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Abstract

In this paper a number of Maharam-type slice integral representa-
tions, with respect to scalar measures, is obtained for positive projec-
tions in Dedekind complete vector lattices. In the approach to these
results the theory of f-algebras plays a crucial role.

1 Introduction

About half a century ago Dorothy Maharam published an important series
of papers dealing with the characterization of measure algebras and their
decomposition properties and applied them to prove a number of deep rep-
resentation theorems for positive linear transformations between spaces of
measurable functions as kernel operators by means of what is now called
Maharam’s slice integral method. For a discussion of these decomposition
theorems for measure algebras and their subalgebras we refer the reader also
to D. H. Fremlin’s contribution in [12].

In [5], the first author presented a brief summary and discussion of some
of Maharam’s groundbreaking work. By using the language of the theory of
Riesz spaces (vector lattices) it was suggested that an algebraization of her
work would be a worthwhile undertaking. This led to the paper [7] dealing
with Maharam extensions of positive linear operators in the setting of the
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theory of f-modules (i.e., vector lattices which are modules over f-algebras).
For an alternative exposition of results on Maharam extensions we refer the
reader also to the book [4].

In the present paper we present a general theory of Maharam-type rep-
resentation theorems mentioned above for positive projections on unital f-
algebras as well as on Dedekind complete vector lattices which are what we
call locally order separable. The main results of the paper are collected in
the theorems in Section 10.

Section 2 is devoted to some preliminary results and constructions in the
theory of Riesz spaces which will be used frequently throughout the paper.
In addition, we introduce the notion of local order separability, referred to
above, a somewhat weaker concept than that of order separability. A Riesz
space is called locally order separable if there exists a maximal disjoint system
consisting of order separable elements, i.e., the principal ideals generated by
these elements are order separable. In essence, such (Archimedean) Riesz
spaces are those who have an order dense and order separable ideal.

A representation theory for Dedekind (o-) complete Riesz spaces as spe-
cial quotient spaces is presented in Section 3. A measurable space (X,X) is
called a representation space of a Dedekind o-complete Riesz space L with
a weak order unit 0 < w € L if there exists an ideal L in M (X, X), the
Riesz space of all ¥-measurable real functions on X, such that 1x € L and
there exists a o-order continuous Riesz homomorphism & from L onto L
with ® (1x) = w. Consequently, L is Riesz isomorphic to the quotient space
L/ Ker (®). The existence of such a representation depends on the classical
Sikorski-Loomis theorem for o-complete Boolean algebras.

Using this concept we introduce the notion of a Maharam-type repre-
sentation space for a positive projection P in a Dedekind o-complete Riesz
space L with weak order unit w (denoted from here by (L, w)) onto a Riesz
subspace K C L with w € K. Such a representation space is a prod-
uct space (2, F) = (X x Y, X ® A) of a measurable space (X,¥) and a o-
finite measure space (Y, A, p), such that (2, F) is a representation space for
(L, w) with representation homomorphism ®. Furthermore, there exists an
f—measurable function m > 0 on Q satisfying [, m (z,y)du(y) = 1 and

Jy m(z,y)|f (z,y)|du(y) < oo for all f € L, z € X and moreover the
function Rf, defined by

(Rf) (2. y) = /Y m (2, 2) f (2, 2) ds (2) 1)

for all (z,y) € Q satisfies Rf € L and
P(®f) =% (Pf)



for all f € L. We stress the fact that in such a Maharam-type integral
representation (1) the measure p is a scalar valued measure and not a vector
valued measure (as is the case in e.g. the integral representations discussed
in Section 6.3 of [4]). Actually one of the main efforts in the present paper
will be the construction of this measure 4 (see Sections 7 and 8).

As will be shown, if (X xY,X® A) is a representation space for the
restriction of the projection P to the principal ideal L, generated by the
weak order unit w, then it is already a representation space for P. Since
Dedekind complete Riesz spaces with a strong order unit have a unital f-
algebra structure, we switch our attention to the study of representations of
positive projections in unital f-algebras. For this reason Section 4 is devoted
to a discussion of the theory of f-algebras that plays a role in our representa-
tion theory. First we show that the averaging property of positive projections,
as stated in Lemma 4.1, in combination with the Radon-Nikodym theorem
for Maharam operators, implies the following interesting result that plays a
crucial role later in Section 8. Suppose that A is a Dedekind complete unital
f-algebra in which the unit element 1 is a strong order unit as well and that
B is an f-subalgebra with 1 € B, which is the range of a strictly positive
order continuous projection P in A. If C' is a complete f-subalgebra of A
such that B C C, then there exists a unique positive projection () in A onto
C such that P = Po(Q); moreover, () is order continuous and strictly positive.
By means of an example it is shown that the existence of a strong order unit
in A is essential.

In the theory of measure algebras Maharam ([10], Section 11) introduced
the following important concept. Suppose that A is a Dedekind complete
unital f-algebra and that B is a complete unital f-subalgebra of A. The
complete Boolean algebras of components of the unit element in A and B
are denoted by C4 and Cp respectively. Then p € C, is called B-full (or, of
order zero over Cp) if {e € C4:e <p} = {pqg:q € Cp}. Furthermore, A is
called nowhere full with respect to B if the zero element is the only B-full
element of C4. If for every 0 < p € Cy4 there exists a B-full component
0 < g € C4 such that ¢ < p, then A is called everywhere full with respect
to B. From these definitions it is easily seen that A splits in a part that is
everywhere full and a part that is nowhere full over B. Section 4 finishes with
a technical result showing how families of representations of restrictions of a
positive projection can be glued together to obtain a global representation of
the projection, a technique that will yield the general representation theorems
in Section 10.

In [11] Maharam proved the following important and non-trivial version
of a Radon-Nikodym theorem (see Theorem 5.8 and its proof). Assume that
(X, %, i) is a finite measure space with measure algebra (2, ;1) and assume

3



that A is a o-subalgebra of ¥ and let A, be the corresponding complete
Boolean subalgebra of ¥,,. If ¥, is nowhere full with respect to A, and if v
is a measure on A such that v < g on A, then there exists F € ¥ such that
v (D) = u(DNFp) for all D € A. In Section 5 we present a vector-valued
version of Maharam’s theorem of the following form. Assume that B is an
f-subalgebra of the Dedekind complete unital f-algebra A with 1 € B and
that P is a positive order continuous projection of A onto B. If A is nowhere
full with respect to B and if 0 < e € C4 and g € B satisfy 0 < g < P (e),
then there exists p € C4 such that p < e and P (p) = ¢g. In Theorem 5.7 an
application of this result is presented, which is of independent interest.

If P is a strictly positive order continuous projection in the unital f-
algebra A onto the unital f-subalgebra B and if A is nowhere full with
respect to B, then it follows from the results in Section 5 that there exist
for any A € [0,1] components p € C4 with the property that P (p) = A1.
The collection of all such components is denoted by §. In Section 6 the
structure of this set § and its complete Boolean subalgebras is discussed.
The construction of such special Boolean subalgebras is contained in Sections
7 and 8. We would like to point out that these special subalgebras are
the essential ingredient in the construction of the measure space (X, 3, i)
occurring in the representation (1) of the projection P. For more details we
have to refer the reader to these sections. In particular the results in Section
8 use Maharam’s decomposition of Boolean algebras in homogeneous parts.

Finally, in Section 10, the results of the previous sections are combined to
obtain the desired Maharam-type representations of order continuous strictly
positive projections in Dedekind complete Riesz spaces and f-algebras.

2 Preliminaries

In this section we will discuss some results concerning Riesz spaces (vector
lattices) which will be used in the sequel. For unexplained terminology and
the general theory of Riesz spaces and positive linear operators we refer the
reader to the books [1], [9], [13] and [16].

Suppose that L is an Archimedean Riesz space and that K is a Riesz
subspace of L. We will say that K is (o-) reqularly embedded in L if for any
net (sequence) {f;} in K such that f, | 0 in K, it follows that f, | 0 in L.
Furthermore, K will be called a (o-) complete Riesz subspace of L if for any
net (sequence) {f;} in K and f € L such that f, T f in L it follows that
f € K. The latter terminology is inspired by the corresponding notions in
the theory of Boolean algebras (see Section 23 in [15]). If L is Dedekind (o-)
complete and K is a (0-) complete Riesz subspace of L, then it is easy to see



that K itself is Dedekind (o-) complete and K is (0-) regularly embedded in
L.

If L is an Archimedean Riesz space and 0 < w € L then we will denote
by Cr, (w) = C (w) the set of all components of w, i.e.,

C(w)={peL:pA(w—p)=0}.

With respect to the ordering induced by L, the set C (w) is a Boolean algebra.
Now we assume that L is Dedekind o-complete and that w is a weak order
unit in L. Then C (w) is a Boolean o-algebra, which is isomorphic to the
Boolean algebra P (L) of all band projections in L. The Boolean isomorphism
from P (L) onto C (w) is given by the mapping P — Pw. Consequently, the
Boolean algebra C (w) is complete if and only if L is Dedekind complete (see
9], Theorem 30.6).

Next we will discuss a construction that will be used frequently in this
paper. Let L be a Dedekind o-complete Riesz space with a fixed weak order
unit 0 < w € L. For f € L we will denote by {p{; fa € R} the left-continuous
spectral system of f with respect to w, i.e., p! is the component of w in the

band {(aw — f)+}dd. The right-continuous spectral system of f with respect
to w is denoted by {q{; Ta € R}, i.e., ¢/ is the component of w in the band

{(f - aw)+}d. For the properties of these spectral systems we refer to [9],
Chapter 6.

Definition 2.1 Given a Boolean o-subalgebra € of C (w) we define
L) ={feL:pleé& foralacR}.

We will show that L (&) is a o-complete Riesz subspace of L. For this
purpose we need a result that goes back to H. Nakano ([14], Theorem 14.4)
and which is of interest in its own right. For the convenience of the reader
we will indicate the proof of this result. We need the following lemma.

Lemma 2.2 For f,g € L and o, 3 € R the following statements hold;

(i). pl, Ap% < DLt
(ii). pii% A (w - pé) < p%.

Proof.



(i). Foralla,b € L we have a+b> 2 (a Ab) and so (a +b)" > 2 (at A bT),
which implies that

(oY A (b} C {(a+ )"}

Applying this to a = aw — f and b= Sw — g we find that

{(aw = N 0 {(Bo - 9"} S {(a+ B)w = (f+9) "},
from which (i) follows.

(ii). It follows from
((a+B)yw—(f +9)* < (aw— )+ (Bu - g)*

that

{(@+B)w=(F+g)"}* < {(ow— T} + {(Buw - g)"}"
and this implies that

{(@+ B w—(F+9)" 1 n{(aw- T} < {(Bw-g)"}".

Since pf+g A (w — pl) is the component of w in the band

{((a+B)w—(f+9) } N {(aw — f) }
it is now clear that pf+g A (w—pl) < -
[
Proposition 2.3 (H. Nakano, [14]) If f,g € L and A € R, then
p£+g—sup{p£/\p%:a,ﬁe@,a—i—ﬁg A}

Proof. Since the set Q of rationals is countable, the supremum on the
right hand side, which we denote by p, exists in L. From (ii) of Lemma 2.2
it is clear that p < pf *9. To prove the reverse inequality, take p € Q such
that u < X and take k& € N. Define a,, = 27%n for all n € Z. Since p/ l0as
n — —oo and p/ . Twasn— oo, we have

w= \/ (péw—l _p‘én) - \/ (w_pén)/\pcfkn+l

neZ nez



in C (w) and so it follows that

+ + +
pﬁ,gfk = pﬁ,“;k ANw = \/ p;{fg*’“ A (w —p{;n) /\p{;nH.
nez

Since (u—27%) — @y, = p — @41, Lemma 2.2 (ii) implies that

+
P A (w=pl) < Ploann
for all n € Z. Hence,

f+
pu—g”“ < \/ p£n+l A pz—anﬂ <P
nez
as i1, b — App1 € Q and a1 + (0 — apy) = p < A for all n € Z. Since
pﬁfg,k T pﬁ*g as k — oo, it follows that pﬁ*g < p. Finally, take a sequence

{1n}ye in Q such that s, t X. Then p/t¢ < p for all n and p/ 9 1 plt, o

p{w < p. We may conclude that p{“ = p, by which the proof is complete.

Proposition 2.4 Let L be a Dedekind o-complete Riesz space with weak
order unit 0 < w € L and suppose that € is a Boolean o-subalgebra of C (w).
Then L (E), as introduced in Definition 2.1, is a o-complete Riesz subspace
of L and Cprey(w) = E. In particular, L (&) is Dedekind o-complete and
o-reqularly embedded in L.

Proof. First we observe that L (€) is also given by
L&) ={feL:q eEforalla eR}.

Indeed, this follows immediately from the fact that if o, < o, v, T «, then
q(’;n tpl and if o, > @, a, | «, then pén L ql. Since p;/ = w — qfa for all
a € R) it is now clear that f € L (&) if and only if —f € L (€). Moreover,
if 0 < A € R then p)/ = p/ \ and so f € L(€) implies that A\f € L ().
This shows that A\f € L(€) for all f € L(£) and all A € R. Furthermore, it
follows from Proposition 2.3 that f+ g € L(E) for all f,g € L(E), so L (&)
is a linear subspace of L. Since p/¥9 = pl A pd for all & € R, we see that
f,g € L(€) implies that f V g, hence L (€) is a Riesz subspace of L. Now
assume that f, € L(€) forn =1,2,... and that f € L such that f, | f in
L. Then pl» 1 pl for all @ € R, which implies that f € L (). Therefore,
L (&) is a o-complete Riesz subspace of L. Finally, it follows immediately
from the definition of L (£) that a component p € C (w) belongs to L (&) if
and only if p € £. The proof is complete. m

We will need some further properties of the space L (£). In particular,
we will give an alternative description of the space L (£). For this purpose
we give the following definition.



Definition 2.5

S(S):{Zajej:ajeR,ejES,jzl,...,n,nEN}. (2)

J=1

It is clear that S(&) is a linear subspace of L. Furthermore, every s € S(€)
can be written as

s:Zajej,with e; Nej =0 (i # j), Zej:w. (3)
Jj=1 Jj=1

From this observation it follows easily that S(&) is actually a Riesz subspace

of L, in which w is a strong order unit. Moreover, since & C L (), it follows

that S(€) C L (). For 0 < u € L we will denote by P, the band projection

in L onto {u}™.

Proposition 2.6 If L is a Dedekind o-complete Riesz space with weak order
unit 0 < w € L and & is a Boolean o-subalgebra of C (w), then the following
statements hold.

(1). If 0 < f € L, then f € L(E) if and only if there exists a sequence
{sn}rey in S(E) such that 0 < s, T f.

(it). All the band projections in L () are all of the form (P.) ) and all
the bands in L (£) are given by {e}™ N L (&) with e € €.

(ii1). L(E) is a complete Riesz subspace of L if and only if € is a complete
Boolean subalgebra of C (w).

In particular, if L is Dedekind complete and if € is a complete Boolean subal-
gebra of C (w), then L (€) is a complete Riesz subspace of L and hence, L (&)
s Dedekind complete and regularly embedded in L.

Proof.

(i). This follows immediately from the Freudenthal spectral theorem ( [9],
Theorem 40.3) and from the fact that L (£) is a o-complete Riesz sub-
space of L.

(ii). fee &and 0 < f e L(E) then fA(ne) € L(E) foralln=1,2,...
and f A (ne) T P.f in L. Since L (€) is a o-complete Riesz subspace
of L, it follows that P.f € L(£). This shows that P, [L(E)] C L(E)
and now it is clear that (F%) ;) is a band projection in L (). Since
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P.(e) =eand P, (f) = 0 whenever f € L (&) such that f_Le, it follows
that (F%) g is the band projection in L(£) onto the band generated
by e in L(€). Note that this also shows that the band generated by e
in L (&) is equal to {e}* N L (&).

Now suppose that @) is a band projection in L (£). Then e = Quw €
L(€) is a component of w in L () and so e € £. From the above we
know that (PC)IL(E) i‘s a band projection.in.L (€) and‘that (Pe) e () =
e = Qw. Since w is a weak order unit in L (&), it follows that @ =
(Pe)‘L(g). Since all bands in L (£) are principal projection bands, the
final statement of (ii) is now obvious.

(iii). First assume that & is a complete Boolean subalgebra of C (w). Take
fr € L(€) and f € L such that f, | f in L. Then p/~ 1 p/ in C (w)
for all & € R. Since p/r € £ and € is a complete Boolean subalgebra
of C (w), it follows that p/ € € for all « € R. Hence f, € L (). This
shows that L (€) is a complete Riesz subspace of L.

