ON "THERMODYNAMICS” OF RATIONAL MAPS I.
NEGATIVE SPECTRUM

N. MAKAROV AND S. SMIRNOV

ABSTRACT. We study the pressure spectrum P(t) of the maximal measure for
arbitrary rational maps. We also consider its modified version P(t) which is
defined by means of the variational principle with respect to non-atomic in-
variant measures. It is shown that for negative values of ¢, the modified spec-
trum has all major features of the hyperbolic case (analyticity, the existence
of a spectral gap for the corresponding transfer operator, rigidity properties
etc). The spectrum P(t) can be computed in terms of P(t). Their Legendre
transforms are the Hausdorff and the box-counting dimension spectra of the
maximal measure respectively. This work is closely related to a paper [32] by
D. Ruelle.

1. INTRODUCTION AND RESULTS

This is the first of two papers in which we study the pressure spectrum P(t) of
the maximal measure for rational maps, and also some other related parameters.
In this part we consider the case ¢t < 0.

We begin by briefly introducing the main objects. Let F be a rational map
on the Riemann sphere, of degree d > 2. We write F" for the n-th iterate of F,
and F), for the derivative of F™. Distances and derivatives are measured in the
spherical metric. The Julia set of F is denoted by Jp. Crit F is the set of all
critical points ( = zeros of F’), and Per F is the set of periodic points. We refer
to [6, 24] for definitions and basic facts of complex dynamics. See also [3, 29, 40]
regarding thermodynamical formalism of conformal dynamical systems.

1.1. Pressure functions. Let M be the set of all F-invariant probability measures
on Jp. For u € M, we denote by h, the entropy and by x,, the Lyapunov exponent
of p, xu = [log|F’| du. For each real number ¢, the corresponding free energy
of u is

Fi(p) := by = txu-
The pressure function (or spectrum) P(t) = Pg(t) of F' can be defined by means of
the so called variational principle:

P(t) = sup Fi(p),
pneM

see [3, 36]. A measure satisfying F;(u) = P(¢) is called an equilibrium state for F;.

The first author is supported by N.S.F. Grants No. DMS-9402946 and DMS-9800714.
The second author is supported by N.S.F. Grants No. DMS-9304580 and DMS-9706875.

1



2 N. MAKAROV AND S. SMIRNOV

A version P(t) = Pp(t) of the pressure spectrum is obtained by restricting the
class of admissible measures to the subclass M C M which consists of all invariant
non-atomic measures:

P(t) := sup Fi(p).
pneM
The functions P(t) and P(t) have several useful interpretations, in particular in
terms of partition functions or in terms of certain transfer operators. Some of these
approaches are mentioned below. Our main result concerning the behavior of the
pressure functions for ¢ < 0 is the following. Denote

Xmax = Sup{Xa : a € Per F},

where x, is the Lyapunov exponent of a periodic point {a}:
1
Xa := — log|F}(a)], (n = period of a).
n

Theorem A. For an arbitrary rational map F', the pressure function Pp(t) is real
analytic on (—o00,0), and

PF(t) = maX{pF(t); _Xmaxt}-

1.2. Transfer operators. Our motivation for Theorem A comes from the classical
theory of Sinai, Ruelle, and Bowen (see [3, 29, 30, 31, 34]) which applies to the
("hyperbolic”) case where the dynamics is expanding on the Julia set (i.e. ||F'|| > 1
on Jp with respect to a smooth conformal metric defined near Jr), and from a
more recent paper [32] by Ruelle.

Let L; denote the (Ruelle-Perron-Frobenius) transfer operator which acts in
appropriate function spaces according to the formula

Lf(z)= > f) [F'y)™ (1.1)

yeF—1(2)

(the preimages are counted with multiplicities). Let us recall some properties of
the hyperbolic case.

e The operators L; act in the space C(Jr) of continuous functions and
A(t) := P is the spectral radius of Lj.

e \(t) is a simple eigenvalue of L;. There is a strictly positive eigenfunction f;,
and there is a unique probability measure v on Jr which is an eigenvector of
the adjoint operator.

e The probability measure y; := f; v¢ (we always assume v4(f;) := [ frdvy = 1)
is a unique equilibrium state for the free energy F;. We also have the usual
form of the Perron-Frobenius theorem:

AO)™ LY o — w(p) fr as n—oo, (Ve C(Jr)). (1.2)

e The operator L; is quasicompact in the space H, of Holder continuous (with
exponent o > 0) functions on Jr. Quasicompactness means that the essential
spectral radius of L; : H, — H, is strictly smaller than the spectral radius
A(t). Moreover, the eigenvalue A(t) has spectral multiplicity one, and there
are no other eigenvalues of the same modulus.
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e Consequently, the convergence in (1.2) is exponentially fast for Holder con-
tinuous functions, and the pressure function P(t) is real analytic.

The same is true for transfer operator of the form

LIG) =Lof(z) = Y fy) 9v) (1.3)

yeF—1(2)

provided that F is expanding and the weight function g is Holder continuos and
strictly positive.

In [32], Ruelle extended some of the mentioned properties to transfer opera-
tors associated with arbitrary, non-expanding rational maps F' assuming that the
weight function g > 0 belongs to the space BV, (= functions for which the second
derivatives are complex measures) and satisfies a certain integrability condition at
all critical points of F. (The weights g = |F’|™!, corresponding to our operators
Ly, satisfy this condition for every ¢ < 0.) He showed that in this case

L is quasicompact in BVa provided that g satisfies the following additional condition

dn: A" >sup gn, (1.4)
Jr
where X is the spectral radius of L in C(Jg), and g, := Hglz_ol go FI. Moreover,
is an eigenvalue of L and there is a non-negative eigegenfunction.

To relate the spectral radius A of L to the pressure
P(logg) := sup [h, + p(logg)],
pneEM
Ruelle referred to the following fact which is due to Przytycki [28]:

Let F be an arbitrary rational function and let g be a non-negative continuous
function on Jp. If X denotes the spectral radius of the transfer operator (1.3) in
C(Jr), then

log A = P(logyg).

The quasicompactness of transfer operators in spaces of smooth functions is usu-
ally derived from the smoothness improving property of the operators A~'L. In the
hyperbolic case, this property follows from the expanding nature of the dynamics.
To establish quasicompactness in the non-hyperbolic case, one can try to find an
appropriate functional space which relates to the smoothness ”on the average” or
in some other generalized sense. Ruelle’s choice of BV; seems to have been moti-
vated by the similarity with the space BV (functions of bounded variation) which
is widely used in one-dimensional real dynamics.

In this paper we will use the Sobolev spaces Wi ,. They work almost as well as
the space BV3, but the corresponding estimates are somewhat simpler. We state
a version of Ruelle’s theorem for Sobolev spaces in Section 2.7. Moreover, our
approach gives a weaker condition (cf. (2.6)) than the condition (1.4) in Ruelle’s
theorem. This weaker condition (unlike the latter) is always satisfied for the weights
g =|F'|"" with ¢t < 0, so the operators L; are always quasicompact in appropriate
Sobolev spaces. On the other hand, the well-known (see, e.g., [14, 7, 28, 13])
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condition (1.4) will be used for uniqueness of the equilibrium states. We discuss
the uniqueness problem in the next subsection.

1.3. Exceptional maps and ”phase transition”. The function Pg(t) may or
may not be real analytic. We will see that the first possibility is more typical. We
say that F' has a phase transition if Pr(t) is not real analytic on (—o0,0). (See
the papers [2, 10, 18, 25] for the ”"physical” interpretation of this phenomenon.) If
this is the case, then we have a phase transition point t. < 0 at which the first
derivative has a jump discontinuity, and

B {Pp(t>, te <t <0,

Pr(t
F( ) —Xmax t, -0 <t S tc-

To characterize the phase transition case, we need the following definition. A
rational map F is said to be exceptional if there is a finite, non-empty set > such
that

F7'S \Crit F = X. (1.5)

Any such ¥ has at most four elements (at most two in the polynomial case, cf.
[21]), and so there is a maximal set ¥ = X satisfying (1.5). This set contains at
least one periodic orbit, and we define

X+ :=max {Xq: a € Xp N Per F}.

Theorem B. A rational map F has a phase transition if and only if F is excep-
tional and

X« > sup {xu: peM, u(Xr) =0} (1.6)

According to an unpublished result by F. Przytycki, the supremum of Lyapunov
exponents in (1.6) can be computed by considering only periodic cycles and so (1.6)
is equivalent to the condition

X« > sup {Xq: a € PerF \ Xp}. (1.7)

On the other hand, it is easy to see that if the exponent of a periodic point can not
be approximated by the exponents of periodic cycles with arbitrarily large periods,
then this point has to be in the exceptional set. Thus a rational map has a phase
transition if and only if there is a finite number of periodic points such that their
Lyapunov exponents are larger than the exponents of all other periodic points by
a positive constant.

