Notes on Calculus by Dinakar Ramakrishnan 253-37 Caltech Pasadena, CA 91125 Fall 2001

1

Contents

0 Logical Background 2 0.1 Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 0.2 Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 0.3 Cardinality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 0.4 Equivalence Relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1 Real and Complex Numbers 6 1.1 Desired Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.2 Natural Numbers, Well Ordering, and Induction . . . . . . . . . . . . . . . . 8 1.3 Integers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 1.4 Rational Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 1.5 Ordered Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 1.6 Real Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 1.7 Absolute Value . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 1.8 Complex Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2 Sequences and Series 22 2.1 Convergence of sequences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 2.2 Cauchy’s criterion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 2.3 Construction of Real Numbers revisited . . . . . . . . . . . . . . . . . . . . . 27 2.4 Infinite series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 2.5 Tests for Convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 2.6 Alternating series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3 Basics of Integration 36 3.1 Open, closed and compact sets in R . . . . . . . . . . . . . . . . . . . . . . . 36 3.2 Integrals of bounded functions . . . . . . . . . . . . . . . . . . . . . . . . . . 39 3.3 Integrability of monotone functions . . . . . . . . . . . . . . . . . . . . . . . 42

3.4 Computation of b∫ a x^sdx . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.5 Example of a non-integrable, bounded function . . . . . . . . . . . . . . . . 45 3.6 Properties of integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 3.7 The integral of x^m revisited, and polynomials . . . . . . . . . . . . . . . . . 48

4 Continuous functions, Integrability 51 4.1 Limits and Continuity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 4.2 Some theorems on continuous functions . . . . . . . . . . . . . . . . . . . . . 55 4.3 Integrability of continuous functions . . . . . . . . . . . . . . . . . . . . . . . 57 4.4 Trigonometric functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 4.5 Functions with discontinuities . . . . . . . . . . . . . . . . . . . . . . . . . . 62

5 Improper Integrals, Areas, Polar Coordinates, Volumes 64 5.1 Improper Integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 5.2 Areas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 5.3 Polar coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 5.4 Volumes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 5.5 The integral test for infinite series . . . . . . . . . . . . . . . . . . . . . . . . 73

6 Differentiation, Properties, Tangents, Extrema 76 6.1 Derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 6.2 Rules of differentiation, consequences . . . . . . . . . . . . . . . . . . . . . . 79 6.3 Proofs of the rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82 6.4 Tangents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84 6.5 Extrema of differentiable functions . . . . . . . . . . . . . . . . . . . . . . . 85 6.6 The mean value theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

7 The Fundamental Theorems of Calculus, Methods of Integration 89 7.1 The fundamental theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 7.2 The indefinite integral . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92 7.3 Integration by substitution . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92 7.4 Integration by parts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

8 Factorization of polynomials, Integration by partial fractions 98 8.1 Long division, roots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 8.2 Factorization over C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100 8.3 Factorization over R . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101 8.4 The partial fraction decomposition . . . . . . . . . . . . . . . . . . . . . . . 103 8.5 Integration of rational functions . . . . . . . . . . . . . . . . . . . . . . . . . 104

9 Inverse Functions, log, exp, arcsin, . . . 108 9.1 Inverse functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108 9.2 The natural logarithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109 9.3 The exponential function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112 9.4 arcsin, arccos, arctan, et al . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117 9.5 A useful substitution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118 9.6 Appendix: L’Hopital’s Rule . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

10 Taylor’s theorem, Polynomial approximations 122 10.1 Taylor polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122 10.2 Approximation to order n . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125 10.3 Taylor’s Remainder Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . 128 10.4 The irrationality of e . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

11 Uniform convergence, Taylor series, Complex series 134 11.1 Infinite series of functions, convergence . . . . . . . . . . . . . . . . . . . . . 134 11.2 Taylor series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136 11.3 Complex power series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

11 Uniform convergence, Taylor series, Complex series

In this chapter we will lay down the basic results underlying the convergence – pointwise and uniform of infinite series of functions. No proofs will be given, but the student should feel free to make use of them, of course taking care to apply them only when the relevant hypotheses are satisfied. We will use this theory to study the ever important Taylor series expansions of various functions, including the exponential, trigonometric and simple rational functions, as well as the logarithm. We will at the end extend these functions to the domain of complex numbers to the extent possible.