Now assume that L (€) is a complete Riesz subspace of L. Let p, € £
and p € C(w) be such that p, T p in C(w). Since L is Dedekind o-
complete, this implies that p, T p in L and so p € L (&), which implies
that p € £. Hence, £ is a complete Boolean subalgebra of C (w).

The final statement of the proposition is an immediate consequence of (iii).
u

Now we will discuss a number of results related to order separability of
a Riesz space. Recall that the Archimedean Riesz space L is called order
separable if every non-empty subset D C L for which sup D = g, exists
has an at most countable subset {f,} C D such that sup, f, = go (see [9],
Definition 23.1). As is well known, L is order separable if and only if every
order bounded disjoint system in L is at most countable ([9], Theorem 29.3).
The following result will be useful. Recall that a positive operator 1" from
a Riesz space L into a Riesz space M is called strictly positive whenever
0 <wue€ L and Tu =0 imply that u = 0.

Lemma 2.7 Let L and M be Archimedean Riesz spaces and suppose that M
15 order separable. Let O < T : L — M be a strictly positive linear operator.
Then L s order separable.

Proof. Since the Dedekind completion of M is order separable as well
(see [9], Theorem 32.9), we may assume without loss of generality that M
is Dedekind complete. Take 0 < u € L and let {u, : 7 € T} be a disjoint



system in [0,u]. Let S be the collection of all finite subsets of T, directed by
inclusion. For 0 € S we define

Vy = E Uy

TED

Then 0 < v, 1< wand so 0 < Ty, 1< Tw in M. Let w = sup, T'v,. Since
M is order separable, there exists an at most countable collection {0} in S
such that w = supy, T'v,,. Define Ty = |J, 04 and suppose that there exists
7 € T such that 7 ¢ Ty. Defining o}, = o, U {7} for all k =1,2,... we find
that

Tvy, +Tu, = TUU;c <w

for all £ and hence w 4+ T'u, < w. This implies that Tu, = 0, and so u, = 0,
which is a contradiction. Consequently, T = T, and this shows that the
disjoint system {u,} is at most countable. We may conclude that L is order
separable. m

Next we will discuss a property of Riesz spaces which is weaker than order
separability.

Definition 2.8 Let L be an Archimedean Riesz space.

(1). An element 0 < u € L will be called order separable if the principal
ideal generated by u is order separable.

(i1). The space L is called locally order separable if there exists a mazi-
mal disjoint system {u,} in L consisting of order separable elements.

In the following lemmas we will present several characterizations of locally
order separable spaces. The proof of the following lemma is straightforward
and therefore omitted.

Lemma 2.9 If L is an Archimedean Riesz space and 0 < u € L, then the
following statements are equivalent:

(1). w is order separable;
(i1). the band generated by u is order separable;
(iii). every disjoint system in [0,u] is at most countable.

Lemma 2.10 For an Archimedean Riesz space L the following statements
are equivalent:
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(1). L is locally order separable;
(ii). there exists an order separable ideal I in L such that I = {0};

(ii1). for every 0 < v € L there erists 0 < u < v such that u is order
separable.

Proof. First assume that L is locally order separable and let {u,} be a
maximal disjoint system in L consisting of order separable elements. Let I be
the ideal generated by {u, }. It is clear that I? = {0}. We claim that [ is order
separable. Indeed, suppose that {v,} is an order bounded disjoint system in
I, so there exists 0 < w € [ such that 0 < v, < w for all 0. Now 0 < w € I
implies that there exist 7y,...,7, such that 0 < w < oqu,, + -+ + asu,,
for some 0 < ay,...,a, € R For each j we have v, A u, # 0 for at most
countably many o and consequently {v,} is at most countable.

To proof that (ii) implies (iii), assume that I is an order separable ideal
in L such that ¢ = {0}. If 0 < v € L, then there exists u € I such that
0 < u < v and since [ is order separable, it is clear that u is order separable.

Finally we show that (iii) implies (i). By Zorn’s lemma, there exists a
maximal system {u,} of mutually disjoint order separable elements. Assum-
ing that {u,} is not a maximal disjoint system in L, there exists 0 < v € L
such that v Au, = 0 for all 7. By hypothesis, there exists an order separable
element u such that 0 < v < v and this contradicts the maximality of {u,}.
Hence {u,} is a maximal disjoint system in L consisting of order separable
elements, i.e., L is locally order separable. m

The following simple observation will be useful.

Lemma 2.11 Let L be a Dedekind o-complete Riesz space with weak order
unit 0 < w € L and let C (w) be the Boolean algebra of components of w.
Then the following two statements are equivalent.

(i). L is locally order separable.

(it). For every 0 < e € C(w) there exists p € C (w) such that 0 < p < e and
{p}™ is order separable.

Proof. First we show that (i) implies (ii). Given 0 < e € C (w) it follows
from the above lemma that there exists an order separable element u such
that 0 < u < e. Let p € C(w) be the component of w in {u}*. Then
{p}™ = {u}" and by Lemma 2.9 the band {u}* is order separable.

Now assume that (ii) holds and let 0 < v € L be given. Let e be the
component of w in {v}*. By hypothesis, there exists p € C(w), 0 < p < ¢
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such that {p}™ is order separable. Let u be the component of v in {p}™.
Then wu is order separable and 0 < u < v. By Lemma 2.10 we may conclude
that L is locally order separable. m

Example 2.12 (a). Let L be an Archimedean Riesz space such that

(b)-

(c).

L(Ly) = {0}. We claim that L is locally order separable. Indeed, let
{¢; : 7 € T} be a mazimal disjoint system in L, . Since ¢, is strictly
positive on its carrier C,, it is easy to see that C, is order separa-
ble (this is actually a special case of Lemma 2.7). Let I be the ideal
generated by {C, : 7 € T}. Then I = {0} and I is order separable,
hence L is locally order separable. As is the case in this example,
if an Archimedean Riesz space has an order dense ideal on which a
strictly positive functional exists, then L is locally order separable. In
particular, the condition that + (L) = {0} may be weakened to the
requirement that the extended order dual separates the points of L (see

[6]).

For an example of a locally order separable space which is not order
separable, let (X,X, 1) be a localizable measure space with the finite
subset property which is not o-finite and take L = Lo (). Then the
ideal I = Lo, (1) N Ly () is order separable and satisfies I = {0}, so L
is locally order separable. But L is not order separable since (X, 3, u)
s not o-finite.

There exist Riesz spaces which are not locally order separable. Indeed,
consider the quotient space L = l, /co; for u € o, we denote the corre-
sponding equivalence class in ly, /¢y by [u]. We will show that for every
0 < [u] € L there exists an uncountable disjoint system {[v;]} such that
0 < [v,] < [u] for all 7. We may assume that 0 < u € ly. Since u ¢ ¢y,
there exists € > 0 such that the set F' = {n € N:u(n) > e} is infinite.
Then there exists an uncountable collection {F.} of infinite subsets of
F such that F, N F s finite whenever 7 # 7'. Defining v, = elp_,
it is easy to verify that {[v;]} has the desired properties. Observe that
this actually shows that the only order separable ideal in L is {0}. In
particular, the carrier of every positive functional on L is {0}. In this
connection we mention that lo, /¢y s not Dedekind o-complete and has
o-order continuous norm (reflecting the fact that every non-empty G-
set in ON\N has non-empty interior). This example also illustrates
that, in contrast to order separability, local order separability is in gen-
eral not inherited by Riesz subspaces. Indeed, identifying L with the
space C (X), where X = SN\N, we have L. C RY as a (o-regular)
Riesz subspace and RX is clearly locally order separable. Observe that
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this example also shows that the analogue of Lemma 2.7 fails for locally
order separable spaces (take for T the embedding of L into M = RY ).
Howewver, it is not difficult to show that an Archimedean Riesz space is
locally order separable if and only if its Dedekind completion is locally
order separable.

We end this section with recalling some facts concerning order conver-
gence. A net {fq},c, in the Archimedean Riesz space L is called order
convergent to the element f € L if there exists a net {ug} ;. in L satisfying
ug 4 0 such that for every 3 € B there exists ag € A such that |f — f,| < u,

for all @ > . This will be denoted by f, ﬁ) f. A subset G C L is called

order closed if {f,} C G and f, ), f € L imply that f € GG. The order
closed subsets of L are the closed subsets of a topology 7, in L, which is
called the order topology. The 7,-closure of a subset D C L is denoted by

DY and is called the order closure of D. Although 7, is in general not a vec-
tor space topology, it is not difficult to see that the order closure of any Riesz
subspace of L is a Riesz subspace. If K is an order closed Riesz subspace of
L, then it is clear that K is a complete Riesz subspace of L. Moreover, if L
is Dedekind complete, then a Riesz subspace K is order closed if and only if
K is a complete Riesz subspace of L. In particular, if K is an order closed
Riesz subspace of the Dedekind complete space L, then K itself is Dedekind
complete and K is regularly embedded in L.

Now we assume that L is a Dedekind complete Riesz space and let

{fa:a €A} be a net in L. As is easily verified, f, HON f if and only if
there exists ap € A such that {f, : @ > ag} is order bounded and

V ANfa= AV u=r1 (4)

yZoo o>y Yoo o>y

Note that it follows in particular from this characterization of order conver-
gence that f, ﬂ> f if and only if there exist ay € A and a net {u, : @ > agp}
in L such that u, | 0 and |f, — f| < u, for all @ > «p. The following
characterization of order convergence will be useful. For a net {f,: o € A}
in L we will also consider the net {f, — for : (@, ') € A x A}, where A x A
is given the product order.

Lemma 2.13 A net {f,} in the Dedekind complete Riesz space L is order

convergent if and only if fo — fo ﬂ) 0.
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Proof. If f, ﬂ f, then it is clear that f, — fu ﬂ 0. Now suppose

that fo, — fo ), 0, i.e., there exist a net {ug}, p in L satisfying ug | 0 such
that for every 3 € B there exists (ag, a’ﬂ) € A x A such that |fo — for| < ug
whenever (a, q’) > (Oé/g, a/’g). Replac.ing ag and o by some gy > ag, o, we
may assume without loss of generality that as = aj. Fix some 3y € B. It is
clear that {f, : @ > ag,} is order bounded. Moreover,

OS\/fa_/\foc’: \/ |fa_foz’|§uﬂ

a>ag o' >ag a0/ >apg

for all B > (. Since ug | 0, it follows that

VA fa= AV Je

B>Bo a>ag B>Bo a>ag

and this implies that (4) holds with ay = ag,, so {f.} is order convergent.
[ ]

Next we will prove a simple extension result for positive operators which
will be used in a later section of the paper. Given a Riesz subspace K of the
Riesz space L we will denote by K’ the set of all f € L for which there exists

a net {f,} in K such that f, ), fin L. It is easy to see that K’ is a Riesz
subspace of L.

Lemma 2.14 Let K be a Riesz subspace of the Archimedean Riesz space L

and let M be a Dedekind complete Riesz space. Suppose that 0 <T : K — M

1S a positive linear operator with the property that T f, ﬂ) 0 in M whenever

{fa} is a net in K satisfying fa ﬂ 0 in L. Then there exists a unique

positive linear operator 0 < T': K' — M such that for every f € K" and any
net {fo} C K with f, L, f we have T f, BN T'f (in particular, T = T).

Proof. Take f € K’ and let {f,} be a net in K such that f, ), f in
L. Then fy — for -2 0 in L and so, by hypothesis, T fo — T for ~2 0 in M.
Now it follows from Lemma 2.13 that {T'f,} is order convergent in M, i.e.,

Tf, ﬂ) g for some g € M. We claim that g does not depend on the choice
of the particular net {f,}. Indeed, suppose that {hg} is any other net in K

such that hg ﬂ> fin L. Then f, — hg ﬂ 0 in L and by the assumption

on T it follows that T'fo — Ths -2 0 in M. This implies that Thy -2 g.
Defining T"f = g, it is easy to verify that 7" : K’ — M 1is a positive linear
operator which has, by definition, the desired property. The uniqueness is
obvious. m
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3 Representations

Many of the familiar Dedekind (o-) complete Riesz spaces arise as quotient
spaces of ideals of measurable functions by a o-ideal (usually, the null func-
tions with respect to some measure). In this section we discuss the rep-
resentation of Dedekind o-complete Riesz spaces as such quotient spaces.
First we introduce some notation. Given a measurable space (X,Y) (i.e.,
X is a non-empty set and ¥ is a o-algebra of subsets of X), we will denote
by M(X,X) the space of all real-valued ¥-measurable functions on X and
My(X,Y) denotes the ideal in M (X, ) consisting of all bounded functions.
The characteristic function of a set /' C X will be denoted by 1.

Definition 3.1 Let L be a Dedekind o-complete Riesz space with weak order
unit 0 < w € L. The measurable space (X,X) is called a representation
space for (L, w) if there exist an ideal L in M(X,X) such that My(X,%) C L
and a surjective o-order continuous Riesz homomorphism ® : L — L with

Given such a homomorphism ¢ : L — L as in the above definition, we
will sometimes call ® the representation (corresponding to (X,X)). It is
clear that the kernel Ker(®) is a o-ideal in L. Hence ® induces a Riesz
isomorphism from L/ Ker (®) onto L.

The proof of the first result in this section will be divided into two lemmas.
The principal ideal generated by an element 0 < w € L will be denoted by
L.

Lemma 3.2 Let L be a Dedekind o-complete Riesz space with weak order
unit 0 < w € L. If (X, X) is a representation space for (L, w), then (X,X)
is also a representation space for (L, w).

Proof. Since (X,X) is a representation space for (L,,w), it follows
that there exists a surjective o-order continuous Riesz homomorphism @, :
My(X,Y) — Ly with @, (1x) = w. Define

L={ge MX,2):{®(lg| Anlx)}>, is order bounded in L}. (5

n=1 1

It is easy to see that L is an ideal in M(X,X) and M,(X,¥) C L. For
0 < g € L we define

®(g) =sup P, (g Anly).

n>1

The following properties of the mapping & : LT — L+ are readily verified:
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(a). ®(g) = @p(g) for all 0 < g € M,(X,X).

(b). ®(g1 + g2) = P(g1) + D(go) for all 0 < gy, g5 € L.

(c). ®(Ag) = AD(g) forall0 < ge Landall0 <\ eR

(d). f0<g1,90 € L are such that g1\ gs =0, then ®(g;) AP(g2) =01in L.

__ Consequently, ¢ has a unique extension to a positive linear operator from
L into L, which we will denote by ® again. From (d) it follows that ® is
a Riesz homomorphism. Furthermore, ® is o-order continuous. Indeed,
suppose that 0 < ¢, 1 ¢g in L. For every k£ € N we have g, A klx T,
g A klx in My(X,Y) and since @} is o-order continuous this implies that
Dy (g ANk1x) Tp Py (g A klx) in L. Hence,

P(g) =sup Py (g A kly) =sup @y (gn A klx) = sup ®(gn).
k k,n n

It remains to show that & is surjective. To this end, let 0 < f € L
be given. For every 1 < n € N there exists 0 < g, € M,(X,X) such that
®y(g,) = f A nw. Since P, is a Riesz homomorphism we may assume that
0<g,7T. Let

F={z€X:g(x) 1, o0},

For every m € N we have (mlp) A g, T, mlp and since ®, is o-order
continuous it follows that

m®y(1p) A f Anw T, m®y(1p).

This implies that 0 < m®,(1x) < f for all m € N and so ®,(1r) = 0.
Now define h,, = ¢g,1x\ . Then ®y(h,) = ®y(g9,) = f A nw for all n and
0<h,TheM(X,X). Since

(I)b(h VAN klx) = sup (I)b(hn VAN klx) S f

for all k, it is clear that h € L. Using that ® is o-order continuous and that
w is a weak order unit in L, we find that

®(h) =sup ®(h,) =sup f Anw = f,

which completes the proof of the lemma. m
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Lemma 3.3 Given a Dedekind o-complete Riesz space L with weak order
unit 0 < w € L, there exists a representation space (X, %) for (L, w).

Proof. As before, we denote by C (w) the Boolean algebra of all compo-
nents of w. It follows from the Loomis-Sikorski theorem (see [15], Theorem
29.1) that there exist a measurable space (X,Y) and a surjective Boolean
o-homomorphism 6 : ¥ — C (w). We denote by sim(X, ) the space of all
simple functions on (X, ), i.e.,

sim(X, %) = {ZailDi o, €ERD; €8,i=1,..,n,n€ N} .