The algebraic condition (1.5) means that the (local) geometry of Jp near Y is
different from the geometry of other parts of the Julia set. The meaning of (1.6)
or (1.7) in the polynomial case is the following: the Julia set has a ”tip” at some
point of ¥, and this tip is substantially more ”pointed” than any tip in Jr \ X,
see [21].

In terms of equilibrium distributions, one can describe the phase transition case
as follows. For each t € (t., 0) there is a unique equilibrium state which is supported
by the whole Julia set. At ¢t = t. we have another equilibrium state that lives on a
periodic cycle in X and persists for ¢ < t.. The original equilibrium state, however,
extends analytically to {t < t.} but its free energy P(t) is now smaller than that
of the new (degenerate) state. Thus we can think of P(t) as a "hidden” pressure
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spectrum which can be obtained by the analytic continuation of P(t). Note that
this phenomenon differs from the phase transition in the positive spectrum (e.g.
for parabolic maps, see [9]), or from the one described in [10].

Critically finite rational functions with parabolic orbifolds (see, e.g., [8, 24]) pro-
vide important examples of exceptional maps. Recall that if F' is critically finite,
i.e. if

# | Fr(Crit F) 3 < oo,
n>0

then the ramification function
v=vp:C—NU{c0}
can be defined as a minimal function satisfying the following condition:
v(Fz) is a multiple of v(z) deg, F, (vz € C).

The orbifold (C,vr) is parabolic if its Euler characteristic

-3 (1)

zeC

is zero, or, equivalently, if
v(Fz)= v(z) deg, F, (vz € C).

The latter implies that the set ¥ = {z : v(z) = max v} satisfies (1.5), and therefore
maps with parabolic orbifolds are exceptional.

The Euler characteristic of an orbifold (@, vr) is zero if and only if the set of
values of v at the ramification points is one of the following:

(2)2)2)2)’ (3)3)3)’ (2)4)4)’ (2)3)6)’ (2)2500)’ or (OO’OO)'

The latter two cases correspond to Chebychev’s polynomials and to the maps z+¢

respectively. In the four former cases, the Julia set is the whole Riemann sphere.
One can show that
P(t) = max{1 —t,—2t} logd

for Chebychev’s polynomials, and

t 3

5 )
for the types (2,2,2,2), (3,3,3), (2,4,4) and (2, 3, 6) respectively. These maps play
a special role in many questions of rational dynamics. The fact that is relevant to
our study is essentially due to Zdunik [38]:

Theorem C. Let F be a rational function. Then Pp(t) =0 for some/every point
t < 0 if and only if the function F is critically finite and the corresponding orbifold
is parabolic.

It is easy to give examples of exceptional maps other than critically finite. For
instance, the family
(z+N)?

F)\(Z):fa ()‘E(Ca )‘7&0);
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consists of exceptional maps with ¥ = {0,00}. See also polynomial examples in
[21]. Note though that polynomials with #Xr = 2, and rational functions with
#Y.p = 4 must be critically finite of types (2,2, 00) and (2,2, 2, 2) respectively.

1.4. Dimension spectrum of the maximal measure. Our results concerning
the pressure functions P(t) and P(t) can be interpreted in terms of the "multifractal
analysis” of the maximal measure. See the book [27] for background material.

Recall that for every rational map F, there is a natural invariant measure m,

1
o ¥ lim —
m = weak —nlingo 7 Z Oy,
yeF—"(z)
where d is the degree of F' and z is any complex number (with at most two excep-
tions). The measure m is called the mazimal measure of F. It was characterized

in [4, 11, 19] as a unique invariant probability measure with entropy equal to logd.

If F is a polynomial, then m is the harmonic measure of Jr evaluated at infinity.
Harmonic measure is a basic object of harmonic and complex analysis, and there
is extensive literature relating the properties of harmonic measure to the geometry
of the boundary.

To each point z € J = Jp one can associate a range of local dimensions « given
by
log m(B(1)) .\ < i sup 128 UBET))

r—0 10g r r—0 10g r

where B(z,r) is the ball of radius r about z and lim inf and lim sup are called the
upper and lower pointwise dimensions of m at z respectively. For many z these
pointwise dimensions will be equal so that one can talk of a local dimension a(z).
Typically, there are large fluctuations in the value of a(z) as z ranges over J. The
multifractal analysis is a description of the fine-scale geometry of the set J whose
”components” are the subsets {z : «(z) = a} with a homogenous concentration of
m parameterized by a € R.

?

The Hausdorff dimension spectrum of m is defined as the function

f(@) :=dim {a(z) = a},
where dim denotes the Hausdorff dimension. Note that the standard notation for
the Hausdorff spectrum is f(«) but we reserve the latter for the definition based
on box-counting methods (which are supposed to be more relevant for numerical
simulations). Namely, we define the boz-dimension spectrum f(«) of m as the limit
(assuming its existence)
log N(4, @)
= lim ——————=
f(@) 520 |log ]
where N (0, ) denotes the number of squares @ of a d-grid satisfying m(Q) = §%;
see Section 5 for an accurate definition.

To relate the dimension spectra to the pressure functions, we denote

s(t) = f)gc)l and §(t) := f)gc)l'
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It is well-known that if F' is hyperbolic, then f(-) = f(-) and s(-) = 5(-), and these
functions are Legendre-type transformations of each other:

s(t) = sup % (1.8)
fla) = inf [t + as(t)]. (1.9)

If, in addition, F is not conjugate to 2%, then the equation
as'(t) = —1

establishes a one-to-one correspondence between the points ¢ € R and the local
dimensions « in some interval (Qmin, max)- In particular, the negative t-axis cor-
responds to the interval (aumin, @), where

ap = |5'(0)] " = dimm.

Here dim m denotes the Hausdorff dimension of the measure m, i.e. the maximal
Hausdorff dimension of a Borel set supporting m.

For general, non-hyperbolic rational maps, we have the following result.

Theorem D. Suppose F is not a critically finite map with parabolic orbifold. De-
note ag := dimm. Then

(i) the functions s(t) on {t < 0}, and the function f(a) on {a < ag} form a
Legendre pair in the sense of (1.8)-(1.9);

(i) the same is true for 5(t), t <0, and f(a), o < ag.

This theorem shows that the Hausdorff dimension spectrum always has hyperbolic-
type behavior: if we set Gmin :=sup {a: f(a) > —oc}, then

f(oz) is real analytic on the interval (Qmin, Qo).

On the other hand, the box-counting spectrum may have a discontinuity in the
second derivative.

1.5.

The paper is organized as follows. In Section 2, we prove quasicompactness of the
transfer operators L; in appropriate Sobolev spaces. In Section 3, we establish
analyticity of the pressure function assuming the existence of a non-atomic eigen-
measure. In Section 4, we study the phase transition case and complete the proofs
of Theorems A and B. Theorem C is discussed in Section 3.8. Finally, in Section 5,
we study the dimension spectrum of the maximal measure and prove Theorem D.

In what follows, we consider only the polynomial case. This allows to replace
some of the dynamical arguments with shorter proofs based on complex analysis,
and also to reduce the number of cases in the study of exceptional maps. There is
no difficulty in extending the proofs to general rational maps.

In the study of the pressure spectrum, the case ¢ > 0 is considerably more
difficult than the case ¢ < 0. We have only partial results concerning the positive
part of the pressure spectrum for some special classes of polynomials. This will be
the topic of the second part [22] of our work.

For related recent results and further references see [1, 5, 7, 12, 15, 17, 28, 33, 37].
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2. TRANSFER OPERATORS IN SOBOLEV SPACES

In this section we prove the quasicompactness of the operators L; (see (1.1)) in
appropriate Sobolev spaces. The proof is based on the standard technique — the
two-norm inequality of Tonescu-Tulcea and Marinescu [16]. To state the result, we
introduce the following notation.

Let F be a polynomial of degree d. Fix a large open disc {2 containing Jr such
that
F'ocq.
For technical reasons we always assume that the orbits of critical points of F' do
not intersect the boundary 9. We will consider the operators L; in C(Q) and in
the Sobolev spaces W1 ,(2). We write p(L;, X) for the spectral radius of Ly in the
corresponding functional space X,

1
pi= lim [[L{] %
The essential spectral radius is denoted by

Pess(Lt, X) :=inf {p(L; — K, X) : K compact operator in X}.

2.1.

Theorem. Let t < 0. Then for all p > 2 sufficiently close to 2, the transfer
operator Ly is bounded in W1 ,(2), and

pess(LtaWLp(Q)) < p(LtaWL;D(Q)) = p(LtaC(Q))
The proof takes the rest of this section. We begin by recalling some properties
of W1 ,(2). See [39] for general reference.