11.1 Infinite series of functions, convergence

Let {f_n} be a sequence of functions on a subset X of R or C. We will say that this sequence is pointwise convergent with limit f on X iff for every x ∈ X, the sequence {f_n(x)} of numbers converges to f(x). In other words, for every ε > 0, there is a positive number N(x) such that

(11.1.1) n > N(x) =⇒ |f(x) − f_n(x)| < ε.

It is natural to wonder if N(x) can be taken to be a number N, say, which is independent of x. In such a case, we will say that f_n is uniformly convergent with limit f on X.

Uniform convergence is a very important concept for Calculus. To elaborate, we have the following useful result:

Theorem 11.1.2 Let {f_n} be a sequence of functions on a finite interval I in R, and let f be a function on the same interval I. Then

(a) (Integration) If f_n → f uniformly on I, and if f_n, f are integrable on I, then ∫ I f(x)dx = lim_{n→∞} ∫ I f_n(x)dx.

(b) (Continuity) If f_n → f uniformly on I, and if the f_n are continuous, then f is also continuous.

(c) (Differentiability) Suppose {f_n} converge pointwise to f, where each f_n is differentiable with f^′_n integrable. Further assume that the sequence {f^′_n} converges uniformly to a continuous function ϕ on I. Then f is differentiable and

f^′(x) = lim_{n→∞} f^′_n(x),

for all x ∈ I.

Now consider any infinite sum of functions on a subset X of R or C, given as

(11.1.3) ∞∑ n=0 f_n.

To know if this makes sense, we need to look at the partial sums s_n defined by (11.1.4) s_n = n∑ j=0 f_j.

We will say that the sum S converges uniformly, resp. pointwise, to a function S on X iff the sequence {s_n} converges to S uniformly, resp. pointwise, on X.

Theorem 11.1.2 has a natural analog for infinite sums. Theorem 11.1.5 Suppose we are given^∞ ∑ n=0 f_n, S on an interval I in R.

(a) (Integrability) If^∞ ∑ n=0 converges uniformly to S in I, and if the f_n, f are integrable there, then ∫ I S(x)dx = ∞∑ n=1 ∫ I f_n(x)dx.

(b) (Continuity) If^∞ ∑ n=0 converges uniformly to S in I, and if the f_n are continuous, the so is S.

(c) (Differentiability) Suppose^∞ ∑ n=1 f_n converges pointwise to S, where each f_n is differentiable with f^′_n integrable. Further assume that the sum^∞ ∑ n=1 f^′_n converges uniformly to a continuous function T on I. Then S is differentiable and S^′(x) = ∞∑ n=1 f^′_n(x),

for all x ∈ I.

Here is a very helpful test to determine if a given infinite series converges uniformly or not.

Theorem 11.1.6 (Weierstrass’s test) Let {f_n} be a sequence of functions on an interval I in R, and let {M_n} be a sequence of positive numbers such that

(i) |f_n(x)| ≤ M_n for all n, and for all x; and (ii) the infinite series of numbers^∞ ∑ n=1 M_n converges.

Then (a) For all x ∈ I, the series^∞ ∑ n=1 f_n(x) converges absolutely; and

(b) the sum^∞ ∑ n=1 f_n converges uniformly on I to the function

S(x) = ∞∑ n=1 f_n(x).

Here is an example illustrating the usefulness of this test. For any integer k ≥ 2, consider the series

(11.1.7) ∞∑ n=1 sin nx n^k . Put M_n = 1 n^k . Then, since sin nx is always bounded between −1 and 1, | |sin nx n^k | | ≤ M_n ∀ n ≥ 1.

Moreover, since k > 1,_∞ ∑ n=1 M_n

converges. So we may apply Weierstrass’s test and conclude that the series (11.1.7) converges.

Note that if we take the above series, but with k = 1, then the test does not apply as the sum of 1/n diverges. But that does not mean that the series ∑ n≥1 sin nx n^{−1} is divergent for all

x. It only means that the method does not apply. In fact one can show, with some trouble, that this series is convergent for x in [t, π − t], for any t > 0. Of course it is problematic when x is a multiple of π.

11.2 Taylor series

A series of the form

(11.2.1) ∞∑ n=0 a_nx^n

is called a power series.

Since the power functions x → x^n are integrable and differentiable, in fact any number of times, we may specialize Theorem 11.1.5 to the case of power series and obtain the following: Theorem 11.2.2 For any sequence {a_n} of real numbers, put

S(x) = ∞∑ n=0 a_nx^n

(i) If the series is uniformly convergent in a closed interval [a, b], then S is integrable on [a, b] and_b ∫ a S(x)dx = lim_{n→∞} a_n b^{n+1} − a^{n+1} n + 1 .