=1

By S(C (w)) we denote the Riesz subspace of L defined by (2). Define the
mapping @ : sim(X, X) — S(C (w)) by

(I)O (zn: ai]-Di> = zn:Oéze (DZ) .
1=1 1=1

It follows via standard arguments that ®, is a well-defined o-order contin-
uous surjective Riesz homomorphism. Now &, extends uniquely to a o-
order continuous Riesz homomorphism ®; : M,(X,X) — L,. Indeed, given
0 < g€ My(X,Y), take a sequence {s,} ~, insim(X,X) such that 0 < s, T ¢
in M,(X,X). Since 0 < g < klx for some k € N, we have 0 < @ (s,,) 1< kw
in L, and so ®,(g) = sup, ®y (s,) exists in L,. It follows easily from the
o-order continuity of ®, that this definition is independent of the choice of
the particular sequence {s,} and that ®, is a o-order continuous Riesz ho-
momorphism. Moreover, @, is surjective. Indeed, let 0 < f < w be given in
L,,. By the Freudenthal spectral theorem there exists a sequence {f,} -, in
S(C (w)) such that 0 < f,, 1 f. For each n there exists s,, € sim(X,X) such
that ®y(s,) = f,. Since ®; is a Riesz homomorphism, we may assume that
0<s,1T<1x,andso0<s,1ge M(X,X). From the definition of ®, it is
clear that ®,(g) = f, showing that ®, is surjective. Consequently, (X,X) is
a representation space for L,,. ®m

Combining the results of Lemmas 3.2 and 3.3 we get the following propo-
sition.

Proposition 3.4 Given a Dedekind o-complete Riesz space L with weak or-
der unit 0 < w € L, there exists a representation space (X, %) for (L, w).

In the following corollary we will denote by L" the universal completion
of a Riesz space L (see e.g. [9], Definition 50.4).
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Corollary 3.5 Let (X,X) be a representation space for the Dedekind com-
plete Riesz space L with weak order unit 0 < w € L. Then (X,X) is a repre-

sentation space for (L*,w) as well and we may actually take L* = M (X, ).

Proof. Let L be an ideal such that M, (X,¥) € L C M (X,¥) and
®:L > La surjective o-order continuous Riesz homomorphism. Let ¢, =
P ar,(x,3), then @y My, (X, X) = Ly, is a surjective o-order continuous Riesz
homomorphism as well. Since L is Dedekind complete, (L"), = L, and so
it follows immediately from Lemma 3.2 that (X, Y) is a representation space
for (L*,w). Taking L¥ as defined by (5) we have Lt = M(X,Y). Indeed,
let 0 < g € M(X,X) be given and let {g;},—, be a disjoint sequence in
M,(X,X) such that sup, g5 = g. Then {®,(gx)},—, is a disjoint system in L
and so sup, p(gx) = f € L* exists. Since @y, is a o-order continuous Riesz
homomorphism it follows that

Qy(g Anly) =y (sup (gr A an)> =sup®, (gx Anly) < f
k k

for all m € N and so g € L¥. Note that, by o-order continuity, the corre-
sponding Riesz homomorphism ®* : M (X,¥) — L" coincides with ® on L.
]

Next we make some remarks concerning the relation between o-ideal in
ideals in M (X,Y) and Boolean o-ideals in 3. We introduce some further
notation. Given a o-ideal 91 C ¥ we write

MM ={feMX,X):{xeX: f(x)#0} e N}

and My(M) = M (M) N M,(X,X). Then M(MN) and M,(N) are o-ideals in
M(X,Y) and M,(X,X) respectively. Now assume that F is an ideal in
M (X, X) such that M,(X,X) C E. It is clear that ENM (M) is a o-ideal in E
whenever 91 is a o-ideal in ¥. We claim that all o-ideals in E are of this form.
Indeed, given a o-ideal N in E we define Mt = {F € ¥ : 1y € N} and we will
show that N = EN M(M). Take f € N and let F = {x € X : f(z) # 0}.
Then n|f|A1x € N for all n € N and n|f| Alx T 1p, so 1z € N,
ie, FF € 9 and hence f € EN M(M). Conversely, if f € E and F =
{r e X : f(z) #0} € M, then |f|[Anlp € N for alln € Nand |f|Anlr T |f],
so |f| € N and hence f € N.

Assume that L is a Dedekind o-complete Riesz space with weak or-
der unit 0 < w € L and that (X,X) is a representation space for (L, w)
with representation ® : L — L, where My(X,¥) C L C M(X,Y) is
an ideal. Then Ker (®) is a o-ideal in L and it follows from the above
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observations that Ker (®) = L N M(MNy), where the o-ideal Ny is given
by Mg = {Fe€X:®(1p)} = 0. Consequently, L is Riesz isomorphic to
Z/Z N M(Ng). Furthermore it is easy to see that the following three condi-
tions are equivalent:

(a). if fue L (n=1,2,...) and f € M (X, %) such that 0 < f, T f and if
® (f,) < h for all n and some h € L, then f € L;

(b). M (Ms) C L;

(c). if f € L and g € M (X,Y) such that f = g Ng-a.e. (i.e., f and g are
equal except on a set belonging to Mg), then g € L.

Note that the ideal L constructed in Lemma 3.2 has these properties.

Now we introduce some terminology concerning representations of posi-
tive projections. We assume that L is an Archimedean Riesz space and that
P : L — L is a positive projection (i.e., P is a positive linear operator such
that P? = P). Furthermore we assume that K = Ran (P) is a Riesz subspace
of L. First a simple observation.

Lemma 3.6 If in addition P is (0-) order continuous, then K is a (0-)
complete Riesz subspace of L. In particular, if L is Dedekind (o-) complete,
then K is Dedekind (o-) complete and (0-) regularly embedded in L.

Proof. We assume that P is order continuous and that {f,;} C K and
f € L are such that f, T f in L. This implies that f, = Pf, + Pf in L and
hence f = Pf € K, which shows that K is a complete Riesz subspace of L.
[

Given two measurable spaces (X,Y) and (Y, A) we denote by F =X ® A
the product g-algebra of ¥ and A in the product space 2 = X x Y ie., Fis
the o-algebra generated by all rectangles F' x G with F' € ¥ and G € A. If
f € M (X,X) then we define f ® 1y € M (2, F) by (f ® 1y) (z,y) = f (2)
for all (z,y) € Q. The mapping f — f ® 1y is an f-algebra isomorphism
from M (X, X) onto the o-complete f-subalgebra M (X,X)®1y of M (2, F),
where

MX,2D)®1y ={f®1y: fe M(X,X)}.

It will be convenient in the sequel to identify M (X, ¥) with this f-subalgebra
M (X,%) ® 1y. Similarly, M (Y, A) will be identified with the o-complete
f-subalgebra 1x ® M (Y,A) of M (Q,F). Note that it is implicit in these
identifications that the o-algebra X is identified with the o-subalgebra ¥,
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of F given by ¥y = {F xY : F € X}, and similarly A is identified with
the corresponding o-subalgebra A; of F. Assuming in addition that p is a
o-finite measure on (Y, A) and that 0 < m € M (2, F) satisfies

Ammwwwzlw6x (6)

we define the linear operator Ry, : M, (2, F) — M, (Q, F) by

mﬂ%wzzﬁu%aﬂ%aww»<ﬁwem (7)

for all f € M, (Q,F). Then R, is a o-order continuous positive projection
onto M, (X, X).

Definition 3.7 Let L be a Dedekind o-complete Riesz space with weak order
unit 0 < w € L and suppose that P : L — L is a positive projection onto
the Riesz subspace K C L with w € K. Give a measurable space (X,Y)
and a o-finite measure space (Y, A\, ), we will say that the product space
(Q,F) = (X xY,X®A) is a representation space for P if:

(1). (Q,F) is a representation space for (L,w) with representation homo-
morphism ® : L — L;

(i1). there exists 0 < m € M (Q,F) satisfying [, m (z,y) du(y) =1 for all
r e X;

(iii). if f € L, then
[ m@als @ ldn ) <
for all z € X and the function Rf on 0, defined by
R () = [ m(@2) f (@2 du )

for all (z,y) € Q, satisfies Rf € L;
(iv). P(®f) =®(Rf) for all f € L.
If, in addition, p is a probability measure and m (x,y) =1 for all (z,y) € Q,

then (2, F) will be called a proper representation space for P.
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It is readily verified that the existence of a representation space for a
projection P implies that P is o-order continuous and so we will restrict our
attention to such projections only.

Remark 3.8 Suppose that (2, F) = (X x Y, X ® A) is a representation space
for the positive pm]ectwn P:L — L and K = Ran (P) as in the above defi-
nition. Define Ly = LNM (X,X). Then (X,X) is a representation space for
K, where the representation is given by @@X : EX — K. If there is already
given some representation @ : K — K with M, (X,X) C K C M (X,X)
and if O = (I)\ZX; then we will say that the representation ® is compatible
with P .

The following lemma will be very useful.

Lemma 3.9 Let L be a Dedekind o-complete Riesz space with weak order
unit 0 < w € L and suppose that P : L — L s a positive projection onto the
Riesz subspace K C L with w € K. Denote by P, = P, which is a positive
projection in P, onto K,,. If (X x Y, X ® A) is a representation space for P,
and (Ly,w), then (X x Y, X ® A) is a representation space for P and (L, w).

Proof. Denote (2, F) = (X x Y, X ®A) and let @, : M, (2, F) — L,
be the representation of P, on (L,,w) and let R, : M, (Q, F) — M, (2, F)
be given by (7) with 0 < m € M (2, F) satisfying (6) such that P, o &, =
d, o Ry, FI“OI/I’\I Lemma 3.2 we know that there exists an ideal L suc/}\l that
M, (Q,F) CLC M (Q,F) and a representation homomorphism ® : L — L

~

such that ®|y;,0,n) = P and that we may assume that M (M) C L. Define

E={rel: [ menlf@lint) <o vo e x }

It is clear that E is an ideal satisfying M, (2, F) C E C M (Q,F). For
f € E we define

Rf (e,) = [ m(w.2) (22)d (2
Y
for all (z,y) € Q. It is clear that Rf € M (2, F). First we show that
Rf € E whenever f € E. Take 0 < f € E and put f, = f A (nl). Then
0 < Rf, + Rf and

o (an) (I)b (Rbfn) - ((I)bfn) < P ((I)f)
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for all n. As we have observed before, since we assume that M (M) C L,
this implies that Rf € L. Hence Rf € L N M (X,X) and it is clear that
LM (X,3) C E. Consequently, we have a positive linear operator R : £ —
E with Ran (R) = ENM (X, ). It is easy to see that P (®f) = & (Rf) for
all f € E.

Defining ®; = @/, it is clear that ®; : E — L is a o-order continuous

Riesz homomorphism. We will show now that ®; is surjective. Let 0 < g € L
be given and take 0 < f,h € L such that ®f = g and ®h = Pg. Define

Pe{eex: [m@a)s @ - oo
Letting f,, = f A (n1) we have
3 (Rf,) = P(3],) < Pg =,
which implies that ® (Rf, — h)™ = 0. Therefore, the sets

F,={(z,y) €Q:Rfy(2,y) > h(x,y)}

satisfy F,, € Mg for all n. Furthermore, it follows from 0 < f,, T f that
Rfv(e)t [ m(.2)f @) du ()
Y

for all (z,y) € Q and so F xY € |J~, F,. This shows that ' x Y €
MNg. Defining f = flpxy)e, it is clear that f € F and ® (f) = ¢, SO we
may conclude that ®; is surjective. Therefore, ®; : E — L is the desired
representation for P on L. m

The above lemma shows that for the construction of representations of
positive projections we may restrict our attention to spaces with a strong
order unit. All such Dedekind complete Riesz spaces have the structure
of an f-algebra and complete Riesz subspaces containing the unit element
are f-subalgebras. Therefore, in the next sections we will study in detail
the properties and structure of positive projections in f-algebras onto f-
subalgebras.

4 Some properties of f-subalgebras

For the basic theory of f-algebras we refer the reader to the books [1], [13]
and [16]. Let A be an Archimedean f-algebra with a unit element 1, which
is weak order unit in A. We denote the Boolean algebra of all components
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of 1 by C4 = C4 (1). Note that C, is equal to the set of all idempotents in A
and that for all e;,es € C4 in A we have

e1 N\ ey =ejey
e1 Ve =e +ex—eres '

Denoting by P (A) the set if all band projections in A, the mapping P +—
P1 is a Boolean isomorphism from P (A) onto C4. For every e € C4 the
corresponding band projection P, onto {e}dd is given by P.f = ef for all
f € A. Assuming in addition that A is Dedekind complete, P(A) is complete
and hence C, is a complete Boolean algebra. Now suppose that B is an f-
subalgebra of A (i.e., B is a Riesz subspace as well as a subalgebra of A) with
1 € B and let Cp be the Boolean algebra of all components of 1 in B. Then
Cp is a Boolean subalgebra of C4. If we assume that B is Dedekind complete
as well, then Cp is a complete Boolean algebra in its own right, however in
general the infinite joins and meets in Cp and C4 need not coincide. However,
if we assume in addition that B is regularly embedded in A, then Cp is a
complete Boolean subalgebra of C4 (in the sense of [15], Section 23). This
is in particular the case if B is a complete f-subalgebra of A ( i.e., B is a
complete Riesz subspace of A, as defined at the beginning of Section 2).

If A is a Dedekind o-complete f-algebra with unit element 1 and if £ is
a Boolean o-algebra of Cy4, then A (&) is defined as in Definition 2.1 and by
Proposition 2.4, A (€) is a o-complete Riesz subspace of A. We claim that
A (&) is an f-subalgebra of A. Indeed, it is easy to see that S (£) as defined
by (2) is a subalgebra of A and now it follows from Proposition 2.6 (i), in
combination with the order continuity of the multiplication in A, that A (&)
is a subalgebra as well. In particular, if A is Dedekind complete and £ is a
complete Boolean subalgebra of C4, then A (€) is a complete f-subalgebra
of A with Cu(ey = £ (see Proposition 2.6).

Next we make some comments about the results in Section 3. Given a
Dedekind o-complete f-algebra with unit element 1, it follows from Propo-
sition 3.4 that there exists a representation space (X, ) for (A,1). Let A be
an ideal such that M, (X,X) C A C M (X,X) with corresponding surjective
o-order continuous Riesz homomorphism & : A A Defining

Ay ={f € A:|f| <nl for some n € N} . (8)

let @, : M, (X,X) — A, be the restriction of ® to M, (X,), which is
surjective as well. Since @y is a Riesz homomorphism satisfying @, (1x) = 1,
it is well known that ®, is actually an f-algebra homomorphism (i.e., a lattice
and algebra homomorphism; see e.g. [2]). Replacing, if necessary, the ideal
A by the corresponding ideal defined by (5), which is easily seen to be a
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subalgebra of M (X, X), it follows that we may assume in this situation, that
Ais an f-subalgebra of M (X,Y) and that ® is an f-algebra homomorphism.
If (X,Y) is a representation space for (A, 1), then we will simply say that
(X, %) is a representation space for A.

Although the result of the following lemma is known (the result is even
true under some weaker assumptions; see [3], Theorem 6.1), we indicate the
simple proof for the convenience of the reader.

Lemma 4.1 Let A be an Archimedean f-algebra with unit element 1 and
suppose that B is an f-subalgebra of A with 1 € B. If P is a positive
projection in A onto B (i.e., Ran(P) = B), then P(ba) = bP(a) for all
be B anda € A (i.e., the projection P is so-called averaging).

Proof. Fixsome 0 < g € A. First we assume in addition that 0 < a < nl
for some n € N. Define the linear operator T, : B — B by T,(b) = P(ba)
for all b € B. Then 0 < T,(b) < nb for all 0 < b € B. Hence T, € Z(B),
the center of B. Since B is an f-algebra with unit element every operator in
Z(B) is given by multiplication by some element of B, so there exists b; € B
such that T,(b) = bb, for all b € B. Taking b = 1 we see that by = P(a).
It follows that P(ba) = T,(b) = bP(a). If 0 < a € A is arbitrary, then
we can use that a A nl 1, a (a*-uniformly) and the result now follows via
approximation (see e.g. [16], Theorem 142.7). =

The following proposition will play an important role in the sequel. As
usual, positive projection P : A — A will be called strictly positive if Pa > 0
whenever 0 < a € A. The result of the following proposition, which is of
interest in its own right, will play a crucial role in the proof of Lemma 8.2.

Proposition 4.2 Let A be a Dedekind complete f-algebra with unit element
1, which is a strong unit as well. Let P : A — A be a strictly positive order
continuous projection onto the f-subalgebra B, with 1 € B. Suppose that C
is a complete f-subalgebra of A such that B C C. Then there ezists a unique
positive projection QQ : A — A onto C such that P = P o Q. Moreover, this
projection @) s strictly positive and order continuous.