2.2. Sobolev spaces. The Sobolev space W1 ,(2), p > 1, is equipped with the
norm

[ le = LAl + 1V £l
where || - ||, is the LP-norm. We will need only the case p > 2. It is well known

that for p > 2, the elements of W1 ,,(2) can be represented as continuous functions
and the embedding

Wlm(Q) - C(Q)
is a compact operator. Moreover, continuous W1 ,-functions are Hélder continuous:
_2
(=9l <6) = (1f@) — OIS F IV sy ) - 21)

The embedding result will be used in the following form.

Lemma. There is a constant C' (depending on  and on p > 2) such that for any
€ > 0 there exists a finite rank operator K in Wi ,(Q) such that

1Kl < C,
If = Kflloo < € lf]

<
<

1,p- (2.2)
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Proof: Extend f to the whole plane with Sobolev norm = ||f||1,,, and consider a

grid of equilateral triangles A of size 6 < 1. Define K f to be a continuous function
satisfying

Kf— f at all vertices
] linear in each triangle A.

Then for each A, we have the following estimates:
1 en ., 3
VD] £ FIS - feenten)liey 5 07 ([ 9]
where A* is the union of A with the adjacent triangles. It follows that

JvEses [ v

Summing up over all A’s, we obtain the first inequality. The second inequality
follows from (2.1) by the choice of 6. O

2.3.

Lemma. Ifp>2 and t < —2(1 — f—)), then Ly Wi () C Wi ,(Q).

Proof: Let f € Wi ,(€2). Changing the variable in the integral we obtain

/ VP < / V(P P S T,
Q Q

where

1,ps

Fim [ [OIPIF 7 < const |
Q

(because —tp +2 — p > 0), and

1= [ 1P VPP < S [ IVOFTYP FE.

To see that the latter integral is finite, we only need to consider neighborhoods of
critical points. Suppose c is a zero of F’ of order k > 1. Then we have (as z — ¢):

IV(F™) S Jz7 7,
and
|V(|F’|_t)|p |F/|2—p < |Z|—p(1+kt)+k(2—p).
Since the inequality ¢t < —(1+ ¢)(1 — f—)) implies
—p(1 +kt) +k(2—p) > -2,

the integral converges. i
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2.4. The function s(t). We define

s(t) :=logg p(Ly, C(Q)).

We will see later (Remark 3.4) that p(L:, C(Q)) = p(Lt, Jr), and therefore by
Przytycki’s result (see Section 1.2), we have

P(t)

s(t) = logd’

in agreement with notation in Introduction. Some preliminary properties of s(t)
are stated in the following lemma.

Lemma. (i) For every point zo € 92, we have
Li1(z0) =< [| LY ]loo;

and therefore

> R = arone
yEF~"(20)

(ii) The function s(t), t <0 is strictly decreasing and satisfies the inequality
s(kt) < ks(t) (Vk > 1). (2.3)
Proof: Since t < 0, the function z — L 1(z) is subharmonic, and therefore we have
[Llloe = lIL¢ oo = sup Lyl .
o0
If 21, 20 € 0, then we can choose a simply connected domain that contains z; and

22 but does not contain forward iterates of the critical points. All branches of F~"
are conformal on such a domain, and by the distortion theorem we have

|Ey(y1)| < |F)(y2)] as n— oo,

where y, y2 denote the images of z1, zo under the same branch. It is easy to see
that the constants in this relation can be chosen independent of the points zq, zo.
This completes the proof of the first statement.

Similar argument and the area estimate show that

> IEmIT s,

yEF~"(20)
By Holder’s inequality,
=2 =
2—t 2—t
= S 1= X IR S ORw] .
yEF ™ (20) YyEF ™ (20) yEF ™ (20)

and we have s(t) > 1 — £, and s'(0—) < —1, so s(t) is strictly decreasing. To prove

(2.3), we simply observe that L7, 1 < (L 1)k, O
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2.5. Two-norm inequality.

Lemma. Let t and p be as in Lemma 2.3. Then there exists a positive number
e = e(p,t) such that

1L} f]
Proof: We have

1p < dn(s(t)—e)—i—o(n)H‘f'

1p + Cnllfllee, (f €Wip(Q)).  (2.4)

P
/ IVLEAIP S / S IVHWIEwI ] dA(2)
Q Q ~
yeF—"(z)
P
X el R e ) e
2 \yer—(2)
= I+4+1I.
By the argument of the previous lemma, we have
IT < CR [ f1I%-
On the other hand, by Holder’s inequality, we have
_ r2_q_
I < /Q > VHWIP IF )2 o F PG dA(z),

yeEF—"(2) yEF~"(2)

where p’ is the conjugate exponent (i.e. p~! + (p)~! = 1). Using the obvious
relation |F/, (y)|~2dA(z) = dA(y), we obtain the estimate

L o

1< VB | Bz

[e )

It remains to note that

n # - dn#s(p'(l—kt—%))—&—o(n)
Pa+-2 ’
and that
oo (o (140-2)) < Zst) < 500
—s|p - - = —s(p't) <s
P’ p P’
by Lemma 2.4. O

2.6. Proof of Theorem. Fix numbers ¢t < 0 and p > 2 satisfying

2
t<—2(1——>.
p

The transfer operator L; is bounded in W7 ,(€2) by Lemma 2.3. By Lemma 2.5, for
any given ¢ € (0, 1), we can find an integer N and a constant @ such that

1LY fllip < a d¥lIflip + QU fllocy (s = 5(2)). (2.5)

By induction, we have
HLfN.ﬂ 1p < dest' 1p t QMkaHOOa (k =12,.. ')a
where the sequence { M} is determined by the equations

My =1, My =dV*My + | LMY .
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Since d* is the spectral radius of L; in C(2), we have
M, < dEHeEDNs g | o0,

It follows that
ILEY o < dH0s

and
p(Le, Wi p(2)) < d°.

The opposite inequality is obvious:

L7 oo = L7 Hloo S L1

1p S L7

1,p-

Let us now prove the strict inequality for the essential spectral radius. The

argument is again based on the estimate (2.5), in which we choose ¢ such that
< 1
1= 30+0)y

where C' is the constant in Lemma 2.2. We also take

1
e < — dV¢

3Q
n (2.2). By Lemma 2.2, there is a finite rank operator K satisfying

K]y <C, If = Kflloo < [If]

1,p-

Thus we have

HLiv(f_Kfﬂ 1,p < qust_Kﬂ 1,p+QHf_KfHoo
< d¥q(1+C) || fllip + Qe |1 £l
2 S
< 58 Il

and therefore

2\ ®
ity < (2)* <0, o

2.7. A version of Ruelle’s theorem. The main result of this section can be
extended to general transfer operators with Sobolev weight functions. Repeating
the argument of Lemma 2.3 and Lemma 2.5 with obvious simple changes, we obtain
the following statement.

Proposition. Let F be a rational function, and let g be a non-negative continuous
function on the Riemann sphere such that g vanishes at the critical points of F and
belongs to some Sobolev space WLQ(C) with ¢ > 2. Then for all numbers p > 2
sufficiently close to 2, the condition

P(p'log [g |F'137) < o/ Plog), @:;%) (2.6)

implies the quasicompactness of the transfer operator Lg in Wi ,(C).
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Corollary. Let F' and g be as above, and let A denote the spectral radius of Ly in
C(JFr). Suppose also that g satisfies Ruelle’s condition (1.4):

In: A" >sup gn.

Jr

Then for all numbers p > 2 sufficiently close to 2, the operator Ly acts in Wy ,(C)
and is quasicompact.

Proof: Since g vanishes at the critical points of F', we can represent it as follows:
g = h|FT,

where 7 is some positive number and h € W, 4 for some ¢ > 2. By the argument
of Lemma 2.3, the transfer operator acts in Wy, provided that

2<p<gq and p<
2—7

(we can assume 7 < 2). It remains to show that (1.4) implies (2.6) for all p close
to 2.

If the condition (1.4) is true, then there is Ay < A such that
lgnllse < AT

It follows that for all sufficiently small € > 0, we have

Fgn [Fal ™ lloe = 1 h gn™ lloc S A3

~

for some Ao < A. Given p close to 2, we set ¢ = p — 2. Then we have

ST DR A0 (il

yeF—"(2) 0o
_e1p' -1
2= Y [ B || S
yeF—"(2) 00
< )\(21'7’_1)")\”+0(n) < )\;g'n
with some A3 < A. This implies (2.6). O

The last statement represents a version of Ruelle’s theorem mentioned in Sec-
tion 1.2. As we noted, the condition (1.6) is weaker than Ruelle’s condition (1.4).
The latter condition can fail even if (1.6) is valid.

3. ANALYTICITY OF THE PRESSURE FUNCTION.

In this section we verify the statements of Theorems A and B for non-exceptional
polynomials.
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3.1.

Theorem. If F is not exceptional, then the function s(t) is real analytic fort < 0.

Again, the proof is rather standard. It is contained in the next four lemmas. Fix
t < 0 and p > 2 satisfying the condition of Lemma 2.3. Denote

A= A(t) = d*W.