(ii) Suppose the series converges pointwise, and more importantly, its series of derivatives, namely

T (x) = ∞∑ n=1 na_nx^{n−1}

converges uniformly in [a, b]. Then S is differentiable with derivative T .

A particular kind of power series, which is of great utility, is the so called Taylor series (at 0), which is of the form

(11.2.3) ∞∑ n=0 f^{(n)}(0) n! x^n

for some infinitely differentiable function f.

Theorem 11.2.2 says that if a power series is uniformly convergent we can integrate it term by term to get its integral, and if the series of derivatives is also uniformly convergent, then we can differentiate it term by term to get the derivative. So, roughly speaking, when we have uniform convergence of the appropriate power series we are allowed to integrate and differentiate term by term. What is left to do is to find a criterion to know when a power series is uniformly convergent. We also want this criterion to tell us when the series and the formally derived series both converge uniformly. Here is the completely satisfactory result giving us what we need:

Theorem 11.2.4 Let {a_n} be a sequence of real numbers. Suppose there is a positive real number c such that_∞ ∑ n=0 a_nc^n

converges. Pick any positive number b < c. Then each of the power series

S(x) = ∞∑ n=0 a_nx^n and T (x) = ∞∑ n=1 na_nx^{n−1}

converges absolutely and uniformly in [−b, b]. Moreover,

S^′(x) = T (x) ∀ x ∈ (−c, c).

The proof of this result, which we will skip, makes clever use of the Weierstrass test and Theorem 11.2.2.

Let us try to understand the exponential function using this. We have seen that

e^x = 1 + x + x^2 2! + . . . + x^n n! + R_n(e^x; 0),

with |R_n(e^x; 0)| ≤ e^x

|x|^{n+1} (n + 1)! . Consequently, for any positive c, the remainder term R_n(e^c; 0) goes to zero as n goes to infinity. This gives us the convergent infinite series expression

e^c = 1 + c + c^2 2! + c^3 3! + . . .

Applying Theorem 11.2.4 we see then that the Taylor series

(11.2.5) e^x = 1 + x + x^2 2! + x^3 3! + . . .

converges absolutely and uniformly on [−c, c] for any c > 0. Moreover, its derivative is given by differentiating the series term by term, which gives back e^x, as expected.

By a similar argument, we also get the Taylor series expressions for the sine and cosine functions, valid for all x:

(11.2.5 − i) sin x = x − x^3 3! + x^5 5! − x^7 7! + . . .

(11.2.5 − ii) cos x = 1 − x^2 2! + x^4 4! − x^6 6! + . . .

We can also apply Theorem 11.2.4 and differentiate the expression for sin x term by term, and as expected, one gets the series expression for cos x.

The series

(11.2.7) arctan x = x − x^3 3 + x^5 5 − . . .

is, as we saw before, convergent at x = 1. Thus by Theorem 11.2.4, it converges absolutely in −1 < x < 1 and uniformly in [−b, b] for any positive b < 1.

We claim that this Taylor series for arctan x does not converge at any x > 1. Indeed, if it did, then by Theorem 11.2.4, it would converge absolutely at x = 1 which it does not. So the number 1, which some call the radius of convergence of the Taylor series (11.2.7), is the boundary beyond which there is no convergence.

Taking the derivative of the series (11.2.7) term by term, and applying Theorem 11.2..4, we get (as expected)

(11.2.8) 1 1 + x^2

= 1 − x^2 + x^4 − x^6 + . . . ,

which is valid in {|x| < 1}. This certainly does not converge at x = −1. Even at x = 1 the series makes no sense, but the left hand side makes sense there and equals^1_2 .

Incidentally, the Taylor series for arctan x converges at x = −1, with

arctan(−1) = − arctan 1 = − π 4 . It should be noted, despite what the arctan function may suggest, that in Theorem 11.2.4, the absolute convergence of S(x) is asserted only for |x| < c, and one can say nothing in general about the convergence, or the lack of it, at x = −c. Sometimes it does happen that S(x) is divergent at −c. The simplest example illustrating this is the Taylor series for log(1 + x) at x = 0, which we claim to be

(11.2.9) log(1 + x) = x − x^2 2 + x^3 3 − x^4 4 + . . .

absolutely convergent in −1 < x < 1 and uniformly convergent in [−b, b] for any positive b < 1. One way to see this is the following:

Since log(1 + x) is (defined and) differentiable in x > −1 with derivative^1_{1+x} , we could find the Taylor series expansion of^1_{1+x} first and then differentiate.