Proof. Given 0 < a € A define the positive linear operator 7, : C' — B
by

Tu(c) = P(ac)

for all ¢ € C. Since C' is a regular Riesz subspace of A and P is order

continuous, it follows that 7} is order continuous as well. Furthermore, if
b € B then

T, (bc) = P (bac) = bP (ac) = bT, (c)
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for all ¢ € C, by the averaging property of P (see Lemma 4.1). Considering A
and C' as f-modules over B via multiplication (see e.g. [7], Section 4 for the
definition of an f-module), we see that T, is B-linear and so T, € LE (C, B).
Since 1 is assumed to be a strong unit in A, there exists n € N such that
0 <a <nl, hence

0<T,(c)=P(ac) <nP(c) =nTi(c)

forall0 < ce C,ie., 0<T, <nTyin L (C, B). From the Radon-Nikodym
theorem in L2 (C, B) (see [7], Proposition 3.10 and Examples 4.5 (3) ) it
follows that there exists m, € Z(C') such that 0 < 7w, < nlc and T, = Ty7,.
Since C'is a unital f-algebra there exists Q(a) € C such that 0 < Q(a) < nl
and 7,(c) = Q(a)c for all ¢ € C. Hence T,(c) = T1 (Q(a)c) for all ¢ € C, i.e.,

P(ac) = P(Q(a)c) forallceC. 9)

The element Q(a) € C is uniquely determined by (9). Indeed, if f € C is
such that P (fc) = 0 for all ¢ € C, then in particular P (f?) = 0. Since
f? >0 and P is strictly positive, it follows that f? = 0 and hence f = 0.

Now it is clear that the mapping a — @Q(a) is additive on A" and that
Q(a) = a whenever 0 < a € C. Consequently @ extends uniquely to a
linear positive projection @ : A — A with Ran(Q) = C, satisfying (9) for all
a € A. Taking ¢ = 1 in (9) it follows that P = P o Q. Since P is strictly
positive, this implies that @ is strictly positive as well. To show that @) is
order continuous, suppose that a, | 0 in A and assume that @ (a,) > a for
all 7 and some 0 < a € A. This implies that P (a,) = P (Q (a;)) > P(a) > 0
for all 7. Since P (a;) | 0 it follows that P(a) = 0, hence a = 0. This shows
that @ (a,) 4 0 in A, so @ is order continuous.

It remains to prove that () is unique. To this end suppose that @); : A — A
is a positive projection such that Q1 (A) = C and P = P o ();. By the
averaging property of ()it follows that

P (ac) = P (Q: (ac)) = P (Q1 (a)c)

for all @ € A and all ¢ € C. As observed above, Q(a) € C is uniquely
determined by (9), hence Q; (a) = Q (a) for alla € A,ie., Q1 =Q. m

Remark 4.3 If we drop the assumption that 1 is a strong order unit in A,
then the result of the above theorem does not hold in general, as can be seen
by the following example. We consider the positive real azxis (0,00) equipped
with the probability measure dp = e *dx defined on the o-algebra X of all
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Lebesgue measurable subsets. Define the ideal A in Lo (1) by

:{fe ﬂ Lp(p):|f|1(071)gcl(gyl)forsomeOSCGR}.

1<p<o0o

Since f € A implies that f? € A, it follows that A is a Dedekind complete
[-algebra with unit element 1 = 1 ). Note already that 1 is not a strong
order unit in A, since for example the function fy, given by

0 if0<az<1lorxz>2

fo(x):{|log(x—1)| ifl<az<?2 ’

belongs to A and is unbounded. Let the f-subalgebra B be given by B =
{AL:XeR}. For f € A we define oo (f) = [, f(x)dp(z) and P (f) =
wo (f)1. Then P: A — A is an order continuous strictly positive projection
onto B. Define

C={feA: f(x+1)=f(x) p-a.e. on (0,00)},
which is a complete f-subalgebra of A with B C C. Let ¥; be the sub-o-
algebra of X defined by
Y,={FeX:1peC}.

If f € C, then, by the definition of A, there exists 0 < ¢ € R such that
|fl 1o,y < cliogy, consequently |f| < cl. Therefore, C' consists of bounded
functions. Now suppose that there exists a positive projection (Q : A — A
such that Q (A) = C and P = P o). First observe that Q) is the restriction

to A of the conditional expectation operator with respect to 1. Indeed, for
all f € A we have

po(f)1=P(f) =P (Qf) =0 (Qf)1

and so oo (f) = @o (Qf). If E € ¥y, then 1 € C' and so it follows from the
averaging property of Q (see Lemma 4.1) that

/Ede:SOO(lEf):‘Po (Q (1ef)) = o (1EQ (f /Q )dp,  (11)

which shows that Q (f) is the conditional expectation of f with respect to ¥;.
Take 0 < f € A and E, € X such that E; C (0,1). Define E € ¥y by
E =, (Ei+k). Then

/f ) dp ( Z/ _’”dx—z f (z 4 k) e~ @Ry
FEi1+k

:/El (oo f(a:—i—k)ek) e “dx

(10)



and, using that Qf is 1-periodic,

/ Qf (z) dp (z Z e "dr = Z e "ty

E1+k

In combination with (11) this shows that

/Ele—le( w)e Idxszl (kf%f(mk)ek) e da

for all measurable subsets By C (0,1). This implies that

S rrehet = a0 12)

p-a.e. on (0,1). Now we take in particular the function fo € A defined by
(10). Then

ng (z+k)e"=fo(x+1)e ! =|logz|e™
k=0
and so it follows from (12) that

e—1
;— llog |

Qfo (v) =

p-a.e. on (0,1). Hence Qfy is not bounded. However, as observed above, all
functions in C' are bounded, which is a contradiction. This shows that such
a projection ) does not exist.

Next we will discuss some further notation and properties concerning
subalgebras. As above we assume that A is a Dedekind complete f-algebra
with unit element 1 and we assume that B is a Dedekind complete regularly
embedded f-subalgebra of A with 1 € B. Hence Cp is a complete Boolean
subalgebra of C4. For p € C4 we will denote

A(p) = {pf: f € A}, (13)

which is the band in A generated by p. Note that A(p) is an f-algebra in its
own right with unit element p. The Boolean algebra of components of p in
A(p) is given by

Calp) ={q€Ca:q<p}.
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Furthermore we define

B, ={pf: f € Bj}. (14)

Then By, is a Dedekind complete regularly embedded f-subalgebra of A(p)
and it is easy to see that the Boolean algebra of components of p in By, is
given by

pCp = {pq:q€Cgp},

which is a complete Boolean subalgebra of C4(p). If p € Cp, then B, will
also be denoted by B(p).
For p € C4 we define

p=inf{qgeCp:p<q}, (15)

where the infimum is taken in C4. Since Cp is a complete Boolean subalgebra
of C4, it follows that p € Cg. The element p is sometimes called the closure
of p with respect to Cg ([10]). It is clear that p < p.

Lemma 4.4 The mapping b : B(p) — By, defined by (f) = pf for all
f € B(p), is a surjective f-algebra isomorphism.

Proof. It is clear that 1 is an f-algebra homomorphism. Now take
g € By,. Then g = pf for some f € B and hence ¢(pf) = ppf = pf = 9,
which shows that ¢ is surjective. It remains to proof that 1 is injective. To
this end suppose that f € B(p) such that pf = 0. From (15) it follows that

1-p=sup{qgeCp:pAqg=0}.
Since f = fp, i.e., f (1 —p) = 0, this implies that fg = 0 for all ¢ € CgN{p}*
and hence fs = 0 for all s € S(Cg) N {p}*. Therefore, by Freudenthal’s
spectral theorem we have fg = 0 for all g € BN {p}d. Since pf = 0 implies

that f € BN {p}d, it follows that f? = 0, hence f = 0, which shows that v
is injective. m

Remark 4.5 Note that the last argument in the above proof actually shows
that

BN {p}"™ = B,

where d(A) and d(B) indicate that the disjoint complements are taken in A
and B respectively.
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As we have seen in Example 2.12, a Riesz subspace of a locally order
separable Riesz space need not be locally order separable. However, using
Lemma 4.4 we can prove the following result, which will be used later.

Lemma 4.6 Let A be a locally order separable Dedekind complete f-algebra
with unit element 1 and let B be a Dedekind complete reqular f-subalgebra
of A with 1 € B. Then B is locally order separable as well.

Proof. Take 0 < g € Cp. It follows from Lemma 2.11 that there exists
p € C4 such that 0 < p < g and A (p) is order separable. Since B), is a
Riesz subspace of A (p), it follows that By, is order separable. By Lemma
4.4, B(p) is Riesz isomorphic to By,, hence B(p) is order separable as well.
Since 0 < p < ¢ in Cp, it follows from Lemma 2.11 that B is locally order
separable. m

Definition 4.7 Let A be a Dedekind complete f-algebra with unit element 1
and let B be a Dedekind complete reqular f-subalgebra of A with 1 € B. An
element p € C4 will be called B-full if C4(p) = pCp, i.e., if

{e€Ch:e<p}={pq:qeCp}. (16)

We note that the B-full elements in C4 correspond to the elements of
order zero over Cp, as defined in [10], Section 11. In the next lemma we will
use the notation introduced in (8).

Remark 4.8 (i). If p € C4 and q € C4 (p), then q is B-full if and only if
q is Byy-full in Capy = Ca (p).

(11). If p € Cy is B-full and q € C4 (p), then q is B-full.

Lemma 4.9 For an element p € C4 the following statements are equivalent:
(i). p is B-full;

(ii). By is an order ideal in A;

(ii). Ap(p) = (Bb),,;

(iv). the mapping f —— pf is an f-algebra isomorphism from By(p) onto
Ay(p);

(v). the mapping ¢ — pq is a Boolean isomorphism from Cg(p) onto Ca(p).
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Proof. Suppose that p is B-full and take f € A satisfying 0 < f < pg
for some 0 < g € B. Since f € A(p), there exists a sequence {sj},, in
S (Ca (p)) such that 0 < s, 1 f. It follows from (16) that every sj can be
written as sy = pty for some 0 < ¢, € S(Cp) and we may assume that
0<t 7T Hence 0 <t AgT<gin Bandso0<t,AgTheB. Now

Pt Ng) =se Apg 1 fApg=],
so f = ph € By,. This proves that (i) implies (ii). Since
Ap(p) ={f € A:|f| < np for some n € N}
and p € (By),, = (Byp),it is clear that (ii) implies (iii). Lemma 4.4 shows
that (iii) implies (iv) and it is also clear that (iv) implies (v), which obviously
implies (i). m

It will be convenient to introduce the following definition.

Definition 4.10 Let A be a Dedekind complete f-algebra with unit element
1 and let B be a Dedekind complete reqular f-subalgebra of A with 1 € B.
Then:

(a). A is called nowhere full with respect to B (or, nowhere B-full)
if 0 is the only B-full element in C4. In this case we will also say that
Ca 18 nowhere full with respect to Cg;

(b). A is called everywhere full with respect to B (or, everywhere
B-full) if for every 0 < p € Cy4 there exists 0 < q € Ca (p) which is
B-full.

The following lemma is straightforward.
Lemma 4.11 The following three statements are equivalent:

(i). A is everywhere B-full;

(ii). there exists a disjoint system {p,;} in Ca consisting of B-full elements
such that \/_p; = 1;

(1i7). sup{p € Ca : p is B-full} = 1.

With these observations, the next result follows immediately.
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Proposition 4.12 Let A be a Dedekind complete f-algebra with unit element
1 and let B be a Dedekind complete reqular f-subalgebra of A with 1 € B.
Then there exist p1,ps € C4 with p; + ps = 1 such that:

(i). A(py1) is everywhere B, -full;
(ii). A (p2) is nowhere By, -full.

Proof. Defining p; = sup{p € C4 : p is B-full} and p, = 1 — py, the
result follows from Remark 4.8 and Lemma 4.11. =

Next we will discuss restrictions of positive projections to bands in A. We
assume that A is a Dedekind complete f-algebra, that B is an f-subalgebra
of A with 1 € B and that P: A — A is a strictly positive order continuous
projection onto B. Let 0 < py € C4 be fixed. We will need the following
observation.

Lemma 4.13 The element P(py) is a weak order unit in B(pp).

Proof. Since 0 < py < Dy, it follows that 0 < P(py) < P (pg) = Do,
so 0 < P(po) € B(pg). Now suppose that 0 < g € B(pp) is such that
gP(py) = 0. Then P(gpy) = 0 and so gpy = 0, as P is strictly positive.
Hence ¢(g) = 0 and by Lemma 4.4 this implies that ¢ = 0. Consequently,
P(py) is a weak order unit in B(pp). =

Denoting by B(pg)" the universal completion of the f-algebra B(pp), it is
well known that the f-algebra structure of B(pg) extends uniquely to B(pg)*
and that every weak order unit in B(pg)" has an inverse. Hence, it follows
from the above lemma that in particular the element P(p,) is invertible in
B(po), i.e., there exists 0 < wy € B(pg)" such that woP(py) = po. We will

denote this element wy by P(pg)~".

Lemma 4.14 We assume in addition that the unit element 1 in A is a strong
order unit. The mapping Py, : A(po) = A(po), defined by

Pipo(f) = poP(po) " P(f)
for all f € A(po), is a strictly positive order continuous projection onto By, .

Proof. First we show that P, is well defined. Take 0 < f € A(po).
Then 0 < f < npy for some n € N and so 0 < P(f) < nP(py) < npo.
Therefore, in B(pg)* we have

0 < P(po) "P(f) < nP(po) "P(po) = npo.
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Since B(pp) is Dedekind complete, B(pg) is an ideal in B(pg)" and so 0 <

P(po) *P(f) € B(po). Hence 0 < Py, (f) € Byp, € A(po). This shows that

P, is a well defined positive linear mapping with its range contained in By, .
If f € By,, then, by definition, f = pyg for some g € B. Hence

Piyo(f) = poP(po) " P(pog) = poP(po) 'P(po)g
= poPog = Pog = [,

which shows that P, is a projection onto Bj,,. It is clear that P, is order
continuous, so it remains to prove that Py, is strictly positive. Suppose
that 0 < f € A(py) such that P, (f) = 0. Since 0 < P(py) ' P(f) €
B(py), it follows from Lemma 4.4 that P(py) ' P(f) = 0 and so poP(f) =
P(po)P(po) *P(f) = 0. Since 0 < P(f) < npy for some n € N, this implies
that P(f)=0andso f=0. m

In the above situation we will say that P,,, is the restriction of P to
A(po) (or, the restriction to py). We end this section with a technical result,
which shows how representations of restrictions of a positive projection P can
be glued together to obtain a representation of P (as defined in Definition
3.7). We assume that A is a Dedekind complete f-algebra in which the unit
element 1 is a strong order unit and that P : A — A is a strictly positive order
continuous projection onto the f-subalgebra B with 1 € B. Suppose that
(X,Y) is a representation space for B with representation homomorphism
Oy My (X,X) = B. If 0 < py € Cy, then (X,X) is also a representation
space for By,,, the representation given by the homomorphism

O : M, (X, %) — By, (17)

defined by @2 (f) = po®p (f) for all f € M, (X,X). In this situation we will
call @ the induced representation of By, .

Lemma 4.15 Let &g : M, (X,X) — B be a representation of B. We assume
furthermore that:

(i). {p;} is an at most countable disjoint system in Co such that y~;p; = 1;

(ii). For every j there exists a representation space (X x Y;, X ® A;) for Py,
and A (pj) such that the corresponding representation

15 compatible with the induced representation @Ig of By, -
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Then there exists a representation space (X XY, X ® A) for P and A such
that the corresponding representation ® : My (X x Y, X ® A) — A is compat-
ible with ®p.

Proof. We will denote (2;,F;) = (X xY;,¥®A,). By assumption,
there exists a o-finite measure p; on A; and for each j =1,2,... there is an
operator R; : M, (0, F;) = M, (Q;, F;), given by

Rif (x,y) = /Y m; (x, 2) f (@, 2) dp; (2)

for all (z,y) € Q; and all f € M, (Q;,F;), with 0 < m; € M (Q;,F;) and
ij m (z,z) dp; () = 1 for all € X, such that ®; 0 R; = Py, o ®;.

We define Y = | |; Y (i.e., Y is the disjoint union of the Y, j =1,2,...),
A =@, and p = P, py. Then (Y, A, p) is a o-finite measure space.
Denoting (2, F) = (X x Y, X ® A), we identify M, (£2;, F;) with the ideal in
My (2, F) consisting of all functions of the form flq, with f € M, (Q,F). If
0<fe€M(QF), then {<I>j (flgj)} is a disjoint order bounded sequence
in A, so we can define

D (f) =3 (/10).