In other words,

A= p(Lt, C(Q) = p(Le, W1 p(2)).
We show that A(t) is an isolated, simple eigenvalue of L; : Wi ,(2) — Wy ,(9).
Then the theorem follows by the usual application of the analytic perturbation
theory. The first lemma is taken from [32]. Lemma 3.3 is a version of the construc-
tion of conformal measures due to Patterson [26] and Sullivan [35]. Lemma 3.5 is
essentially Lemma 6.1 of [21]. For the convenience of the reader, we outline the
proofs.

3.2. M is an eigenvalue.

Lemma. We have ker(Ly — X) # 0 in W1 ,(R2). The corresponding eigenspace
contains a non-negative eigenfunction.

Proof: Since pess(Li, W1 5(€2)) < A, there are only finitely many eigenvalues \;
satisfying |A;| = A, and the corresponding spectral projections have finite ranks.
Denote

g;:=PFP; 1; go :zl—Zgj.
Applying L}, we have
L} go + Y Li g = L1,

and since

L7 golloe S IILE" ol
at least one of g;’s is not zero.

1p = o(|[L{ 1flec) as n — oo,

We also have

1LY gillip =< n™ A" as n — oo,

where k; > 0 is the maximal integer number such that
= (L =X)" g; #0,
(i.e. k; is the size of the corresponding Jordan cell). Let k := max{k;}. Then

pnoi=nTF(LP 1) = Y A g +o(\") (3.1)
j: kij=k

in W1 ,(Q) and also in C(£2). Since the functions ¢, are linearly independent, we
have

[Pnlloc = [IPnllip =< A,

and we also have p,(z9) < A™ for some fixed zg € 9. Since p, > 0, it follows

that
1 N P
n
N2
n=1

1 o pa(20)
> — ) g,
SN

e}
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By (3.1), this is possible only if one of the eigenvalues \; is positive.

15

3.3. Existence of eigenmeasures. Let L} denote the adjoint of the operator
Ly : C(Q) — C(2). Then L} acts in the space M () of finite complex measures

according to the following formula:
Li: v p= |F|" (voF).
The latter means that
|F'|" € LY (n),
in particular u(Crit F) = 0, and that

V(FA) = / Pl dy
A

for every set A such that F' is one-to-one on A and satisfies AN (Crit F) = (. In

the special case v = §,, we have

Lio. = Y IFI',

yeF—1(2)

Lemma. There exists a probability measure v on Jp such that
Liv = A¢t)v.
Proof: Fix a point z € 92 and consider the sequence of positive measures
o = ALY = A S P W),
yeF—"(2)
Clearly, Ly 1, = A pin+1, and by the proof of Lemma 3.2, we have
Il = A" LEL(z) = 0

for some integer k > 0. Next we define

n
Up = § Hn
Jj=0

(3.2)

and take some (weak-*) limit point v of the sequence v, / ||vy||. Then v is a prob-

ability measure supported on Jg, and since

[Live — Al A —po)ll _ n* 1

= = — —0
[[vnl [[vnl] nktl o on ’

we have Lfv = Av.

3.4. Remark. The last lemma implies in particular that

p(Le, C(Jr)) = p(Ly, C(€2)).

Indeed, M is an eigenvalue of the adjoint of L; : C(Jr) — C(Jr), and therefore

p(Ly, C(Jr)) > A\. The opposite inequality is obvious:

1L e = I1LE Hlewr) < ILE Hiew):
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3.5. The support of an eigenmeasure.

Lemma. Let v be a probability measure on Jp satisfying

Liv = At)v.
Then either
supp v = Jp,
or the set
> :=suppv

is finite and satisfies
F~'%)\ Crit F =%,

in particular F is exceptional. In the latter case, we have (see Introduction for
notation)

logA(t) = —tx« = —tXmax-
Proof: From the equation
v =|F|""woF (3.3)

we have
F~'$\ Crit F C X
It follows that if #3 = oo, then we can find a point a € 3 such that

U F"aCy,

n>0
which implies
¥ =Jp.
On the other hand, if #3 < oo, then by (3.3) we have
(xeX) = (v(x)#£0) = (|[F'(z)]#0 and v(Fz)#0)
= (v € F~ 'Y\ Crit F).
The prove the last statement of the lemma, observe that if b € Per F', then clearly
log \(t) > —txs.
On the other hand, we have
logA\(t) = —txa
for every periodic point a € X.. O

3.6. Multiplicity of A.
Lemma. Suppose there exists a probability measure v such that
L*v = Xt)v and supp v = Jp.
Then A = A(t) is a simple eigenvalue of the operator Ly in Wi ,(Q):
dim ker (L; —\)? = 1.
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Proof: We will need the following fact: if f € Wi ,(2), then

Lif = A
of U implies f =0. (3.4)

flJF =0
Assuming (3.4), we can use the following standard argument to prove the lemma.
It is known that the existence of an eigenmeasure with supp v = Jp implies

dim ker (L;y — A\) = 1 in C(JF), see for example Section 3.6 of [21]. By (3.4), the
same is true for the space Wi ,,(£2). Suppose now that

(Li = \)?h =0
for some h € W1 ,(2). We need to show that f := (L, — A)h is trivial. By (3.4), it
is sufficient to prove f|;, = 0. We have
(f,v) = (Lih,v) — (Ah,v)
= (h,Liv) — A(h,v) = 0.
Since dim ker (L; — A) = 1, we can assume (by Lemma 3.2) that f > 0, and

therefore, we have f = 0 v-almost everywhere. The equality f|;,. = 0 now follows
from the assumption supp v = Jp.

It remains to prove (3.4). Fix z € Q. We have

|f(2)] = [AT" LY f(2)]
<A EWI W)
yeF—"(2)
A R dist(y, e,
yeF—"(2)

where o < —t is a fixed positive number such that W7 ,(Q) C H,, see (2.1). Observe
now that

dist(y, Jr) S [Fn(y)| (3.5)
Indeed, if z is in the basin of attraction to oo, and G(-) denotes the Green function
with pole at infinity, then (3.5) follows from the estimates

[, ) [VG(2)| = d" [VG(y)|

d"G(y)
~ dist(y, Jr)
G(2)

dist(y, Jr)
On the other hand, if z belongs to some bounded component of C\Jp, then the

iterates { F™} are uniformly bounded in the discs B(y, dist(y, Jr)) (the discs lie in
the filled-in Julia set), and so (3.5) follows from the Schwarz lemma.

We can now finish the proof of (3.4). From (3.6) and (3.5), we have
FE S AT Y I
yeEF"(2)

< d—s(t)n ds(t—i—(y)n do(n) —0 as n— oo,
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because s(-) is strictly decreasing. O

We conclude this section with several remarks concerning some other ”hyper-
bolic” features of non-exceptional polynomials.

3.7. Remarks. (i) Perron-Frobenius Theorem.

The probability eigenmeasure v = 14 in Lemma 3.3 is unique, and if f; € Wi ,(Q)
denotes the non-negative eigenfunction of L; satisfying

v(fe) =1,

then the rank one operator

P = (, 1) fo
is the spectral projection of Ly : Wi ,(Q) — Wi () corresponding to the isolated
eigenvalue A = A\(t). One can show that

p((I = P)Le, W1(Q)) < A, (3.7)

which implies that

ALY — P
with exponential rate of convergence in the uniform operator topology.

To prove (3.7), we first observe that the set {f; = 0} is finite. Assume that
Lif = Af
for some number A of modulus A and some function f € Wi »(€) with normalization
ve(|f]) = 1. Then we have
[fl= 1
(use, e.g., the argument of [21], p.142). Define the function n = n(z)
for z € Jp \ {fit = 0} by the equation

I = nft
From the identity \
(L fi)(2) = = (Lt nfe)(2),
n(z)
we have
An(y) ’ —t
12 F =0,
yg;z ( An@)) fe@)IF (y)]
and therefore
n(Fy) A
n(y) A

except for a finite set of y’s. Taking two periodic points with relatively prime
periods and with orbits avoiding this finite set, we have A= \. O

(ii) Equilibrium states.

Let u; denote the probability measure fivy. Standard argument shows that p is
an ergodic, F-invariant measure. We claim that u; is a unique equilibrium state:
P(t) = h — txt, (3.8)

where we write h; and x; for the entropy and the exponent of .
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The equality (3.8) follows from the Rokhlin-type formula

ht = /10th dut, (39)
where foF
o]
Jy = A(t)—tft [F'|" e L' ()

is the Jacobian of ;. (We also use the obvious fact that log f; is integrable with
respect to p;.) The formula (3.9) follows from the well-known estimate

hy > /10g Jy dpg
and from the variational principle.

To prove the uniqueness result, it is sufficient to show that if y is an equilibrium
state, then
w(¥) = p (W) for all Ve O™

The latter is an immediate consequence (cf. [28]) of the differentiability at 0 of the
pressure function

p(s) := P(—tlog |F'| + s¥), (s € R),

see the next remark and also Section 2.7.
(iii) Derivatives of the pressure function.

