of Lemma D.

It remains to show that when (2.3) holds, 7 is induced from a biquadratic extension as well.
For any character ¢ of Ck, let & denote its restriction to Cp. Put x' = w™ 1y, so that 7¢ ~ 7 ® /.
Taking central characters, we get w? = wy’? implying that X62 =1, and (X?/x)? = 1. If x}, is
quadratic and unequal to J, the quadratic character of C'r attached to K, then 7 will be induced



from the biquadratic extension EK, where E is the extension of F' cut out by x{. If x{, = 1, then
X' = a/a? for some character o, implying 7 ® a to be a base change of some 1 € Ay(F). Let v
be the quartic character of C'r corresponding to M, and € = vi the quadratic character of Ck
corresponding to the quadratic extension M of K. Since m ~ m ® ¢, we have ng ~ nx ® ¢, and
SO N =~ Mg ® Vi. Since 7 is cuspidal, n ® v is isomorphic to n or n ® 4. Either way, by taking
central characters, get > = 1, which gives a contradiction. So we may assume that X0 = 0. Then,
As(m) =~ As(1?) ~ As(m) ® xp, and so As(m) admits a self-twist by . Then, if any character v of
C'r occurs in the isobaric sum decomposition of As(7), vé will also occur in As(m). Hence over K,
7 X 7? will contain vi with multiplicity 2, which contradicts the cuspidality of 7. So # must move
X, and € := x"/x’ is a quadratic character of C fixed by # such that & = 1. Such a ¢ necessarily
cuts out a biquadratic extension M’ of F containing K, since otherwise M’ would be cyclic and
¢ = Bx for a quartic character 8 of Cr, implying that & = 3% # 1. Since ¢ appears in 7 X7V, 7
is induced from (the biquadratic extension) M’. O
Now on to the proof of part (c). We may assume that I1 = Asg/p(7) is not cuspidal. Recall
that 7¥ ~ 7 @ w™!, and Ad(r) ~ sym?(7) ® w™!, where w is the central character of 7. If 7 is not
dihedral, then IIx = 7 X (7 o 6) is non-cuspidal iff (2.3) holds for some x € A;(K), in which case

(2.4) I ~ (Ad(7m) ® x) By,

which is isobaric of type (3,1) (since sym?(n) is cuspidal for non-dihedral 7). Since Gal(K/F)
must preserve the two summands in this case, Asg,p () is also of type (3, 1), and x is forced to be
f-invariant.

It is left to focus on the case when 7 is dihedral with II non-cuspidal. Then by (b), there is a
biquadratic extension M of F' containing K with non-trivial automorphism 7 of M /K, such that
7 = If()\) and (2.1) holds, with > = 1 and O = 70. Note that w = peg, where g is the
restriction of A to C'x and € is a quadratic character of Cp such that M is cut out over K by
€k = €0 Ng/p. From the proof of Theorem A we know that Ix is of type (2,2) iff 7 is not twist
equivalent to 77, and in this case II, being non-cuspidal, is also of type (2,2). So we may assume
that (2.3) holds as well, which implies, since (X\o)as = A7, that A% € {(\") " xar, A xar}- So (2.1)
yields, since I]\I/([(XM) ~ v H yeg,

(2.5) Mg ~ WHW’, where W =IEX((AA)xa), W = x B xek.

Since € is a base change from F, 6 fixes it, and consequently, W’ descends to a cuspidal element
of Az(F') iff x is not #-invariant. By Theorem A, Ik is of type (2,1,1) or (1,1,1,1) depending on
whether or not 7 and 7? are induced only from M, or also from another quadratic extension M’ /K.
In the former case, A\/A” is not 7-invariant and so W is cuspidal, which implies that 6 preserves W
and W/, hence II is of isobaric type (2,1, 1), resp. (2,2), if y is, resp. is not, f-invariant. So we may
suppose we are in the latter case, when 7 is induced from three quadratic extensions M, M’ M"
say, with M’ being associated to the restriction £ of the quadratic 7-invariant character A/A™ to
Ck, and with M" associated to £ex. We obtain

(2.6) Mg ~ (Ad(m) @ x) B x ~ Ex B Exex B x B xek.

Since m admits self-twists under eg, £, and &ex, we have 7 ~ 7V @), for any v in the set ¥ of the
four characters occurring on the right of (2.6). Suppose M'/F is Galois. In this case ¢ is fixed by
0, and II is of isobaric type (1,1,1,1), resp. (2,2), if x is, resp. is not, f-invariant. It remains to
consider when M’/F' is non-Galois, so that 6 sends £ to ex. Then II admits an isobaric summand
in A (F) iff ¢ is f-invariant for some ¢ € ¥, in which case 1 and 1eg are the only characters in



Y. fixed by 6. Hence II is of type (2,1,1) or (2,2) when M'/F is non-Galois, depending on whether
or not there is some 9 € ¥ fixed by 6.