It is easily verified that this defines a o-order continuous surjective f-algebra
homomorphism ® : M, (2, F) — A, which is compatible with ®p, as all ®;
are compatible with ®}. Note that ® (f1q,) = p;® (f) for all f € M, (2, F).
For f € My (9, F) we will from now on consider the function R; (f1g,) as
an element of M, (2, ). The commutation relation ®; o R; = Py, o ®; then
corresponds to

® [IQjRJ' (flﬂj)} = Py, [(1) (flﬂj)} = Py, [p;® (f)] (18)
for all f € M, (Q, F).
Forj=1,2,... wechoose 0 < u; € M, (X, X) such that @5 (u;) = P (p;).
Take f € M, (2, F) and put g = @ (f). Define h; € M, (X,X) by
hj =@ [u;R; (f1g;)] -

Since 0 < P (p;) < pj, @ [Rj (flnj)] € B and h; = P (p;) ® [Rj (flﬂj)]7 it
follows that h; € B (p;). Furthermore, using (18) and the definition of P,
(see Lemma 4.14), we find

pjh; =@ (lﬂj) P(pj) P [Rj (flﬂy)] = P(pj) P [IQjRJ' (flﬂj)}
= P (p;) Py, (pjg) = P (p;) ;P (0j) ™" P (p;9)
= p;ip;iP (pjg) = p; P (p;9) -
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Since P (p;jg) € B (p;), it follows from Lemma 4.4 that h; = P (p;g). We
thus have shown that

® [u;R; (flo,)] = Plp;® ()] (19)

for all f € M, (22, F) and all j.
Define the F-measurable function m : 2 — [0, co] by

Zuy x) mj (z,y) Lo, (z,y) (20)

for all (z,y) € Q and let k, € M (Q,F) be the nth partial sum of (20).
For n = 1,2,... we define the positive linear operators R™ : M, (Q, F) —
M, (22, F) by

R (2,) = /Y i (2,2) f (2, 2) dp (2)

for all (z,y) € Q@ and all f € M, (2, F). Since

f Zu] fIQ

(ij) ®(f)

for all f € M, (2, F). This implies in particular that

® (R™f) 1 P(®f) (22)

in A forall 0 < f e M, (Q,F).

Our next objective is to show that we can actually Choose the functions
uj such that the function m, defined by (20), satisfies [, m (z,y) du (y) = 1
for all z € X. To this define h : Q@ — [0,00] by h(z,y) = [, m(z,2) du(z)
for all (z,y) € Q and put h, = R™1g for all n. From (22) it follows that
® (h,) T 1in A. Defining h!, = h, A 1g, we have ® (h],) = @ (h,,) for all n
and 0 < b/, T A’ for some h' € M, (2, F). From the o-order continuity of ® it
follows that ® (h') =1 = ® (1g). Hence, ' = 1o MNgp-a.e. and h,, = h], Ng-
a.e. Since hy, (z,y) 1 h (z,y) for all (z,y) € €2, we may conclude that h = 1q
MNe-a.e., which implies that there exists a set F' € ¥ such that F' x Y € g
and [, m (z,y)dp(y) =1 for all z € X\ F. Now it is easy to see that we

it follows from (19) that

q;(R()
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can adjust the values of the functions u; on the set F' x Y in such a way that
Jy m(x,y)du(y) = 1 for all z € X. With this assumption, we define the
positive projection R : My (2, F) — M, (2, F) onto M, (X,X) by

Rf (2,y) = /Y m(,2) f (2,7) du (2)

for all (z,y) € Q and all f € M, (Q, F). It is clear that R™f 1 Rf for
all 0 < f € M, (Q,F), and so (22) implies that ® (Rf) = P (®f) for all
f € M, (Q,F). Therefore, we may conclude that ® is a representation of P
on A and the proof is complete. m

We end this section with an example which illustrates the use of the above
lemma and which will also be used later.

Example 4.16 (i). Let A be a Dedekind complete f-algebra in which the
unit element 1 is a strong order unit. The most trivial projection P :
A — A satisfying the conditions above s the projection P = I onto
B = A. Let o5 : M, (X,X) — B be a representation for B. Let
(Y, A, 1) be the one point measure space with Y = {y} and p ({y}) = 1.
Then My (X xY,X®A) = M, (X,X). Define the representation ® 4
of A by ®af = Opf for all f € My(X xY,X®A). This defines
a representation for P and A, where the corresponding representing
projection Ry in M, (X X Y, X ® A) is the identity operator. This will
be called the trivial representation.

(17). Now we assume that A is a Dedekind complete order separable f-algebra
in which the unit element 1 is a strong order unit and that P : A — A
15 a strictly positive order continuous projection onto the f-subalgebra
B with 1 € B. Moreover, we suppose that A is everywhere B-full.
Let ®p : M, (X,X) — B be a representation of B. By Lemma 4.11,
there exists a disjoint system {p:} in C4 consisting of B-full elements
such that sup,p; = 1. Since A is assumed to be order separable, this
system 1is at most countable, {p, :n=1,2,...} say. For each n, let
O My, (X, %) — By, be the induced representation defined by (17).
As py, is B-full, it follows from Lemma 4.9 that A (p,) = By, and so the
restriction Py, : A(p,) — By, is the identity operator. Hence, by (i),
Py, has the trivial representation ®, : My (X X Y,, X ® A,,) = A (pn),
where Y, = {y,} and p, {yn}) = 1. Defining Y = {y1,92,...} and
A =P (Y) with counting measure p, it follows from Lemma 4.15 (and
its proof) that (X x Y, X ® A) is a representation space for P and A,
with a representation ®4 : M, (X x Y, ¥ ® A) — A which is compatible
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Given a Dedekind complete order separable f-algebra A in which the
unit element 1 is a strong order unit and a strictly positive order continuous
projection P : A — A onto the f-subalgebra B with 1 € B, let A = A (p;) &
A (p2) be the decomposition of Proposition 4.12. As shown in the above
example, it is easy to construct a representation for P, on A (p;). The main
effort in the remainder of the present paper is to construct a representation
for the projection P},, on the nowhere B-full part A (p).

5 Maharam’s theorem for positive projections

In this section we will discuss a generalization of a result of D. Maharam
( [11], Lemma 3) to positive projections, which will play an important role
in the sequel. Actually, the main theorem in the present section can be
considered as a vector valued version of Maharam’s lemma. As before, A
will denote a Dedekind complete f-algebra with unit element 1 and B will
be an f-subalgebra with 1 € B. Furthermore we will assume that P: A — A
is a positive order continuous projection onto B. As observed in Lemma 3.6,
this implies that B is a complete f-subalgebra of A. The proof of the main
result in the present section is divided into a number of lemmas.

Lemma 5.1 Assume that A is nowhere full with respect to B. If 0 # e € Cy,
then there exists py € Ca such that 0 # p; < e and P(p;) < %P(e).

Proof. Since e # 0, the element e is not B-full and so there exists
p € Ca(e) such that p ¢ eCp. Let ¢ = e — p and put u = p.g. First observe
that u # 0. Indeed, suppose that u = 0, then pg = 0, which implies that

ep=(p+q)p=0pp=0p,

so p € eCpg, a contradiction.
d
Let e; € Cp be the component of p in the band {[P (p) — sP (e)]+} in
B. Then ¢ [P (p) — 3P (¢)] " =0 and so from Lemma 4.1 it follows that

P(ewp) = erP(p) < 5P (e).

1
2
If e; # 0, then, by Lemma 4.4, e;p # 0 and so we can take p; = e;p in this
case.

dd
Now assume that e; = 0. Then p € {[P (p) — 5P (e)]+} and since 0 <

u < P, it follows that u [P (p) — LP (e)]Jr > 0and u [P(p) —iP(e)]” =0,
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which implies that

1
uP(p) > §uP (e). (23)
d
Let e; € Cp be the component of g in the band {[P (q) — 5P (e)]+} in B.
If e = 0, then a similar argument as above shows that

uP(q) > %uP (e). (24)

If (23) and (24) hold simultaneously we find that uP(e) = uP(p) + uP(q) >
uP(e), which is impossible. Consequently, e, # 0. As above it now follows

that esq # 0 and P(eyq) < %P(e) and so in this case we can take p; = eyq.
]

Lemma 5.2 Assume that A is nowhere full with respect to B. If 0 # e € Cy,
then for every ¢ > 0 there exists p € Ca such that 0 # p < e and P(p) <
eP(e).

Proof. Repeated application of Lemma 5.1 immediately shows that for
every n € N there exists p, € C4 such that 0 # p, < e and P(p,) < 27"P(e).
[ ]

Lemma 5.3 Assume that A is nowhere full with respect to B. If 0 #e € Cx
and g € B such that 0 < g < P(e), then there exists p € Ca such that
0#p<eand P(p) <g.

Proof. Since 0 < g < P(e), there exists ¢ > 0 such that [¢ — eP(e)]" > 0.
Note that e <€ € Cp, so P(e) <€ and hence

0<[g—eP(e)]" <g< Ple)<e.

Let ¢ € Cp be the component, of € in the band generated by [g —eP(e)]”.
From the above observation it follows that 0 < ¢ <& Nowgqlg —eP(e)]” =0
implies that

eP(qe) = eqP(e) < qg < g.

Furthermore, it follows from Lemma 4.4 that ge # 0. Now Lemma 5.2 implies
that there exists p € C4 such that 0 # p < ge and P(p) < £P(qe). Hence,
0#p<eand P(p) <eP(ge) <g. m
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Theorem 5.4 Let A be a Dedekind complete f-algebra with unit element
1€ Aandlet P: A— A be a positive order continuous projection onto the
f-subalgebra B with 1 € B. Assume that A is nowhere full with respect to
B. If0#e €Cy and g € B such that 0 < g < P(e), then there exists p € Cx
such that p < e and P(p) = g.

Proof. Define
K ={ue€Cale): Plu) <g}.
It is clear that K # () and by the order continuity of P, any upward directed

system in IC has a supremum in JC. Hence, K has a maximal element p € K.
Suppose that P(p) < g. Then

0<g—P(p) < Ple)—Pp) =Ple—p).

By Lemma 5.3 there exists ¢ € C4 such that 0 < ¢ < e —p and P(q) <
g — P(p). This implies that p + ¢ € K, which contradicts the maximality of
p. Consequently P(p) = g and the proof is complete. m

Note that the above theorem actually shows that the restriction P : C4y — B
is a full-valued (i.e., interval preserving) mapping.

5.1 An application

Now we shall discuss a consequence of the above theorem which may be of
interest in its own right. In what follows L will be a Dedekind complete Riesz
space and K will be a regular Riesz subspace of L which is itself Dedekind
complete. Furthermore we will assume that K is order dense in L in the sense
that K¢ = {0}. Recall that P(L) and P(K) denote the Boolean algebras of
band projections in L and K respectively. As is well known, every 7 € Z(K)
has an extension 7 € Z(L) (see e.g. [8] Theorem 1.5) and this extension is
unique since K% = L. It is easily verified that the mapping 7 — 7 is an
f-algebra isomorphism from Z(K) into Z(L). Consequently we can identify
Z(K) with an f-subalgebra of Z(L), i.e.,

Z(K)={re Z(L) :w(K) C K}.
Then Z(K) is actually a complete f-subalgebra of Z(L).

Proposition 5.5 Assume in addition that 0 < @g € L is a fized strictly
positive normal linear functional on L. Then there exists a unique strictly
positive order continuous projection P : Z(L) — Z(L) onto Z(K) such that

(mf, o) = (P(m) [, o) (25)
forall f € K and oll m € Z (L).
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Proof. First observe that pjx € K whenever ¢ € L, as K is regularly
embedded in L. Take 0 < 7 € Z(L). Then 0 < 7w < nI;, for some n € N
and so 0 < (poom)x < n(po)y in K. Hence, by the Radon-Nikodym
theorem for normal functionals (see [8], Theorem 3.4 or [16], Lemma 145.1),
there exists 0 < o < nlg in Z(K) such that

(0 0 ) = (o) © 0 (26)

We claim that this 0 € Z(K) is uniquely determined by (26). Indeed, suppose
that 01,09 € Z(K) both satisfy (26) and put o3 = 01 — 0y. This implies that
(0) s © 03 = 0 and so

(90)j1c© Lol = | (o) 0 03] =0

in K. Therefore (|os|u,pg) = 0 and hence |oz|u =0 for all 0 < u € K, as
g is strictly positive. This shows that o3 = 0, by which the claim is proved.
Therefore we may define o = P(r). It is clear that P is additive on Z(L)*
and it follows that P extends to a positive projection P : Z(L) — Z(L) onto
Z(K). Note that for every 7 € Z(L) the element P(7) is uniquely determined
by (25). Since gy is strictly positive and K order dense in L, it is clear that
P is strictly positive. Finally we show that P is order continuous. To this
end assume that 7, | 0 in Z(L) and that o € Z(L) such that P(7,) > o >0
for all a.. It follows from (25) that

0 < {ou, po) < (P(ma)u, po) = (o, po) | 0

and hence ou = 0 for all 0 < u € K. Since K is order dense in L, we may
conclude that 0 = 0, and so P(7,) { 0 in Z(L). This completes the proof of
the proposition. m

We will call the projection P in the above proposition the conditional
expectation projection associated with @y. Note that P(L) and P(K) are the
Boolean algebras of components of the unit element I in Z (L) and Z (K)
respectively. Recall from Definition 4.7 that Qo € P(L) is called Z(K)-full if

{QeP(L): Q< Qo ={QR: ReP(K)}. (27)

In the next lemma we present some characterizations of Z(K)-full band pro-
jections in L.

Lemma 5.6 Let Qy € P(L) be the projection onto the band By in L. The
following statements are equivalent:

(1). Qo is Z(K)-full;

39



(ii). for every o € Z(By) there exists m € Z(K) such that mp, = 0;

(iii). [0, Qoul, = Qo [0,ul, for all 0 < u € K (where the subscripts L and
K indicate that the order intervals are taken in L and K respectively);

(iv). Qo(K) is an ideal in L.

Proof. We will only show that (iv) implies (i), as the remaining impli-
cations follow by standard arguments. So we assume that Q(K) is an ideal
in L. Define @)y € P(K) by

Qo =inf{Re€ P(K):Qy <R}

and define 1 : Qo(K) — Qo(K) by 1(f) = Qof for all f € Qo(K). It is clear
that ¢ is a surjective Riesz homomorphism. We claim that ¢ is injective.
Suppose that 0 < f € Qy(K) and Qyf = 0. Since

I—Qo=sup{ReP(K): RQy=0}
and (I — @) f =0, it follows that
sup{Rf: R€ P(K),RQ, =0} =0,

ie., Rf =0forall R € P(K) with RQy = 0. Let Ry be the band projection
in L onto {f}*. Since f € K, it is easy to see that Ry € P(K), and Qof =0
implies that R;(Q)y = 0. Hence f = 0, which proves the claim.

Now let @ € P(L) be given such that @ < Q. Let @1 be the restriction
of @ to Qy(K). Then Q) is a band projection in Qy(K), as Qo(K) is an ideal
in L. By the first part of the proof, there exists a band projection R in Qy(K)
such that ¥y o R = Q1 0, i.e., QuRf = Q1Qof = Qf for all f € Qu(K).
Considering R as an element of P(K), this shows that QR = () and we may
conclude that @ satisfies (27), i.e., Qp is Z(K)-full. m

We will say that L is nowhere full with respect to K if 0 is the only
band projection in L which is full with respect to Z (K). By definition,
this is equivalent to saying that Z(L) is nowhere full with respect to Z(K).

Therefore the following result is now an immediate consequence of Theorem
5.4.

Theorem 5.7 Let L be a Dedekind complete Riesz space and K an order
dense Dedekind complete reqular Riesz subspace of L, such that L is nowhere
full with respect to K. Suppose that 0 < ¢y € L7 1is strictly positive. If
W € K~ is such that 0 < 9 < (¢0)|K, then there exists a band projection
Q) € P(L) such that ) = (¢g 0 Q)‘K, 1.e., Y is the restriction of a component
of ¥o-
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Proof. Let P: Z(L) — Z(L) be the conditional expectation projection
onto Z(K) associated with ¢y. By the Radon-Nikodym theorem in K, it
follows from 0 < ¢ < (()00)‘1( that ¢ = (pg),, 0 o for some 0 < o < [ in
Z(K). By Theorem 5.4 there exists () € P(LS in such that 0 = P(Q). Now
it follows from (25) that

<Qf7 ()00> = <P(Q)f7 ()00> = <Uf7 ()00> = <f71/)>
for all f € K, i.e., (¢o OQ)\K =1. m

5.2 Maharam’s theorem

Next we will discuss the result of Maharam by which Theorem 5.4 was in-
spired. Let (X, X, 1) be a measure space. For the sake of simplicity we will
assume that p is finite. We denote the corresponding measure algebra by
(X, 1). Suppose that A is a o-subalgebra of ¥ and let A, denote the cor-
responding complete Boolean subalgebra of ¥,. As before we shall say that
p € ¥, is A -full if

{eeX, ;e<pt={eq:qe A},

and X, is called nowhere full with respect to A, if 0 € ¥, is the only A ,-full
element.