For non-exceptional polynomials, one can establish the same formulas for the deriv-
atives of P(t) as in the hyperbolic case (see [29, 30, 31]). Namely, for the first
derivative we have

P'(t) = —xt, (t <0),

and also
P/(O_) = _XTI’L)
1
P'(—o0) =supx, = lim —log||F} |-
M n—oo N,

(Recall that m denotes the measure of maximal entropy.) The first statement
follows, for example, from the variational principle which also implies the inequality
P'(0=) > —xm.

To prove that
P/(O_) S —Xm;
we denote
P.(t) = P(—tlog(|F'| +¢)),
and consider the corresponding equilibrium state g ;:

Pt = hew =t [ 1og((F"] +2) dpc
(he,t is the entropy of the equilibrium state). It follows that

hey — P.(0)=log d as t— 0,

and therefore
weak*-lim pey = m
t—0 ?
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by the upper semicontinuity of the entropy and the uniqueness of the maximal
measure. Since P.(t) < P(t), we have

I - P,
P'(0—) > limsup M
t—0— —t
- P,
> lim sup het (1)
t—0— —t

= —1imgnf/1og(|F’| +e) dpe

:—/10g(|F’|+5) dm — xm as &—0.

To state the formula for the second derivative of the pressure function, we denote
A:=log|F'| and S, := Z;:ol Ao Fi. Fort <0, consider the asymptotic variance
o7 of the process {Ao F"},>0 in L2 (pe):

1
o2 = lim _/[sn (S dpae

n—oo n

:/A2 dut—FZZ/A(AOF")dut.
n=1

The asymptotic variance is finite because of the exponential decay of the correlations
J A(Ao F™)du; (use the fact that Li(Af;) € Wi ,(Q2) and apply Perron-Frobenius).
As in the hyperbolic case, we have

P"(t) =0} .
Indeed, standard computation based on the differentiation of the identity
Lof, = MN7)f,
(with normalization v4(f,) =1 for the eigenfunctions f,) shows that
P'(t) = 0 Hue(Sh) = pe(Sn)’]= < 07 S fus e >,

(the dot denotes the derivative with respect to t) and so we need to show that the
last term tends to zero as n — oo. Since

< (Ao Fi)fy,u>= Nty < A(L]) fr,ve >,

we have
<n 'S, fo,ve > = < AM,, fi, v >,
where
- 122 L. w, :
My fe == — —fi L < fave> fi = 0.
ni= A(t)d

(iv) P(t) = P(t) for non-exceptional maps.

This follows from the fact that the equilibrium states u; are non-atomic. The latter
can be proved as follows. The analyticity of the pressure function implies that

P(t) > P'(—0) t, (Vt <0).
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On the other hand, we have
1
[P/(—00)| = lim —log||F,|loo-
n—oo M
Hence, for every t < 0, we have
[Fhl = o(At)") as n — oc.
Suppose now that v¢(z) # 0. Since v; is an eigenmeasure, we have
[Fpl ™ (o F™) = ()",
and

NOK n(z) — oo

D = TR

3.8. Rigidity. It follows from Remark (iii) that if P”(t) = 0 for some ¢ < 0, then
oy = 0 and therefore the function log|F’| is homologous to a constant in L?(u;),
i.e. for some u € L?(u;) we have

log |F'| = u —uo F + const (3.10)

According to Zdunik [38], log | F’| can be homologous to a constant in L?(m), where
m is the maximal measure, if and only if F’ is critically finite and the corresponding
orbifold is parabolic. One can modify the argument in [38] to extend her result to
our equilibrium states ;.

Theorem. Let F' be a nonexceptional rational function. Then
P"(t) >0 forall t<O0.

Proof: Suppose P”(t) = 0 for some ¢ < 0 and let u = u; denote the corresponding
equilibrium state. We claim that (3.10) implies

F~YCV)cCcvuc, (3.11)
where
C:=JNCrit F and CV:={F"c: n>1, ceC}.

It then follows that the set CV is finite, in which case the statement is known.

To prove (3.11), we need the following lemma. Let us choose a subset S C J
with S > 1/2 such that u is bounded on S.

Lemma. Let p € J\ CV. Then there is a disc B about p and a subset E C B of
full u-measure in B such that the following is true:
for every pair of points x,y € E, there is an integer n > 0 and a component P of
F~"B such that

(i) the map F"™ : P — B is univalent, and

(ii) z,y € F*"(SNW).

This lemma immediately implies (3.11). First we observe that u is bounded on
EN1iB. Indeed, if = F"a and y = F"b for some a,b € SNW, then by (3.10) we
have

@l

and the first term to the right is bounded by the distortion theorem. Next we take
x € CV, y € F~ 'z and suppose that y € C U CV. It follows that v is y-bounded
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in some neighborhood of y. Applying (3.10), we see that u is p-bounded in some
neighborhood of x. On the other hand, there is a critical point ¢ € C\ CV such
that © = F¥c for some k > 1. Then u is u-bounded near ¢, but the equation

log |F}| = uo F* — u + const,

shows that u cannot be p-bounded at . This proves (3.11) and hence the theorem.
We now turn to the proof of the lemma.

Consider the natural extension (J,F, i) of the dynamical system (J, F, p).

Recall that F' is the left shift in the space of sequences
j:z {f?: (...,.13_1,130,131,...) S .]Z DTkl = ka}.

Let 7 : J — J denote the projection onto the k-th coordinate. We will write 7 for
mo. The ergodic measure fi is defined as a unique F-invariant measure satisfying
M= T fl.

For a given disc B and n > 0, we denote by U_,, the union of the components
of F~™B on which F" is univalent. Consider the set

O::{j':ej: x9 € B, xp € Uy, forall k< 0}.

We can introduce a direct product structure in O in the following way. Let 3 be the
set of all infinite sequences of the inverse branches participating in the construction
of O:
=0/~
where, by definition, & ~ g if the points z;, and y; belong to the same component
of Uy for all k < 0. If 7 : O — X denotes the corresponding projection, then the
map
nx7: O — BxX

is a bijection.

Consider now the restriction of fi to the set O as a measure on B x X. Let p
denote the projection of this measure to ¥ and {p, : o € X} the corresponding
family (” canonical system”) of conditional measures on B. The proof of the lemma
is based on the following two facts:

(*) if the radius of B is sifficiently small, then 1(QO) > 0;
(**) the restriction of p to B is absolutely continuous with respect to py for p-a.e. o.

Assuming these facts, we can now finish the proof of the lemma. Since ji(7~15) >
%, applying the ergodic theorem we can find a subset £ of O of full measure,
(O \ €) =0, such that

(Z,9€&) = ((Fk<0, z,€8, yp €59).

Denote
E, =7n(ENnT o).

Then we have

0=HO\E) = [ 1a(B\ Es) dplo),
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and therefore
to(B\ E,;) =0 for p-a.e. .
By (**), we have
uwEs; = uB for p-a.e. o,

and so almost every set E, satisfies the condition of the lemma.
It remains to verify (*) and (**).

Proof of (*): Recall that u = fv, where f = f; and v = v, are the corresponding
eigenfunction and eigenmeasure respectively. Since p € CV, we have f(p) # 0. We
will also use the estimate

I Fy Il S AT, A <A=A(), (3.12)

~

which is true, as was already mentioned, for all non-exceptional maps. For n > 0,
let C'_,, be the union of the components P of F~"B such that

PNnC # 0, but FPCU_p.

It is clear that the number of such components P of C_,, as well as the degrees of
the maps F* : P — B are bounded by a constant depending only on the degree
of F. Using the fact that v is an eigenmeasure and that f(p) # 0, it follows that if
the radius of B is small enough, then

F' |7t uB
o < com Wl | P2 0B
flp) Am
with a constant depending only on the degree of F'. For an arbitrary N, we can
take B so small that
C_y,....,C_ny =0,
and by (3.12), we can choose N such that
Z uC_, = Z nC_, < uB.
n>0 n>N

Since
7B\ OC U {zen'B: 2_,€C_,},
n>0
we have

filO > pB =" puC_p, > 0.
Proof of (**): Fix n € (0,1), and let B’ denote the disc nB. We will show that if
pMONa'B) >0 (3.13)
then
(pe>0, ecB') = (ue>0 for pae o).
By (*), the inequality (3.13) holds for all 7 close to 1, and therefore (**) follows.

We will use the symbols Py, k& > 0, to denote any component of U_i. The
statement follows from the estimate

plONmytlenn Py > const i [ONmy ' B Nr”, Pyl (3.14)
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with a constant independent of k and Px. Since

UWZ}LP,L\(’) as n — 00,

(Pn)
we have
plonmylenn Py = nleoo Z i [ONTZ, Pl
= lim_ > u(PanF ), (3.15)

where the sums are taken over all components P, such that F*~*P, = P,. We can
represent the right hand side of (3.14) in a similar way, and so to prove (3.14) we
only need to compare the p-measures of the sets P, N F~"e and P, N F~"B’.