Finally part (d) follows in the non-dihedral case from (c) since we showed in the course of the
proof of (a) that II is of type (3,1) when it is non-cuspidal. When = is dihedral, (d) is immediate
from (c). O

3 The Asai case: The second proof of Theorem B

We will focus here on the proof of only the key part of (b), namely that given (w, K/F, ) as in
Theorem B, Il = Asg/p(7) is non-cuspidal iff we have either (i) 7 and 7% are twist equivalent,
or (ii) 7 is a dihedral representation induced from a biquadratic extension M of F' containing K.
Since it is well known for non-dihedral 7 (see [9], [10]) that the non-cuspidality is in fact equivalent
to (i), we may assume that 7 is dihedral. We will work totally on the Weil group side and treat =
as a representation of Wy, with cuspidality corresponding to irreducibility; we will also say that w
has CM by K. Then IT € A4(F') identifies with the tensor induction As(7) of 7 to a 4-dimensional
representation of W, with the restriction IIx to Wx being 7 ® 7?. Of course As(7) makes sense
for any representation 7 of Wiy, not necessarily two-dimensional, in particular for 7 = 7 @ #?. If
M/k is any quadratic extension, let 9,/ be the corresponding order 2 character of Wi

In this section we will repeatedly use the following well-known lemma from class field theory.
Recall that given a subgroup H of finite index in a group G, there is the notion of the transfer map
from G/|G, G| to H/[H, H] which allows one to transfer characters of H to characters of G. If K
is a finite extension of a local field (resp. global field), then the transfer map from the characters
of Wi to the characters of Wr corresponds to the restriction of the associated characters of K*
(resp. Aj./K*) to those of F* (resp. A}./F™).

Lemma E Let M be a quadratic extension of K which is in turn a quadratic extension of F,
which is either a local or a global field. Then M is Galois over F if and only if o/ s invariant
under the Galois group of K over F. If dyp/x is invariant under the Galois group of K over F,
then its transfer to Wy is trivial if and only if M is bi-quadratic over F. If the Galois group of
M over F is Z/4, then the transfer of 0y/x to Wr is g p. If M is not Galois over F, then the
transfer of o/ to W is nontrivial, and not g /p.

Recall that a representation 7 of W is irreducible iff 7 @ 7V contains the trivial representation
exactly once. We apply this to 7 = As(). Since

As(m) ® As(m)Y = As(r @),

we need to analyze As(m @ 7).
Assume that 7 is CM by three distinct quadratic extensions of K, with quadratic characters
a, B,af. In this case,
TR =10a® B ah,

and therefore,
As(r@ 1) =As(1®a® B ® afb).

It is easy to see that for any two representations Vi and V5 of Wk,

As(Vi & Vo) = As(V1) @ As(Va) @ IndE (V) @ V).



Using this, and recalling that the Asai lift of a character of W is just its transfer to Wg, we
can calculate As(m @ mV) = As(1 ® a® 8 @ af), and find that As(r ® V) contains more than 1
copy of the trivial representation if and only if either of the following happens:

1. The transfer of one of the characters «, 8, a8 of Wi to Wg is trivial.

2. For two distinct characters v, n among, «, 3, af,

Indf; (vn?),

contains the trivial representation.

In case (1), m has a self-twist by a character, say «, such that the corresponding quadratic
extension M, of K is bi-quadratic over F' by Lemma 1.

In case (2), we get that yn? is the trivial character. Therefore if none of the characters a, 3, a3,
are invariant under Gal(K/F), then there are two characters among this which are Galois conjugate,
say B = af. In this case a8 = aa?, so we have a non-trivial twist of = which is Galois invariant.
Since this twisting character is ae? with o quadratic, it must be trivial on F*, and hence gives
rise to a bi-quadratic extension of F' by Lemma 1.

If 7 has CM by a unique quadratic extension L of K, then if As() is non-cuspidal, we see by
Theorem A that m and 7% must both be induced from L, forcing it to be Galois over F. To end
the proof of (part (b) of) Theorem B, it remains to prove that in this case, Gal(L/F) =7Z/2 x Z/2,
or rather that the Galois group cannot be Z/4, since it is quite straightforward to see that if
Gal(L/F) =1Z/2 x Z/2, then indeed As() is not cuspidal.

Assume in the rest of the proof that L is a quadratic extension of K which is Galois over F
with Gal(L/F) = 7Z/4 = (o) (so that § = ¢2), and that 7 = Ind¥ () arises from no other quadratic
extension of K, with the further property that 77 # 7V ® u for any character p of Wy. The first
condition translates into the condition that the character x/x? ? is not of order 2, and the second
implies that the character x? ? XU3 is not invariant under 2.

Since 7 ® 77 = Ind¥ (xx?) ® IndX (x7*x?), we find that it is a sum of two distinct irreducible
representations permuted by o, therefore As(7) must be irreducible.
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