Theorem 5.8 (D. Maharam, [11]) Assume that ¥, is nowhere full with
respect to A,. If v is a measure on A such that 0 < v(D) < p(D) for all
D € A, then there exists Fy € ¥ such that v(D) = u(D N Fy) for all D € A.

Proof. Let A= L, (X,%, ) and B = Ly, (X, A, ). Then B is an order
closed f-subalgebra of A. Let P : A — A be the conditional expectation
projection onto B, i.e., P = E(- | A), which is an order continuous positive
projection. Since C4 = X, and Cp = A, it is clear that A is nowhere full
with respect to B.

By the classical Radon-Nikodym theorem there exists g € B such that

0<g<1x and
V(D)Z/gdu
D

for all D € A. Tt follows from Theorem 5.4 that there exists p € C4 = ¥,
such that P(p) = g. Let Fy, € ¥ be such that 1, is a representative of p.
From the defining property of P =E(- | A) it follows that

vD) = [ Pwdu= [ 1ndp=p(D0F)

for all D € A, by which the theorem is proved. m

o
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6 Special subalgebras

As before we assume that A is a Dedekind complete f-algebra with unit
element 1 and that B is an f-subalgebra with 1 € B. Furthermore we
assume that P : A — A is an order continuous strictly positive projection
onto B. In Section 7 we will construct complete Boolean subalgebras £ of
Ca with the property that for every e € £ there exists A € [0, 1] such that
P(e) = AL. In the present section we will collect some properties of such
special Boolean subalgebras.

First we introduce some notation. We define the subset S = Sp of C4 by

S={pe€Cs:P(p) =\l for some X € [0,1]}. (28)
The following simple observation will be useful.
Lemma 6.1 The subset S is closed for monotone convergence in Cy.

Proof. Since p € S implies that 1 — p € §, it suffices to show that S is
closed for upwards convergence in C4. To this end suppose that p, € S and
p € C4 such that p, 1 pin C4. Then P(p,) = A,1 for all w and 0 < A, 1< 1.
Let A = sup, A. By the order continuity of P we have P(p,) T P(p) and so
P(p) =M1. Hencepe S. m

For any non-empty subset D of C4 we denote by & (D) the complete
Boolean subalgebra of C4 generated by D.

Lemma 6.2 Let S C C4 be defined by (28).

(i). If F is a Boolean subalgebra of C4 and F C S , then & (F) C S.

(ii). If F is a Boolean subalgebra of C4 such that F C S, and if we write
P(e) = Ae)1 for alle € F, then A : F — [0,1] is a strictly positive (in
general, finitely additive) measure on F.

(1i1). If € is a complete Boolean subalgebra of C4 such that € C S, and if
we write P(e) = A(e)1 for all e € €, then A : € —[0,1] is a completely
additive and strictly positive measure.

Proof.

(i). This follows via a standard argument for Boolean algebras from Lemma
6.1.
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(ii). If 1, ey € F such that e; A ey =0, then
P(€1 V 62) = P(€1 + 62) == {)\(61) + )\(62)} 1,

hence A(e; V ea) = A(er) + A(ez), which shows that A is a finitely
additive measure on F. The measure A\ is strictly positive as P is
strictly positive.

(iii). Since P is order continuous and £ is a complete Boolean subalgebra of
C4 it follows immediately that A is completely additive.

[ ]

We assume that £ is a complete Boolean subalgebra of C4, such that
£ C S, so there exists a completely additive strictly positive measure \ :
€ — [0,1] such that P(e) = A(e)1 for all e € £. Recall from Section 4 the
definitions of the complete f-subalgebra A (€) generated by £ and of the
f-subalgebra S (£) given by (2). If s € S(£) is given by s =Y | oe; with
a; € Rand ¢; € &, then P (s) = pp (s) 1, where

op(s) = Zaz‘)\ (€:) -

Clearly, pp is a positive functional on S (€). If 0 < A (€) then, by Proposition
2.6, there exists a sequence {s,} - in S (&) such that 0 < s, T f. By the
order continuity of P we then have ¢p (s,)1 1 P (f), which implies that
there exists A € R such that P (f) = Al. Consequently, pp extends to a
positive functional on A (£), denoted by ¢p as well, such that

P(f)=vpr(f)1 (29)

holds for all f € A(£). Since P is order continuous and A (€) regularly
embedded in A, it follows that ¢p is order continuous and strictly positive

on A(&).

We assume that £ is a complete Boolean subalgebra of C4 such that
CiC Sand Cy =6 (CpUE). We will denote by K (Cp, ) the collection of
all f € A which can be written as

f= Z%’fi; (30)
i=1

where ¢; € Cp, f; € A(€) for alli = 1,...n and n € N. It is clear that
K (Cp,€) is a subalgebra of A with Cp C K (Cp,€) and € C A(E) C
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K (Cp,E). If f € K(Cp,E), then it is easy to see that f can be written
as is (30) where {¢;}._, a disjoint system in Cp with \/]_, ¢; =1 and f; # f;
whenever ¢ # j. This will be called the standard form of f. We claim that
this standard form of an element f € K (Cp, &) is unique. First we observe
that if p,¢ € Cp and g,h € A(E) such that pg = gh # 0, then p = ¢ and
g = h. Indeed, using the averaging property of P and (29) we find that

wr (9)p =pP (9) = P(pg) = P (qh) = qP (h) = ¢p (h) q.

Since pp (g)p # 0, it follows that p = ¢. Hence, p(g — h) =0,s0 p|g — h| =
0, which implies that

wp(lg—nl)p=pP(lg—h|)=P(plg—h|)=0.

Therefore pp (Jg — h|) = 0, as p # 0, and since pp is strictly positive we may
conclude that ¢ = h. From this observation the uniqueness of the standard
form of elements in K (Cp, &) follows by a standard argument. For future
reference we collect some properties of K (Cp, ) in the next lemma.

Lemma 6.3 With the notation as introduced above, the following hold.
(i). K (Cp,E) is an f-subalgebra of A.
(ii). The order closure of K (Cg,&) in A is equal to A.
Proof.

(i). As observed already, K (Cp,€&) is a subalgebra of A. Writing f €
K (Cp,€) in standard form f = Y " ¢f;, it follows that

|[f1 =22 @ lfil and so |f| € K (Cp, ).

(ii). Let L = K (CB,E)(O) be the order closure of K (Cp,€) in A. Then L
is regularly embedded in A and L is Dedekind complete. Hence the
Boolean algebra C; of components of 1 in L is a complete Boolean
subalgebra of C4. Since Cp C Cp, and £ C Cy, this implies that C4, =
S (Cp UE) = Cyr. Now it follows from the Freudenthal spectral theorem
that L = A, as L is a complete Riesz subspace of A.

|

Now suppose that A; and A, are two Dedekind complete f-algebras with
unit elements 14, and 14, respectively. For ¢ = 1,2, let 14, € B; C A, be
an f-subalgebra and let P; : A; — A; be a strictly positive order continuous
projection onto B;. Furthermore we assume that & C C4, is a complete
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Boolean subalgebra such that C4, = & (Cp, UE;) and that \; : & — [0,1]
is a completely additive measure satisfying P; (e) = \; (e) 14, for all e € &;.
In addition to this, we assume in the following proposition that the unit
elements 1,4, are actually strong order units in A; (i =1, 2).

Proposition 6.4 In the above situation, suppose that:

(i). a: Ay (&) — Ag (&) is an f-algebra homomorphisms with o (14,) =
1a,and Xy (a(e)) = Ay (e) for all e € &

(ii). B : By — By is an order continuous f-algebra homomorphisms with
ﬁ (]'Al) = 1A2'

Then there exists an f-algebra homomorphism ¥ : Ay — Ay such that:

(CL). \Il\/h(fl) = and \I/\Bl = ﬁ,’
(b) \I/OPIZPQO\II.

Moreover, ¥ is order continuous and unique. If o and (3 are surjective iso-
morphisms, then WV is a surjective isomorphism as well.

Proof. First we show that an f-algebra homomorphism ¥ : A; — Ay
satisfying (a) and (b) is necessarily order continuous. To this end suppose
that f, | 0 in A; and that W (f,;) > g > 0 for all 7 and some g € Ay. Then
PV (f;) > Pyg > 0 for all 7 and

BV (fr) = VP (f;) = BP(f) L0,

since P, and (3 are order continuous. Therefore P,g = 0, which implies that
g = 0, as P; is strictly positive. This shows that ¥ is order continuous. To
prove the uniqueness, assume that W' : A; — A, is an f-algebra homomor-
phism satisfying (a) and (b) as well. Define

L=A{feA:V(f)=V(f)}.

Then L is an f-subalgebra of A; and the order continuity of ¥ and W' implies
that L is order closed. Furthermore, it is clear that B; and A; (&;) are
contained in L, hence K (Cp,,&) C L. It follows from Lemma 6.3 that
L = Ay, consequently ¥ = ¥,

Now we turn to the existence proof of the homomorphism ¥. For i =1, 2,
let 0 < ¢p, € A; (&), be the strictly positive functional satisfying P; (f) =
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op, (f)1a, for all f € A; (&) (see (29)). Since Ay (a(e)) = A;(e) for all
e € & it follows that pp, (a(f)) = ¢p, (f) for all f € Ay (E1). We define

K(CBlagl) — K (CB2782)

by

v (Z %’fi) = Zﬁ(%‘)a(fi) (31)

for all {¢;};_, in Cp, and all {f;}" | in A; (&;). First we observe that ¥ is
well defined. Indeed, if f =" | ¢; f; has standard form f = Z;nzlpjgj, then
it is easy to see that

m

Z Blg)a(f) =8P alg).

J=1

Since the standard form of an element in K (Cp,, £1) is unique, it follows that
U, is well defined by (31). Since o and (3 are f-algebra homomorphisms it
is now also clear that ¥q is an f-algebra homomorphism.

Take f € K (Cp,,&1) and write f = Y " ¢ fi with {¢;};_, in Cp, and
{fz} -1 in A1 (81) Then

Pif= ZP1 (g:fi) = ZQZ'H (fi) = Z(PPl (fi) 4
i1 i1 i1

and so P [K (Cg,,&1)] € K (Cp,,&1). Moreover, using that ¢p, (a(f;)) =
©Yp (fz), we find that

Z@Pl fz ng& )
= Zﬁ(q@') Py (a(fi) = ZPZ (8 (@) o (f))
=P, (Zﬁ(%)ﬂfﬁ)) =P (Vo f).

This shows that ¥go P, = P, o ¥,.

Let K be the 14,-uniform closure of K (Cp,,&;) in A;. Then ¥, extends
uniquely to an f-algebra homomorphism ¥, : K; — A,. Since Cp, C K; and
U, (q) = ¥y (q) = B (q) for all ¢ € Cp,, it follows from Freudenthal’s spectral
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theorem that B; C K; and V¥, (¢) = (5 (g) for all ¢ € B;. Note that at this
point we use that 1,4, is a strong order unit in A;, which guarantees that
every f € By is a 14,-uniform limit if a sequence in S (Cp,). Moreover, it is
easy to see that W o P, = Py o W,.

Now let IC be the collection of all pairs (K, W), where:

(i). K is an f-subalgebra of A; such that K; C K;

(ii). Uy : K — A, is an f-algebra homomorphism such that
(‘IIK)|K1 = Wy;
(iii). Ux 0P, = Pyo Uy,

We note that the reason for introducing the uniformly closed f-subalgebra
K is that By C K; and K; C K imply that P, (K) C K and so (iii) makes
sense. From the above observations it is clear that (K7, V) € K, so K is non-
empty. If (K, Vg), (K', V) € K, then we will say that (K, V) < (K, Wg)
whenever K C K’ and (\IIK:)‘K = Ug. It is easy to see that every chain in the
partially ordered set (I, <) has an upper bound. Hence, by Zorn’s lemma,
(K, =) contains a maximal element (K,,, ¥,,). It is our aim to show that
Km - Al.

Suppose that {g, : 7 € T} is a net in K, such that g, 90 in A We

claim that ¥, (g,) 0 in As. Without loss of generality we may assume

that {g,} is order bounded in A;. Since 14, is a strong order unit in A; and
U, (14,) = 1g4,, it is clear that {U,, (¢;)} is order bounded in A,. For 7 € T
define

Ur = \/|go|= hr = \/|\Ilm(g‘7)|’

o>T o>T

and assume that A, > h > 0 for all 7 € T and some h € A,. Fix 7 and define
for any finite subset F' of {0 : 0 > 7} the element hy = \/ . |V, (95)|- Then

Pohp = Py, (\/ Igg|> =V, P (\/ Iga|> =Bk (\/ Iggl) :

ocF oeF oeF

Since hy Tp h; and \/ .pl9-| T# u-, and since 3, P, and P, are order
continuous, it follows that Pyh, = SPu,. Hence BPiu, > Pyh > 0 for all 7.
By hypothesis we have u, | 0 in A; and so SPju, | 0 in A;. This implies
that P,h = 0 and since P, is strictly positive we may conclude that h = 0,
by which our claim is proved.
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Now we are in a position to apply Lemma 2.14, from which it follows that
WV, has a unique extension

\If:nK:n—)Ag

with the property that U,, (f;) 0 g (f) in Ay whenever f € K] and {f;}

is a net in K, such that f, ﬂ> fin A;. It is straightforward to verify that

K, is an f-subalgebra of A; and that ¥/ is an f-algebra homomorphism.
Hence the pair (K], V! ) satisfies (i) and (ii) above. To show that condition
(iii) is satisfied as well, take any f € K/ and let {f;} be anet in K, such that

7.9 fin A,. By the order continuity of P; of follows that Py f, -2 P, f

and so U, (P f;) SN W' (P1f). On the other hand, since W, f; SN v fr
and P, is order continuous we find that

v, (PlfT) =P (\Ilme) ﬁ) Py (\Iﬂmf)v

consequently U/ (P, f) = P, (V! f). This shows that ¥/ o P, = P, o W/ and
so (K,,, V! )eKk.

Since (K], ¥!,) is a maximal element of IC, we may conclude that K, =
K,,. Therefore, K,, is order closed in A;. By Lemma 6.3, the order closure
of K (Cp,, &) is equal to Ay, so K,,, = A;. Hence ¥ = ¥, is the desired
f-algebra homomorphism.

Finally, suppose that o and [ are surjective isomorphisms. Then we can
apply the above construction to ! and 37! to obtain a corresponding f-
algebra homomorphism ¥, : Ay — A;. Then it is clear that Wy (¥ f) = f for
all f € K (Cp,,&1). Defining

M={fecA v, (¥f)=f},

it follows that M is an order closed f-subalgebra of A; with K (Cp,, &) C M.
Again using Lemma 6.3 we conclude that M = Ay, so Uy (¥ f) = f for all
f € A;. Similarly we see that ¥ (V;g9) = g for all g € Ay, hence ¥ is a
surjective isomorphism. By this the proof of the proposition is complete. m

7 The construction of special subalgebras

In this section we will discuss in some more detail the structure of positive
projections onto f-subalgebras. The construction presented in this section
are inspired by the results in [10], Section 14. We start by listing the hy-
potheses which will be assumed throughout this section:
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A is a Dedekind complete f-algebra with unit element 1 € A;

B is an f-subalgebra of A with 1 € B;

P : A — Ais a strictly positive order continuous projection onto B;

A is nowhere full with respect to B.

As before, for any non-empty subset D C C4 we will denote by &(D) the
complete Boolean subalgebra of C4 generated by D, i.e., &(D) is the smallest
complete Boolean subalgebra of C4 containing the set D. The main objective
in the present section is to show that given any sequence {a,} -, in Cy4, there
exists a complete Boolean subalgebra € of C4 such that a, € S(Cg U E) for
all n and £ C S. Here S = Sp is defined by (28). It follows from Lemma 6.2
that the inclusion £ C S is equivalent to saying that there exists a completely
additive strictly positive measure A : & — [0, 1] such that P(e) = A(e)1 for
all e € £. The proof will be divided in a number of lemmas.

Lemma 7.1 Leta,p € C4 be given. Then there exist elements Hy (p,a) € Cx
(k=0,1,2,3) such that

(i). Hy(p,a),...,Hs(p,a) are mutually disjoint;
(it). Ho (p,a) + Hi (p,a) = ap;
(1ii). Hy (p,a) + Hs (p,a) = (1—a) p;
(iv). 3o Hy (p,a) = p;

(v). P(Hy(p,a)) < 3P(p) for k=0,1,2,3.

Proof. Since 0 < P(ap) < P(ap) in B, it follows from Theorem 5.4
that there exists Hy (p,a) € C4 such that

Hy (p,a) <ap and P (Hy(p,a)) = %P(ap).