Assume first that the eigenfunction f does not vanish on J. Then it is enough
to notice that the v-measures of the above sets are comparable. The latter is a
consequence of the distortion theorem and of the fact that v is an eigenmeasure:

v(P,NF ") A" fe |F/|t d(vo F™)
VP AFB) AT [ [FA d(ve )’

The eigenfunction f may have zeros in general. Let Z denote the set {f = 0}.
Since F' in non-exceptional, there is an integer m > 0 such that
0:=dist(Z, F~"Z) > 0.

We can also assume that the disc B is so small that the diameters of all sets
P,NF~"B" are < §. Returning to the computation (3.15), we modify some of the
terms u(P, N F~"e) as follows. If the set P, N F~"e contains a point at which
f is very small, then we replace the coresponding term with the sum

Z W(Prgm N F" ")

taken over all components P, i, such that F"™ P, ,, = P,. In the new expression,
the eigenfunction f is bounded away from zero by a constant independent of n, and
so the previous argument applies. O

4. HIDDEN SPECTRUM

In this section we study the phase transition case, and complete the proof of
Theorems A and B.

Let F' be an exceptional polynomial. We assume that F not conjugate to a
Chebychev’s polynomial. From the discussion in Section 1.3, it follows that there
exists a fixed point a € Jr, F(a) = a, such that

F~ta\ {a} C Crit F.
Consider the function
H(z):=|z—al.
We have

HoF
o (Z) _ H |Z _ C|k(c)+1,
ceCrit FNF~1q
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where k(c) denotes the multiplicity of a critical point ¢c. We also define the number
%k > 0 from the equation

i min{k(c) : ¢€ F~'anCrit F}.
-k

4.1. The functions s,(t). The idea is to replace the weights |F’|~* in the transfer
operators (1.1) with ”homologous” weights of the form

HoF\"
i .

Gﬁ,t = |F/|_t (

If 0 < k < &, then the weights G+ are continuous in { and the corresponding
transfer operators

Ly f(2) == Z Grai(y)f(y)
yEF~1(2)
are bounded in C'(). The special property of the case k = & is that every point in
2 has at least one preimage that is not a zero of G ;. This means that we are no
longer in the ”exceptional” situation — we have

L:yv # 0 (4.1)

for every probability measure v on Jr. Unfortunately, the operators Lz ; are not
bounded in any space W1 ,(12), and to apply the technique of Sections 2 and 3 we
have to use L, with x < &. (The operators with x < & do not satisfy (4.1) but
they are bounded in appropriate Sobolev spaces.)

Let A (t) denote the spectral radius of L, in C(£). Define
8 (t) 1= logg Aw(t).
We will need the following properties of the functions sy (¢).
(i) Ift <0 and 0 < k < K <R, then s (t) < s5,(t).
Proof: Denote
h(z) = |z —a| 7t =R
and observe that .

Lyl =5

Let 2, be the points in 9 such that
HL:’,tHOO = Lz',t 1(zn)-
The existence of such points follows from the subharmonicity of the function

z Ly, 1(2).

Ly h

Then we have

L3 lloo = Lty h(zn) < |ILiy Moo S I1LE ¢lloos
which implies the statement. O
(i) If there is a probability measure v satisfying

L, v=A() v
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and if v # 44, then
S (t) = s.(t) forall &' > k.

Proof: We have
L5 tlloe 2 1A Ligr g Uloo = 1L Plloo
2 <Liyhv>= \(t) <hv>
= ML),
which implies
swr(t) > sk(t).

(iii) For every k € [0,R], the function s.(-) is strictly decreasing.

Proof: 1t is clear that vy # d, if t is sufficiently close to 0. By the previous state-
ment, we have s, (t) = s(t) for such ¢’s, and therefore the function s,(t) is strictly
decreasing in a neighborhood of 0. It remains to note that s is convex (use Holder’s
inequality and the definition of s,). O

4.2.
Lemma. 5(t) > —t(1 — &) log, |F'(a)|.

Proof: Denote M := F'(a). The statement is obvious if a is a neutral fixed point,
so we assume that a is repelling: |M| > 1. For simplicity, we write G and L instead
of G+ and Ly ; respectively. Observe that

G(a) = |M|7t0=R),
By (4.1), we can consider the operator
v — |[L*v| ™t L'y
on the set of probability measures on Jr. By Schauder’s theorem, this operator
has a fixed point v, and we have
L'v = \v (4.2)
for some A > 0. It is clear that log; A < §(t), and it remains to show that
G(a) < A (4.3)

Since a is a repelling point of F', there is a conformal map ¢ from the unit disc onto
some neighborhood of a such that
p(Mz) = F(p(2)), (2] <|M|7Y).
If |z| < |[M|~0F™) then we have
o' (M"2)|
Fi(o(2)) = £ 002
e = M0

Gulee)) = i (02

M|~ (|M|M = Gla)™

= |M|",

and

X
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To prove (4.3), we consider the sequence of pairwise disjoint domains
U i= ¢ (M]"@) < |2 < [M]"049) (0> 0).
By construction, F™ is injective on U,,, F™(U,) = Up, and
Gn(z) < G(a)" for zeU,.
Then by (4.2), we have

W(U,) = A" /U Go(2) dv(2)
AT G(a)" v(U).

X

It is easy to see that supp v = Jp. (This follows from (4.1), see the proof of
Lemma 3.5.) Hence v(U) > 0, and since the domains U,, are disjoint, we have

> (49) 2 S ewn <

n>0
which implies (4.3). O

4.3. The operators L, ; with x < K. The argument of Lemma 2.3 shows that if
t <0and 0 <k <R, then L, is bounded in W1 ,(Q2) with p > 2 sufficiently close
to 2. We can now apply the methods of Sections 2 and 3 to establish the following
result. The condition (4.4) below simply means that a measure v satisfying

Liwv = A(t) v
cannot be equal to d,, and therefore
supp v = Jp
by the proof of Lemma 3.5. Indeed, we have
L}, 160 = G t(a) Oa,
and if we assume (4.4), then

Gri(a) = |F'(a)] 717" < N (1)

Lemma. Let 0 < k < K, and t < 0. Suppose that
sk(t) > —t(1 — k) logy |F'(a)l. (4.4)

Then the function sx(+) is real analytic at t, and there is a non-atomic equilibrium
state ju.¢ for the function log Gy t.

Proof: There are only minor changes in the reasoning of the previous sections. We
again write G and L for G, and L, .

(i) We first establish a two-norm inequality similar to (2.4). Choose p > 2
such that L acts in W7 ,(€2). We claim that for some & > 0,

L™ fllp < d™CO7HflL 4+ Callflloe s (f € Wap(S)-

(4.5)



28 N. MAKAROV AND S. SMIRNOV

To prove (4.5), we repeat the computation of Lemma 2.5 to obtain

/Q NEHP < EIFIVAL, + Call IR, (4.6)

where L denotes the transfer operator
Lf(z)= > f(y) Gy
yeEF~1z

with the weight function

G = cY |F|G = @,

Rt
p’ is the conjugate exponent, and
A 2 Kt
fo=p (t+1-2), fi=—"
! ( p> t+1-2

Since & > x and > p't, the properties (i) and (iii) of Section 4.1 imply that
1 1,
¥ sa(f) < ¥ su(p't) < s(t),

and therefore
JLr 5 = dnlee=ertotn),

Together with (4.6), the latter implies (4.5).

(ii) The quasicompactness of L,
pess(La Wl,p(Q)) < p(L, Wl,p(Q)) = p(L, C(Q)) = )‘ﬁ(t)a

is a consequence of the two-norm inequality (4.5). It also follows that A, (t) is an
eigenvalue of L : W1 ,(2) — W1 ,(2) and that there is a probability measure vy,
satisfying

L*Vﬁ,t = )\ﬁ(t) Vi t-

The proofs are identical to those in Sections 2 and 3. As we mentioned, from (4.4)
we have

supp Vet = Jp. (4.7)

This in turn implies that A, (t) is a simple isolated eigenvalue of
L : W1,(Q) — Wi ,(22), and so the spectrum s, () is analytic at ¢. The proof is
exactly the same as in Lemma 3.6 except that the fact

(feW,(), Lf=X(®)f, flir=0) = (f=0) (4.8)
requires a slightly different argument. Fix z € 2\ Jp. Then we have
[ = [A(@)™" L™ f(2)]
AW Y Galy)l dist(y, Je)”,

YyEF ™ (2)

A
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for some positive number 3 < —t. Using the inequality (3.5), we have

FEI S A Y Galy) IF W)™’
yeF—"(z)
= A\ HE™ S R Hy)
yeF—"(z)
_ eo(n) d—sﬁ(t)n ds;;(f)n,
with
t

t:=t+83>t, and A=——> k.
b t+p

By (i) and (iii) of Section 4.1, we have
Sk (ﬂ < sx(1),
which completes the proof of (4.8).