The identity (11.2.8) implies that

(11.2.10) 1 1 + x

= 1 − x + x^3 − x^4 + . . .

which is absolutely convergent in 0 ≤ x < 1. Then it is also absolutely convergent in (−1, 1). Pick any positive b < 1. Then since the series (11.2.10) converges at c for any c with b < c < 1. So we may apply Theorem 11.2.4 and conclude that (11.2.10) converges uniformly in [−b, b]. We can also differentiate term by term, by this Theorem, and obtain the desired expansion (11.2.9), which is valid in −1 ≤ x ≤ 1.

At x = 1, the series (11.2.9) is alternating and converges to log 2. But it is important to note, however, that it is divergent at x = −1.

A consequence of (11.2.9) is the series for log(1 − x), given by

(11.2.11) − log(1 − x) = log ( 1 1 − x ) = x + x^2 2 + x^3 3 + . . .

A very useful thing to remember, when computing the Taylor series of various functions is the following

Lemma 11.2.12 For j = 1, 2, consider power series S_j(x) = ∞∑ n=0 a_{n,j}x^n If they are both uniformly convergent in some [a, b], then for all scalars α, β, the power series ∞∑ n=0 (αa_{n,1} + βa_{n,2})x^n converges uniformly in [a, b] to αS_1(x) + βS_2(x).

In particular, the sum or difference of two uniformly convergent power series is again uniformly convergent.

11.3 Complex power series

It is very important to understand the power series (11.3.1) ∞∑ n=0 a_nz^n where the coefficients a_n are complex numbers and z is in C.

We will say that such a series is absolutely convergent if the associated (non-negative) real series (11.3.2) ∞∑ n=0 |a_n| · |z|^n converges. For example, the complex exponential function (11.3.3) e^z = 1 + z + z^2 2! + z^3 3! + . . .

is absolutely convergent for all z because the corresponding series of absolute values, namely 1 + |z| +

|z|^2 2! + |z|^3 3! + . . .

is convergent, it being the Taylor series of the real exponential e^{|z|}.

Here is the main result of this section.

Theorem 11.3.4 Suppose the complex power series S(z) = ∞∑ n=0 a_nz^n converges at some non-zero complex number z_0. Then either this series is absolutely convergent for all z in C, or there is a positive real number R > 0 such that

S(z) is absolutely convergent in {|z| < R}; and

S(z) diverges for any z with |z| > R.

Moreover, S(z) is differentiable at any z with |z| < R with derivative

S^′(z) = ∞∑ n=1 na_nz^{n−1} .

R is called the radius of convergence of the power series. Note that the Theorem says nothing about the convergence at the points z with |z| = 1. Some people would say that the radius of convergence is infinite when S(z) is absolutely convergent everywhere in C.

One can define the complex extensions of the various functions we have encountered like the sine and cosine functions in terms of their power series. To be specific we have

(11.3.5) sin z = z − z^3 3! + z^5 5! − z^7 7! + . . .

(11.3.6) cos z = 1 − z^2 2! + z^4 4! − z^6 6! + . . .

Both these power series have infinite radii of convergence.

It is crucial to note, by comparing the power series expansions, that

(11.3.7) e^{iz} = cos z + i sin z.

This leads to the identities

(11.3.8) sin z = e^{iz} − e^{−iz} 2i and (11.3.9) cos z = e^{iz} + e^{−iz} 2 . We will be remiss if we forget the complex logarithm

(11.3.10) log(1 + z) = z − z^2 2 + z^3 3 − z^4 4 + . . .

which is absolutely convergent in {|z| < 1}. We have already seen that it converges at z = 1 and diverges at z = −1.

What we now have a is a very interesting situation for log(1 + z). On the one hand, it makes sense at any complex number z with |z| < 1. On the other, it makes sense whenever

1 + z is a positive real number, though it is not given by its Taylor series (11.3.10) if |z| > 1. Thus log(1 + z) is defined on the following strange-shaped subset of C:

(11.3.11) {z ∈ C | |z| < 1 or z ∈ (−1, ∞) ⊂ R}.

The natural question which arises immediately is whether this function can be given sense at all points of C, or at least on a larger subset. The quick answer is that it can be defined on the complement in C of the half-line (−∞, −1] ⊂ R. On all of C it can only be defined as a multi-valued function. To understand all these intriguing matters better, one will need to understand a fundamental mathematical concept called analytic continuation, and for that one will need to take a course in Complex Variables.