Define Hy (p,a) = ap — Hy (p,a). Similarly there exists Hs (p,a) € C4 such
that

Hy(p.a) < (1—a)p and P (Hy(p,a)) = %P((l —a)p).

Define Hs (p,a) = (1—a)p — Hy (p,a). It is clear that the elements Hy (p, a)
satisfy all the requirements. m

49



Observe that the elements Hy, (p,a) as constructed in the above lemma
are in general not uniquely determined by a and p. Before stating the next
lemma we introduce some notation. For n € Nand 0 < j < 4" — 1 we define
the intervals

Ly=1[j4"G+1)4").

For each n the intervals I, g, ..., I, sn_1 are a partition of Ipy = [0,1). Fur-
thermore, for alln € N and 0 < 7 < 4™ — 1 we have

3
In; = U Ins1 454k (32)

k=0

We denote by 2, the algebra of subsets of [0,1) generated by the intervals
{I,;:0<j<4™—1}. From (32) it is clear that 2, C 2, for all n. Define
Ao = U2 2, which is an algebra of subsets of [0,1). Let D denote the set
of all dyadic numbers in [0,1]. It is clear that 2, is equal to the algebra
generated by all intervals [a, ) with «, 5 € D.

Let {a,},—, be a fixed sequence in Cj.

Lemma 7.2 There exists a Boolean homomorphism h : s — C4 such that:
(a). h(lpp) = 1;
(b). Plh(I,;)] <271 foralln € Nand 0 < j < 4" —1;
(c). an, € h(Us) for alln=1,2,....

Proof. We define recursively Boolean homomorphisms A, : 2, — Ca
with (hnﬂ)‘mn = h, for all n € N, as follows. The homomorphism hg :
Ay — C, is simply given by h(lpp) = 1 and h(0) = 0. Now assume that
h, : A, — C4 has been defined for some n € N. For 0 < 5 < 4" — 1 and
0 <k <3 we put

b1 (Ins1,454k6) = Hi (b (Innj) s Gngr) - (33)

Using (i) and (iv) of Lemma 7.1 it is easy to see that this defines a Boolean
homomorphism h,, 1 : 2,11 — C4 such that (hn+1)|mn = h,. We claim that

Plhy (In;)] <21 forallme Nand 0 < j <4" — 1. (34)

Indeed, for n = 0 this is trivial. Furthermore, by (v) in Lemma 7.1 and (33)
we have

1
P [hn+1 (In+1,4j+k)] S §P [hn (]ny.j)]7
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and (34) now follows by induction on n. Next we observe that it follows from
(33) and Lemma 7.1 (ii) that

4™ -1
Pt ( U Iy145 U In+1,4j+1)

j=0

= {hn-l-l (In+1,4j) + hn—l—l (In+1,4j+1)}
= {HO (hn (In,j) ) an+1) + H1 (h” (In’j) ’an+1)}

- hn (In,]) Qpy1 = h(IO,O)an+1 = Qn+1,
=0

and S0 a,41 € hypiq (Unyq) for all n € N
Defining the Boolean homomorphism h : ™%, — C4 by hj, = h,, for all
n € N it is clear that h has all the desired properties. m

Lemma 7.3 There exists a function p, : D —C4 such that:
(i). po =0 and p; = 1;
(i7). if m < 19 in D, then p,, < p., in Cy;
(1i1). if 71,72 € D such that 0 < 15 — 1 < 47" for some n € N, then

0 S P(pT2) - P(pTl) S 2*TL+11
mn CA,'

(iv). the sequence {a,}, | belongs to the algebra generated by {p, : 7 € D}
in CA.

Proof. Let h: 2., — C4 be the Boolean homomorphism constructed in
the previous lemma. For 7 € D we define p, = h([0,7)). It is clear that p,
has properties (i) and (ii). Since h([r,72)) = pr, — pr, for all 7, < 75 in D,
the algebra generated by {p, : 7 € D} is equal to h(s) and so (iv) follows
from (c¢) in the above lemma. It remains to proof (iii). If 7,7 € D such
that 0 <1 — 1 < 4in, then [7'1,7'2) - In,j U In,j—l—l for some 0 < ] < 4™ —1.
Hence,

0 <pr, = pr, = h([11,72)) < ML) + ML j41),

ol



and so by (b) in Lemma 7.2,
0 < P(pr,) = P(pr) < P[AIn)] + P [h(Ln 1)) < 277111

|
Given the system {p, : 7 € D} as in Lemma 7.3 we denote by ¢(7,\) € Cp

the component of 1 in the band {[P(p,) — A1]" } for all A € [0,1]. In the
following lemma we collect some of the relevant properties of the system
{g(r,A) :7eD,0 <A< 1}

Lemma 7.4 (a). If ¢ € Cg such that 0 < q < q(7,\), then q¢P(p;) < Aq.
(b). If ¢ € Cy such that 0 < ¢ < 1 — q(1, ), then qP(p,;) > Aq.
(c). If 1 <15 inD, then q(11,\) > q(12,A) for all 0 < X\ < 1.
(d). If 0 < Ay < Xy < 1, then q(1, A1) < q(71,\2) for all T € D.

(¢)- 4(0,7)

q(1,1) =

(f). q(t,1) = 1 for all T € D, and ¢(7,0) is the component of 1 in {P(p,)}*
for all 7 € D.

—lfora110§A§1,q(1,)\):Of07“allO§)\<1, and

(9). q(1,0)p, = 0 for all T € D.

Proof. Properties (c), (d), (e) and (f) are obvious. To prove (a), take
q € Cp such that 0 < ¢ < (7, \). Then ¢ A [P(p,) — A1]T =0, so

[¢P(p;) — Ag]" = q[P(p,) — A1]" =0,

which shows that ¢P(p,) < Aqg.
Now take g € Cp such that O <qg<1- q(T, A). Since 1—q(7, A) is the com-

ponent of 1 in the band {[P(p,) — A\1]" } it is clear that ¢ [P(p,) — A\1]"
0. Moreover ¢ [P(p,;) — )\1] = 0 SO

¢[P(p;) = A1] = ¢[P(p;) = A1]" >0
and this proves (b).

Finally, for the proof of (g), observe that ¢(7,0)P(p;) = 0, as ¢(r,0) is
the component of 1 in {P(p,)}*. Hence,

P (q(7,0)p;) = q(7,0)P (p;) =0
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and since P is strictly positive it follows that ¢(7,0)p,. m
Now we define the system {e, : 0 < A <1} in C4 by

ex =sup {q(7, \)p, : 7 € D} . (35)

From (d) in Lemma 7.4 it is clear that ey, < ey, whenever 0 < A\; < )\ < 1.
Since ¢(7,0)p, = 0 for all 7 € D and since ¢(1,1)p; = 1, it follows that ep = 0
and e; = 1. Our next objective is to show that P(e)) = A1 for all A € [0, 1].
The proof is divided in two lemmas.

Lemma 7.5 For all 0 < XA <1 we have P(ey) < A1.

Proof. For A = 1 the inequality is trivial, so we may assume that 0 <
A < 1. Since P is order continuous, it is sufficient to show that

P ({V/ (J(Tk,)\)Pm> <Al

k=0

for any partition 0 =79 <73 < ... <7y =1 in D. Given such a partition we
have

0 :q(TNa)\) S Q(TNfla)\) S S Q(Tﬁa)\) =1
(note that ¢ (1,\) =0, as A < 1). For k =1,2,..., N define
Gk = q (Tk—1,A) — ¢ (T, A) - (36)

Then {g;},_, is a disjoint system in Cp and Z;VZHI ¢; = q (1%, A) for all
k=0,1,...,N —1. Now

N N
\ (7)) pr, = \/ \ @pn = \/q] \/ka (37)
k=0 k=0 j=k+1 j=1 k=0

N

= \/ 4iPr;—y = Z%‘prj,l-
j=1 j=1

Since 0 < ¢; < ¢ (7j_1,A) in Cp, it follows from (a) in Lemma 7.4 that

P (g 1) = 4P (pr; 1) < Agj
for all j =1,..., N. Hence it follows from (37) that

N
P(\/q Thy A ka) ZP 4Py </\Zq]—>\1
k=0

which completes the proof of the lemma. m
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Lemma 7.6 For all 0 < XA <1 we have P(ey)) = A\1.

Proof. For A =0 and A =1 the inequality is trivial, so we may assume
that 0 < A < 1. Take a partition 0 = 75 < 77 < ... < 7y = 1 in D and define
{qe}Y_, in Cp by (36). Since g < 1 —q (7%, \), it follows from (b) in Lemma
7.4 that

P (qrpr,) = @ P (pr) > A
for all k = 1,..., N. Using (37) we find that

P(V o) =3

k=0

= qup (pr,) — Z(Ik {P (pr) = P (kaq)}

k=1

> )\Z% - Z% {P (ka) - P (ka—l)}

=)\l — ZQk {P(ka) - P (ka—l)} ’

Take n € N and choose the partition 0 = 1 < 74 < ... < 75 = 1 such that
0<7—71j1 <4 forall j =1,..,N. From (iii) in Lemma 7.3 it follows
that

0<P (ij) - P (ij,l) <2

for all 7, hence

k=0

N N
P (\/ Q(Tk;)\)ka> > A1 — 9—n+1 qu _ ()\ B 2—n+1) 1
k=1

This shows that P(ey) > (A —27""1) 1 for all n € N and so P(e)) > A1. In
combination with the previous lemma we may conclude that P(ey) = A1 for
all0 <A <1 =

Now we shall show that

pTEG(CBU{e,\:OS)\Sl})

for all 7 € D. The proof is divided in three lemmas.
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Lemma 7.7 If T€eD and 0 < a < <1, then

lq(1,8) —q(r,0)]ea < pr.

Proof. Let 7 € D be fixed. It follows from the definition (35) that

[q (Ta ﬁ) —q (7—7 a)] €q = Sup [q (Ta ﬂ) —q (Ta a)] q (07 a)pa-

oeD

Since ¢ (0,a) < q(1,a) if 0 € D with 7 < o, it follows that

[q(Taﬂ)_Q(Taa)]q(Uaa) :q(Taﬁ)[l_q(Taa)]q(Uva):O

for all such o € D. This implies that

[ (7, 0) —q(7,0)]ea = sup{lq (7, B) —q (T, )l q(0,0) ps : 0 €D, < 7}

and from this the lemma follows. m
Given 7 € D and a partition 7 : 0 = Ay < A\ < ... < A, = 1 of the
interval [0, 1] we define s, € C4 by

_Z T Ak) = 4 (7, Ae—1)] e, (38)

Furthermore we denote |r| = maxy (A — Ag_1)-

Lemma 7.8 With the notation introduced above, we have
0< P(pr—sy) <|m|1

for all T € D and for every partition © of [0, 1].

Proof. Since

n

S = \/ [q (7—7 )‘k) —dq (Ta )‘kfl)] EAp_1>

k=1

it follows immediately from the Lemma 7.7 that 0 < s, < p,. As observed
in Lemma 7.4, ¢(7, \,) = ¢q(7,1) = 1 and ¢(7, \g) = ¢(7,0) is the component
of 1in {P(p,)}*, hence

n

P(p,)=[1-q(m0]P(p:) =Y la(r. M) = ¢ (r. 1) P (pr) .

k=1
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Moreover, since q (7, \g) —q (7, \k—1) < ¢ (7, A) in Cp, it follows from Lemma
7.4 (a) that

9 (7, M) = ¢ (7, Ae )] P (pr) < Ak g (75 A) = ¢ (75 Ap1)]

for all £ =1,...,n. Therefore,

n

P(p:) <)y Melg(m, M) — q (7, Ak1)] -

By Lemmas 4.1 and 7.6 we have

P(sy) =Y et la (T, ) — q (7, M)

Consequently,

OSP(pT_SW):P(pT)_P(SW)

3

< (Ae = Me—1) [q (7, k) — q (7, A1)

<ml ) la(m ) — (7, Adpa)]
k=1
= |7l [1 = q(7,0)] < |=]1,
by which the lemma is proved. m

Lemma 7.9 For all 7 € D we have p, € & (CpU {ey : 0 < X < 1}).

Proof. Let 7 € D be fixed. Take a sequence {m,} -, of partitions of
0, 1] such that |7,| — 0 as n — oo and define s € C4 by

s=sup{s;, :n=1,2,...}.

From Lemma 7.7 and (38) it is clear that s,, < p, for all n, so s < p,. Now
it follows from the above lemma that

0< P(pr—5) <P(pr—8g,) <|m|1,

which implies that P (p, — s) = 0. Since P is assumed to be strictly positive,
it follows that p, = s. This shows that

pr =sup{s;, :n=12..}. (39)
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Since ¢(7,A\) € Cp for all 0 < A < 1, it is clear from (38) that s, €
S (CpU{en:0< A< 1}) for all n. The result of the lemma now follows
from (39). =m

From the above lemma in combination with (iv) in Lemma 7.3 it follows
that

{an}zo:l g G(CBU{G,\ :0 S A S 1})

For later reference we summarize the above results in the following proposi-
tion.

Proposition 7.10 Let A, B and P satisfy the hypotheses stated at the begin-
ning of the present section. Given any sequence {an}zo:1 in Cyu, there exists
a system {ey : 0 < XA < 1} in Cy such that:

(i). g =0, e1 =1 and ey, < ey, whenever 0 < X\ < Xy < 1;
(it). P(ey) = A1 for all0 < X\ < 1;
(iii). {an},~  C S (CpU{er:0< A< 1}).

Let the system {ey : 0 < A <1} be as in the Proposition 7.10 and let F
denote the Boolean subalgebra of C4 generated by this system. It is easy
to see that F consists precisely of those elements in p € C4 which can be
written as

p=\ (ex —ew) (40)

with 0 < gy <A <o < A <o <y < A\, < 1. Hence
P(p) :Z{P(e)\k)_P(euk)}: (Ak_ﬂk)l
k=1

for all such p € F. This shows that 7 C §. Since F is a Boolean subalgebra
of C4 it follows from Lemma 6.2 (i) that §(F) C S. We denote & = &(F),
and we will write P(e) = A(e)1 for all e € £. If p € F is given by (40), then
it is clear that
Ap) =D (= ) (41)
k=1

Note that, by definition, £ is the complete Boolean subalgebra of C4 gener-
ated by {e): 0 < X <1}

We denote by m the Lebesgue measure on [0, 1] and let (Z, m) denote the
corresponding measure algebra.
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Lemma 7.11 There exists a measure preserving Boolean isomorphism h
from I onto &.

Proof. Let R denote the subalgebra of Z generated by all (elements
corresponding to) intervals [«, f) with 0 < a < § < 1. Define the Boolean
isomorphism hy : R — F by ho ([, ) = eg — e,. It follows immediately
from (40) and (41) that A (ho(R)) = m(R) for all R € R, i.e., hy is measure
preserving. Since R is dense in Z with respect to the metric induced by m
and F is dense in £ with respect to the metric induced by A, and since hy is
an isometry for with respect to these metrics, it now follows that hg extends
uniquely to a surjective measure preserving isomorphism h:Z — £. =

We collect the above results in the following proposition.

Proposition 7.12 Let A, B and P satisfy the hypotheses stated at the be-
ginning of the present section and let the sequence {a,}, | in Ca be given.
Then there exists a complete Boolean subalgebra £ of C4 such that:

(i)- {an},2) € S(CpUE);

(ii). there ezists a strictly positive completely additive measure X : € — [0, 1]
such that P(e) = A(e)1 for alle € &;

(iii). the measure algebra (€, \) is isomorphic with the measure algebra (Z,m)
of the Lebesgue measure on [0, 1].

Remark 7.13 Observe that Cg and £ in the above proposition are indepen-
dent Boolean subalgebras (in the sense of [15], Section 28) of Ca. Indeed, if
g€ Cpande €&, then

P(qe) = qP(e) = A(e)q.
Hence, if qe = 0, then P(qe) =0 and so ¢ =0 or e = 0.

If there exists a sequence {a,},., in C4 such that C4x = & (Cs U {an}, )
then we will say that C4 is separable over Cy (or, A is separable over B).
The following result is now an immediate consequence of Proposition 7.12.

Corollary 7.14 Let A, B and P satisfy the hypotheses stated at the begin-
ning of the present section and suppose that C4 is separable over Cg. Then
there exists a complete Boolean subalgebra € of Ca such that:

(i). Co=6(CyUE);
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(ii). there ezists a strictly positive completely additive measure X : € — [0, 1]
such that P(e) = A(e)1 for all e € &;

(iii). the measure algebra (€, \) is isomorphic with the measure algebra (Z,m)
of the Lebesgue measure on [0, 1].

Hence, in the situation of the above corollary, C4 is a Boolean product of
the independent Boolean subalgebras Cg and £.