(iii) The construction of an equilibrium state p and the proof that x4 has no atoms
is the same as in Section 3.7. |

4.4. Corollary. P(t) = 5(t) logd.
Proof: Fix t < 0. By property (i) of Section 4.1 and by Lemma 4.2, we have

sn(t) = 5(t) > —t(1 — &) logy [F'(a)],
and therefore

5u(t) > —H(1 — k) logy | F'(a)|

for some parameter x € (0, %) which we now consider fixed. As we mentioned, the
last inequality implies that there exists an eigenmeasure v, ; satisfying supp v, =
Jr. By property (ii), it follows that

5(t) = sx(t).
Applying the variational principle (see Section 1.2), we have
sk(t) logd = P(log Gy ).
We also have the equality
P(t) = P(1ogG 1)
which follows from the existence of a non-atomic equilibrium state for the function

logG,,: and from the fact that if p is a probability measure on Jg such that
wu(a) =0, then

p(log Grt) = —txu. (4.9)
To prove (4.9), we observe that if
HoF
1 L'
og —— & L (n),

then both sides in (4.9) are —oo, otherwise we have

1HOF_0
MOgH—-

Indeed, for € € (0,1) denote H. := H + ¢. Then

1 HEOF‘<‘1 HOF‘_'_ ¢
o 0og ———| + cons
g H. |~ g H
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on Jg, and

HEOF H-a.e. HOF

— log as € —0.

log

€

4.5. Proof of Theorems A and B. If F is not exceptional, then Pg(t) is real
analytic on the negative axis, and therefore Pp(t) > —Xmax for all ¢ < 0. The
equality Pr = Pr was explained in Section 3.7.

Suppose now that F' is an exceptional map. Clearly, we always have
Pr(t) > max {ﬁp(t), —Xmaxt}-

If Pr(t) > —x«t for some t < 0, then we have Pp(t) = Pr(t) by the property (ii)
and Lemma 3.5. This completes the proof of Theorem A.

A phase transition occurs if and only if

X« > Pp(—00).
On the other hand, it is clear that
Pp(—o00) =sup {xu: p €M, u(Xr) =0},

and Theorem B follows.

4.6. Remark. One can extend all results of Sections 3.7 and 3.8 to exceptional

polynomials. In particular, the argument of Section 3.8 proves

Theorem C: P”(t) > 0 for all t < 0 unless F is critically finite with parabolic

orbifold. In the next section we will also use the following formula involving P’(t).
For t < 0, let kK be a number satisfying the conditions of Lemma 4.3, and let

i = s, be the corresponding equilibrium state. Then applying (4.9), we have

P/(t) = " Xu-
Since
P(t) = hu —tXu,
we get
dimp = b =t— {3(0 . (4.10)
Xu P(t)

(The first equality in (4.10) follows from Mané’s formula [23].)

5. DIMENSION SPECTRUM

In this section we study the dimension properties of the maximal measure m and
prove Theorem D.
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5.1. Definitions and results. We define the boz-counting dimension spectrum
f(a) of m as follows:

. log N (6; a, )
flo) = T s~ Toga]
where N(§; @, n) is the maximal number of disjoint discs B of radius ¢ centered at
Jr and satisfying
4T <mB <57,
The Hausdorff dimension spectrum f(a) is defined be the equation
f(a) :=dim {z: a(z) exists and = a},

where «(z) is the pointwise dimension of m at z, and dim denotes Hausdorff di-
mension if the set is uncountable and —oo otherwise. Recall the statement of
Theorem D. Let o denote the Hausdorff dimension of the maximal measure. By
(iii) of Section 3.7, we have ag = |s'(0—)| 1.

Claim. (i) The function s(t) on {t <0}, and the function f(a) on {a < ag} form
a Legendre pair:

s(t) = sup % (t <0),
fla) = ;gg [t +as(t)], (o < ap).

(ii) The functions 3(t), t <0, and f(a), a < ag form a Legendre pair.

Using Theorem D, we can restate our results on the pressure function in terms
of the spectra f(a) and f(«). Let us assume that F is not critically finite with
parabolic orbifold. Denote

1
Omin ‘= m
If s(t) has a phase transition point, then we also define the parameters
- 1
Omin ‘= m
and
1 1

Qe 1=

|s'(te)] 18 (te)]
We always have

0 < amin < ag,
and in the phase transition case we have

0 < amin < Qmin < a¢ < ag.

Finally, note that f(ag) = f(ap) = ap because ap = dimm.

Corollary 1. If F is not critically finite with parabolic orbifold, then f(c) is a real
analytic, strictly increasing and strictly convez (f" > 0) function on the interval
(drnina Oé()), and f(Oé) = - fOT a < O~émin-

Proof: Define
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Since 5" > 0, we have

=/

i S
“O=Fwr

and so «(t) is strictly increasing on the interval (—oc, 0), and the inverse function
t(a) is real analytic on (Qmin, o). It follows that for a € (Gumin, ), the function

fla) = inf [1+0300)
= t(a) + a3(t(w))

>0,

has the stated properties. It is also clear that f (@) = —o0 if a < Amin- O

Corollary 2. If F is not exceptional (more generally, if there is no phase transi-
tion), then

f=1
In the phase transition case, f(a) is Ct but not C? on (Qimin, o). More precisely,
f(a)a aCSaSQOa
linear, amin < a <«
f(a) _ ) min = — CH
0; Q= Olppin,
—00, a < Qpin-

Proof: Reasoning as above, we have
fla)=t+ast), (ac<a<a),
where o and ¢ are related by the equation as’(t) = —1. We also have
f(Oé) =t (1 - > on [amin; ac]-
It follows that f’ is continuous at a.. Indeed,

f/(ac“‘) = i[f(ozc) - tc]

(07

Qmin

Q¢
1
Hefee)
Qe Qmin
te ,
= — = Qpe— ).
Qmin f ( ¢ )
The rest of the proof is obvious. O

We will prove the theorem only for polynomials with connected Julia sets. The
proof is considerably shorter in this special case because we can express the spectra
s(t) and §(t) in terms of the Riemann map

@ A= {[z] > 1} = A(0),  (p(o0) = 0),

where A(c0) is the basin of attraction to infinity, and apply some general facts of
the conformal mapping theory. (For arbitrary rational maps, one should replace
certain parts of the argument with corresponding dynamical considerations.) Recall
that for connected polynomial Julia sets, m is the image of the normalized Lebesgue
measure under the boundary correspondence. In what follows, we assume that the
polynomial F is exceptional (but not Chebychev’s) with Xp = {a}.
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5.2.
Lemma. For each t < 0, we have
dns(t) = dn(l—t)/ |<,0/|t, (5.1)
|z|=14+d—™
a0 < dn(l—t)/ll » |<,0—a|_kt |<,0/|t- (5.2)
Zl=14d-n

Proof: Fix some point in A(cc) and consider the preimages {y} under F™.

The Riemann map ¢ conjugates F with the dynamics T : z — 2% on A .

Differentiating the identity F" op = @ oT"™, we get
|En () = d"e' (o )l
The points {p "'y} are equidistributed on a circle of radius r,, satisfying
rp—1xd".

Applying the distortion theorem, we have

and

d

5.3. Proof of (i). The key observation is that s(t) coincides with the packing
spectrum of the maximal measure m:

log L(e;t
7(t) = limsup log L(e; t)
0 |loge|

)

where
L(e;t) :=sup Z diam(B)"
B pen
the supremum being taken over all collections B of disjoint discs B satisfying
mB = e. It is a general fact (see [20]) that the harmonic measure packing spectrum
of an arbitrary simply connected domain is related to the integral means spectrum

j‘lzl—r |<)0/(Z)|t |dZ|
t) := lim sup ——
A= sl = e =)
of the corresponding conformal map by the equation

7(t) = B(t) + 1 —t.

Thus for polynomials with connected Julia set, the equality s(t) = =(¢) follows
from (5.1). The packing spectrum and the box-counting dimension spectrum of an
arbitrary measure satisfy the Legendre-type relation
-t
s(t) = sup &, (t<0),
a<dimm «
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and so we obtain the first formula in (i).

Applying the inverse Legendre transform , we get
=1 f
o f(a) = inf [t + as(t)]

where co f denotes the convex envelope of f. Since s(t) is differentiable and strictly
convex on (t¢,0), we have

fla) =co f(a) on (o, ap),

and to finish the proof, it remains to show that

fla) > co fla) =t (1— c > on  (Qumin, e)- (5.3)

Qmin

To prove (5.3), we fix @ € (@min, @) and consider a neighborhood U of a such
that the dynamics F'|y : U — FU is conjugate to the map

z— F'(a): {|z] <1} = {|z| < eX*}.
(Recall that y. = log|F'(a)|] and ami, = x5 ' logd.) For a small number § let N
be the maximal number of disjoint discs B C U of radius § and harmonic measure

> 6%. We have
1 flae)—e
N> (=
= (3)

with e arbitrarily small (as § — 0). Let k be an integer number such that

1 — 1
ke — Qe T op
Xx O — Qipin 0

Applying (F|i)~* to the discs B, we find N new discs of radius
= Ok = e X"

and harmonic measure
>d 0% = 0.

It follows that

logd
a) > o) limsu
(@) 2 Jloe) imsup

& — Qmin

= flaec)
Q¢ — Omin

(%
te (1 — > .
Qmin
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5.4. Proof of (ii). Let us now prove the statement concerning the Hausdorff di-
mension spectrum. For € > 0, let U, denote the e-neighborhood of the exceptional
point a, m. the restriction of the maximal measure m to J \ U., and let 7.(¢) and
f<(c) be the packing and the box dimension spectra of m.. As we mentioned, 7. (t)
is the Legendre transform of f.(«). From (5.2) it is easy to see that

me(t) < 5(1).
Applying the inverse transform to this inequality, we have

< i s(t)].
co fe < égg [t + as(t)]

On the other hand, it is clear that the Hausdorff spectrum f(«) satisfies the in-
equality

fla) < sup fe(a),
and therefore we have .
< inf 5(t)].
fla) < inf [+ as(t)]
To finish the proof, we need to verify the opposite inequality.

Fix @ € (Qmin, @o) and define ¢ = t(«) by the equation
ad (t)+1=0.
We will show that
5(t)
§(t)
Let  be a number satisfying the conditions of Lemma 4.3, and let ;t = i, be the
corresponding equilibrium state. By (4.10), we have

5(t)

§'(t)

On the other hand standard ergodic argument shows that for p-a.e. z, we have
a(z) > logd _ _~/1 _

X 8(t)

This completes the proof of Theorem D.

dim{z:a(z) >a} > as(t)+t= t—

dimpy =t —

REFERENCES

[1] Baladi, V.: Periodic orbits and dynamical spectra. Ergodic Theory Dynamical Systems 18,
255-292 (1998)

[2] Bohr, T., Cvitanovié, P., Jensen, M. H.: Fractal aggregates in the complex plane. Europhys.
Lett. 6, 445-450 (1988)

[3] R. Bowen, R.: Equilibrium states and the ergodic theory of Anosov diffeomorphisms. Lecture
Notes in Math. 470. Berlin: Springer, 1975

[4] Brolin, H.: Invariant sets under iteration of rational functions. Ark. Mat. 6, 103-144 (1965)

[5] Bruin, H., Keller, G.: Equilibrium states for S-unimodal maps. Ergodic Theory Dynamical
Systems 18, 765-789 (1998)

[6] Carleson, L., Gamelin, T. W.: Complezx dynamics. New York: Springer, 1993

[7] Denker, M., Urbanski, M.: Ergodic theory of equilibrium states for rational maps. Nonlin-
earity 4, 103-134 (1991)

[8] Douady, A., Hubbard, J. H.: A proof of Thurston’s topological characterization of rational
functions. Acta Math. 171, 263-297 (1993)



36

[9

(10]
11]

[12]
13]

14]
[15]
[16]

[17]
(18]

(19]

[20]
[21

[22]
23]
[24]
[25]
[26]
[27]
(28]

[29]

(30]
(31]
32]
(33]

[34]
(35]

[36]
(37]

(38]
(39]

[40]

N. MAKAROV AND S. SMIRNOV

Douady, A., Sentenac, P., Zinsmeister, M.: Implosion parabolique et dimension de Hausdorff.
R. Acad. Sci. Paris Sér. I Math. 325, 765— 772 (1997)

Feigenbaum, M. J., Procaccia, I., Tél, T.: Scaling properties of multifractals as an eigenvalue
problem. Phys. Rev. A (3) 39, 5359-5372 (1989)

Freire, A., Lopes, A. O., Mafié, R.: An invariant measure for rational maps. Bol. Soc. Brasil.
Mat. 14, 45-62 (1983)

Haydn, N.: Convergence of the transfer operator for rational maps. Preprint (1996)

Haydn, N., Ruelle, D.: Equivalence of Gibbs and equilibrium states for homeomorphisms
satisfying expansiveness and specification. Comm. Math. Phys. 148, 155-167 (1992)
Hofbauer, F., Keller, G.: Equilibrium states for piecewise monotonic transformations. Ergodic
Theory Dynamical Systems 2, 23-43 (1982)

Hofbauer, F., Keller, G.: Equilibrium states and Hausdorff measures for interval maps. Math.
Nachr. 164, 239-257 (1993)

Tonescu-Tulcea, C. T., Marinescu, G.: Théorie ergodique pour des classes d’opérations non
complétement continues. Ann. of Math. (2) 52, 140-147 (1950)

Liverani, C., Decay of correlations. Ann. of Math. (2) 142, 239-301 (1995)

Lopes, A. O.: Dimension spectra and a mathematical model for phase transition. Adv. in
Appl. Math. 11, 475-502 (1990)

Ljubich, M. Ju.: Entropy properties of rational endomorphisms of the Riemann sphere. Er-
godic Theory Dynamical Systems 3, 351-385 (1983)

Makarov, N.: Fine structure of harmonic measure. Algebra i Anal. 10, 217-268 (1998)
Makarov N., Smirnov, S.: Phase transition in subhyperbolic Julia sets. Ergodic Theory Dy-
namical Systems 16, 125-157 (1996)

Makarov N., Smirnov, S.: Thermodynamics of rational maps, II. (in preparation)

Mané, R.: The Hausdorff dimension of invariant probabilities of rational maps. In: Dynamical
systems. Valparaiso 1986, pp. 86—117. Lecture Notes in Math. 1331. Berlin, New York:
Springer, 1988

Milnor, J.: Dynamics in One Complex Variable: Introductory lectures. SUNY Stony Brook
Institute for Mathematical Sciences Preprints 5, 1990

Ott, E., Withers, W. D., Yorke, J. A.: Is the dimension of chaotic attractors invariant under
coordinate changes? J. Statist. Phys. 36, 687-697 (1984)

Patterson, S. J.: The limit set of a Fuchsian group. Acta Math. 136, 241-273 (1976)

Pesin, Y.: Dimension theory in dynamical systems. Chicago University Press, 1997
Przytycki, F.: On the Perron-Frobenius-Ruelle operator for rational maps on the Riemann
sphere and for Holder continuous functions. Bol. Soc. Brasil. Mat. (N.S.) 20, 95-125 (1990)
Ruelle, D.: Thermodynamic formalism. The mathematical structures of classical equilibrium
statistical mechanics. Encyclopedia of Mathematics and its Applications 5. Addison-Wesley,
1978

Ruelle, D.: Repellers for real analytic maps. Ergodic Theory Dynamical Systems 2, 99-107
(1982)

Ruelle, D. The thermodynamic formalism for expanding maps. Comm. Math. Phys. 125,
239-262 (1989)

Ruelle, D.: Spectral properties of a class of operators associated with conformal maps in two
dimensions. Comm. Math. Phys. 144, 537-556 (1992)

Ruelle, D. Dynamical zeta functions for piecewise monotone maps of the interval. CRM
Monograph Series 4. Providence, RI: American Mathematical Society, 1994

Sinai, Ya. G.: Gibbs measures in ergodic theory. Russ. Math. Surveys 27, 21-69 (1972)
Sullivan, D.: Conformal dynamical systems. In: Geometric dynamics. Rio de Janeiro, 1981,
pp. 725-752. Lecture Notes in Math, 1007. Berlin, New York: Springer, 1983

Walters, P.: An introduction to Ergodic Theory. New York: Springer, 1982

Young, L.-S.: Statistical properties of dynamical systems with some hyperbolicity. Ann. of
Math. 147, 585-650 (1998)

Zdunik, A.: Parabolic orbifolds and the dimension of the maximal measure for rational maps.
Invent. Mat. 99, 627-649 (1990)

W. Ziemer: Weakly differentiable functions. Sobolev spaces and functions of bounded varia-
tion. New York: Springer, 1989

Zinsmeister, M.: Formalisme thermodynamique et systémes dynamiques holomorphes. Paris:
Panoramas et Synthéses. Société Mathematique de France, 1996



THERMODYNAMICS OF RATIONAL MAPS 37

CALIFORNIA INSTITUTE OF TECHNOLOGY, DEPARTMENT OF MATHEMATICS, PASADENA, CA
91125, USA
E-mail address: makarov@cco.caltech.edu

YALE UNIVERSITY, DEPARTMENT OF MATHEMATICS, 10 HILLHOUSE AVE., NEw HAvEN, CT
06520, USA, AND ROYAL INSTITUTE OF TECHNOLOGY, DEPARTMENT OF MATHEMATICS, STOCK-
HOLM, S10044, SWEDEN

E-mail address: stas@math.yale.edu