8 The structure of positive projections

In this section we assume again that A, B and P satisfy the hypotheses
stated at the beginning of Section 7. The main objective in this section is to
show that there exists a disjoint system {p,} in C4 with sup_p, = 1, such
that for each 7 there exists a complete Boolean subalgebra &, of C4 (p;) such
that:

(a)- CA (pT) = 6 (pTCB U 87') in CA (pT);

(b). there exists a strictly positive completely additive non-atomic measure
Ar & —[0,1] such that Py, (e) = A\ (e)1 for all e € &,

where Py, is the restriction of P to A (p;) as defined in Lemma 4.14. We
follow the ideas of Maharam ([10]). First we introduce some terminology.

For any subset D of C4 we denote by |D| the cardinal number corresponding
to D. The order of p € C4 over Cp is defined by

min {|D|: D C C, such that C4(p) =p& (Cs UD)}. (42)

Note that p € C4 is of order 0 over Cp if and only if Ca(p) = pCp, i.e., if
and only if p is B-full (see Definition 4.7). If there exists a cardinal m such
that every 0 < p € C4 is of order m over Cg, then C, is called homogeneous
of order m over Cp (and we will also say that A is homogeneous of order m
over B).

In the first step of the construction we will assume in addition that A
is homogeneous of order m over B for some cardinal m > 0. Under this
assumption we will show that there exists a complete non-atomic Boolean
subalgebra £ of C4 such that C4 = & (Cp UE) and £ C S, where S is given
by (28).
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Remark 8.1 If 0 < p € C4 has finite order over Cg, then there exists 0 <
q < p € Ca such that q is B-full. Indeed, let {py};_, C Ca be such that

Ca(p) =S (Co U{pk},y)- (43)

Replacing, if necessary, {px},_, by a basis for the Boolean subalgebra gen-
erated by {py},_, we may assume that {py},_, is a disjoint system with
Y v e = 1. Then it is easily verified that

S (CrU{pk}ry) = {Zpqu cqr €Cp, k=1, ,n} .

k=1

Let 1 < m < n be such that ¢ = ppy, > 0. Take a € C4(q) C Ca(p). It follows
from (43) that there exist ¢ € Cp (k=1,...,n) such that a =p> ;| Prq-
Since a < q < ppm, this implies that a = ppmgm = q@m € qCg, which shows
that Ca(q) C qCp. Hence q is B-full. From this observation it follows that,
if A is nowhere full with respect to B, then every 0 < p € C4 has order at
least Vg over Cp.

By the above remark, we may assume that A is homogeneous of order
m over B for some cardinal m > Ny. In case that m = ¥j, the desired
result has already been obtained in Corollary 7.14. Therefore in the proof of
Proposition 8.3 below we may assume that m > Ny. But first we prove the
following lemma.

Lemma 8.2 Let Ry be a complete Boolean subalgebra of C4 such that Ry C
S. Suppose that C4 is nowhere full with respect to S (Cp URy) and let a € Cy
be given. Then there exists a complete Boolean subalgebra Ry of Ca such that:

(Z) Ro C Ry and a € 6 (CB URl);
(ii). Ry €S and Ry is non-atomic;

(iii). R1 is separable over Ry, i.e.,there exists a sequence {e,}" | C Ry such

that R1 = & (Ro U {en}22,).

Proof. Considering the restriction of P to A,, we may assume without
loss of generality that A = A,, i.e., we may assume that the unit element 1
is a strong order unit in A. Now let

C=A(6(CsURy)),

as defined in Section 2. It follows from Proposition 2.6 (and the remarks made
at the beginning of Section 4) that C' is complete f-subalgebra of A. Hence,
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by Proposition 4.2 there exists a strictly positive order continuous projection
@ : A — Aonto C such that P = P o (). Now we apply Proposition 7.12
to A, C, @@ and the constant sequence a,, = a for all n. Consequently there
exists a complete Boolean subalgebra £ of C4 such that a € & (Cc U E), and
there exists a strictly positive completely additive measure A : £ — [0, 1] such
that Q(e) = A(e)l for all e € £, and (&, \) is isomorphic with the measure
algebra (Z,m) of the Lebesgue measure on [0, 1].

Defining Ry = & (Ry U E), it is clear the Ry satisfies (iii), as (Z,m) is a
separable measure algebra. Furthermore,

SG(CcUE)=6(G(CEURY)UE)=6(CpURNUE)=6(CsURY),

so R, satisfies (i) as well. For the proof of (ii) we denote by Ag : Ry — [0, 1]
the measure defined by P(q) = Ao(¢)1 for all ¢ € Ry. Let F be the Boolean
subalgebra of C4 generated by Ry U E. Every p € F is of the form

p=\/ aex (44)
k=1

with g, € Ro, e, € €, k = 1,...,n and n € N. It is easy to see that we
can take the elements g, in (44) mutually disjoint, so p = _;_, gze),. Hence,
using Lemma 4.1 and that P = P o (), we find

P(p) =P (Zn:Q(lek)) =P (Zn:QkQ(ek))
=P (i:%@(%)) =r (i:)‘(ek)@c) (45)

= Aew) Pgr) = Y Aler) Ao () 1.
k=1 k=1
This shows that for every p € F we have P(p) = a1l for some « € [0,1] and
so F C §. Since F is a Boolean subalgebra of C4, it follows from Lemma
6.2 that Ry = &(F) C S. Hence, for every p € Ry we have P(p) = A\ (p)1
for some \;(p) € [0, 1] and this defines a strictly positive completely additive
measure A\; : Ry — [0,1]. Finally, using that A is non-atomic on &, it
follows easily from (45) that for every p € F there exist p;, po € F such that
pr+p2=p,p1 Ape=0and A\ (p1) = A\ (p2) = %)\1 (p). This implies that A
is a non-atomic measure and hence, R; is a non-atomic Boolean subalgebra
of C4. By this the proof of the lemma is complete. m

Now we are in a position to prove one of the main results of the present
section.
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Proposition 8.3 Assume that A, B and P satisfy the hypotheses stated at
the beginning of Section 7. Furthermore we assume that A is homogeneous
over B of order m for some cardinal m > 0. Then there exists a complete
Boolean subalgebra £ C C4 such that:

(i). Ca=6(CpUE);

(ii). there exists a strictly positive completely additive non-atomic measure

A€ = [0,1] such that P(e) = A(e)1 for all e € £.

Proof. As observed after Remark 8.1, we may assume that m > R,. Let
D = {d, : @ € A} be a subset of C4 such that |A| = mand C4 = & (Cp U D).
Identifying m with the initial ordinal associated with m, we will write A =
{a:1 < a < m}. We will show that there exists a collection {&, : a € A} of
complete non-atomic Boolean subalgebras of C4 such that:

a). £ C &, whenever § < a in A;

(
(b). {ds:BEAB<a}CS(CrUE) forall a € A;

(c). €, C S for all @ € A (where S is defined by (28));

).
).
).
(d). for each @ € A there exists a subset G, C &, such that &, = & (G,)
and |G,| < max {|a|,Ng}.

We proceed by induction. If @ = 1, then we apply Lemma 8.2 to
Ro = {0,1} and a = d;. It is clear that & = R, satisfies (b), (¢) and
(d) above. Now assume that o € A is such that {€s: € A 3 < a} have
been constructed with the above properties. By (a) and (c), Uz, €5 is a
Boolean subalgebra of C4 that is contained in §. Defining

Ra:6<U85>,

f<a

we know from Lemma 6.2 that R, € S. We claim that C4 is nowhere full
with respect to & (Cp UR,). Indeed, defining D, = Up<a Gps: it is clear that
Ro =6 (D,) and hence & (Cp UR,) = & (Cp UD,). By assumption |Gs| <
max {|(|, Ny} for all # < a, and so |D,| < |a|max {|a|, Ry} = max {|a|, Ny }.
Since m > Wy, it follows in particular that |D,| < m. If 0 < p € C4, then by
hypothesis p is of order m over Cp. Hence, Ca(p) # pS (Cp UD,) and this
shows that p is not full with respect to & (Cp U R4 ), which proves our claim.

Lemma 8.2, applied to R, and d,, implies that there exists a complete
non-atomic Boolean subalgebra &, of C4 such that R, C £, C § and d,, €

62



S (CpUE,). Moreover, there exists a sequence {e,} -, C &, such that
Ea =6 (RaU{en},2,). It is clear that &, satisfies (a), (b) and (c). Define
Go = Dy U{e, ), . Since |D,| < max {|a|, Ry}, it is obviously that |G,| <
max {|a|, R }. Furthermore,

Ea =6 (RoU{en},")) =6 (& (Do) U{ent, )

n=1

=6 (DU {entor,) =6 (Ga),

which shows that (d) is satisfied as well. The construction of the collection
{€s 1 a € A} is complete.
Defining

F=J¢&,

achA

it follows from (a) that F is a Boolean subalgebra of C4 and by (c) we have
F C S. Lemma 6.2 implies that £ = & (F) C S. Hence, for every e € £ there
exists A(e) € [0, 1] such that P(e) = A(e)1, and by Lemma 6.2, X : £ — [0, 1]
is a completely additive strictly positive measure. Since A is non-atomic on
F, a similar argument as used in the proof of Lemma 8.2 shows that A is
non-atomic on & as well. Finally, it follows from (b) that D C & (Cp U F),
SO

CAa=6(CpUD)CS(CgUF)=6(CpUE),

which shows that C4 = & (Cp U £) and the proof is complete. m
Now we will drop the assumption that A is homogeneous over B. In the
proof of the next lemma the following simple observation will be used.

Lemma 8.4 Let 0 < py € Ca be fized. If p € Ca(po), then the order of p
over Cg is equal to the order of p over poCp in Ca(po). In particular, given
any cardinal m, the following two statements are equivalent:

(1). every 0 < p € Ca(po) has order m over Cp;

(17). Ca(po) is homogeneous of order m over pyCg.

Proof. For a non-empty subset Ho of C4(py) we will denote by Sy (Ho)
the complete Boolean subalgebra of C4(py) generated by Hy. It is readily
verified that

P& (H) = 6o (pOH) . (46)
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for any non-empty subset % C C4. Given p € C4(po), let m be the order of p
over Cp and let my denote the order of p over poCp in Ca(pg). Take D C Cy
such that |D| = m and C4(p) = p& (Cp U D). Using (46) it follows that

Ca(p) = ppo® (Cp U D) = p&; (poCp U pyD),

which shows that my < |[pyD| < m. Now take Dy C Cu(py) such that
|Dy| = mp and C4(p) = pSo (poCp U Dy). Using (46) once more, we find that

Ca(p) = pSo (poCp U Dy) = ppoS (Cp UDy) = p& (Cp UDy),

and so m < |Dy| = my. We may conclude that m = mg and this suffices to
prove the lemma. m

Lemma 8.5 Assume that A, B and P satisfy the hypotheses stated at the
beginning of Section 7. Then there exists a disjoint system {p,} in C4 such
that:

(i). each A(p;) is homogeneous of order m, > 0 over By, (equivalently,
Ca(pr) is homogeneous of order m, > 0 over p,Cg);

(ii). 3. pr = 1.

Proof. By Zorn’s Lemma there exists a maximal disjoint system {p;}
with property (i). We will show that > _p. =1. Put pp =1—)__p, and
suppose that pg > 0. Define

mo = min{m: 30 < e < py, e is of order m over Cp}.

Since C 4 is nowhere full with respect to Cg, it follows that my > 0 and actually
my > Ny, by Remark 8.1. Take 0 < ¢y < pg such that eq is of order my over
Cp, and let D C C4 be such that |D| = my and Ca(ey) = ¢S (Cp UD). If
0 < e € Calep), then

Cale) =eCalep) =eS (CpUD),

so the order of e over Cp is less or equal to my. By the definition of my it is
clear that e is of order my over Cg. This shows that every 0 < e € C4(ep) has
order my over Cp. It follows from Lemma 8.4 that Ca(ep) is homogeneous
of order my over eyCp. Since ey is disjoint to {p,}, this contradicts the
maximality of the system {p,}. Consequently py = 0, by which the lemma
is proved. m

The following proposition is the main result in the present section.
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Proposition 8.6 Assume that A, B and P satisfy the hypotheses stated at
the beginning of Section 7. Then there exists a disjoint system {p,} in Ca with

sup, pr = 1, such that for each T there exists a complete Boolean subalgebra
E: of Ca (p-) such that:

(CI,). CA (pT) =6 (pTCB U g’r) n CA (pr);'

(b). there exists a strictly positive completely additive non-atomic measure
Ar &€ — [0,1] such that Py, (e) = A\ (e)p, for all e € ;.

Proof. Let the disjoint system {p,} be as in Lemma 8.5. For each 7 we
can now apply Proposition 8.3 to A(p,), By, and Py, , which immediately
yields the result of the proposition. m

9 Representations of positive projections:
special case

In this section we will obtain a special case of the representation of positive
projections, which will be one of the essential building blocks for the general
case, treated in the next section. Before we start, recall some of the notation
introduced in Section 3. Given two measurable spaces (X,Y) and (Y, A) we
denote 2 = X xY and F = ¥ ® A. As before, we denote by M (Q, F) the
f-algebra of all real-valued F-measurable functions on Q and M, (22, F) is
the f-subalgebra of all bounded functions in M (2, F). Recall furthermore
that M (X, X) is identified with an f-subalgebra of M (€2, F).

Now we assume in addition that u is a probability measure on (Y, A) and
we define the linear operator Ry, : M, (2, F) — M, (Q, F) by

Ryf (2,y) = /Y f (2, 2) dpe (2) (47)

for all (z,y) € Q and all f € M, (Q, F), which is a positive o-order contin-
uous projection onto M, (X, ). Furthermore suppose that B is a Dedekind
complete f-algebra in which the unit element 1 is a strong order unit and
that (X, X) is a representation space for B with corresponding representation

homomorphism ®p : M, (X,¥) — B. Define
St My (Q, F) 2 My (X, %) 25 B,

ie., S = ®po R,, where Ry is the projection given by (47). Clearly, S is a
linear o-order continuous positive operator onto B. Denote by Ng the null
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ideal of S, i.e.,
Ns ={f € My (Q, F) : S|f| =0},

which is a o-ideal as well as an algebra ideal in M, (2, F). Let E be the
corresponding quotient space,

E =M, (Q,F),/Ng

and let @ : M, (2, F) — E be the quotient f-algebra homomorphism. Then
E' is Dedekind o-complete and () is o-order continuous. The unit element in

E will be denoted by 1g, which is also a strong order unit in £. Furthermore
we define the f-subalgebra F' of E by

F=Q[M,(X,Y)].
Since Ng C Ker (S) we can define the linear mapping
S:E—B (48)

by S(Qf) = Sf for all f € M, (Q2,F). In the next lemma we collect some
properties of the operator S.

Lemma 9.1 The operator S in (48) has the following properties.

(i). S is a strictly positive, o-order continuous and surjective linear opera-
tor.

(it). The restriction Sip : F' — B is an f-algebra isomorphism onto B.

Proof. The proof of (i) is easy and therefore omitted. For the proof of

(i), we first show that S| is injective. Suppose that h € F' is such that
Sh = 0. Take g € M, (X, X) such that Qg = h. Then

Slgl = ®pRy|g| = Pp |g| = |Ppy| = [PpRsg| = |Sg| = ‘Eh‘ =0,

so g € Ng. This implies that h = Qg = 0. Next we show that §|F is surjective
with a positive inverse. If 0 < b € B, then there exists 0 < g € M, (X,Y)
such that ®3g = b. Hence, 0 < Qg € F and

5(Qg) = Sg = Py (Rpg) = Pog = b.

Now it is clear that g‘F is an f-algebra isomorphism from F' onto B. =
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Since B is Dedekind complete, it is clear that F' is Dedekind complete
as well. We claim that F'is regularly embedded in E. Indeed, suppose that
{f+} is anet in F such that f. | 0in F and let g € E be such that f, > ¢ >0
for all 7. Since E‘F is a Riesz isomorphism from F onto B, we have Sf, | 0
in B and Sf, > Sg > 0 for all 7, so Sg = 0. Hence, g = 0, as S is strictly
positive, which shows that f, | 0 in E.

Next we introduce a second f-subalgebra G of E, defined by
G =Q[M, (Y, N)],

where, as before, M, (Y, A) is identified with the f-subalgebra 1x ® M, (Y, A)
of M, (2, F). For any f € M, (Y,A) we have R,f = ([, fdu) 1o and so

sz(/yfdu>leB. (49)

In particular, f € Ng if and only if [, [f|du = 0, i.e., if and only if f €
M, (M), where 91, denotes the o-ideal in A of all g-null sets. Consequently,
G is precisely the quotient space M, (Y,A) /M, (91,), as usual denoted by
Lo (11). The integral with respect to pon G = L (@) will be denoted by ¢,,,
ie., ¢, (Qf) = fy fdu for all f € M, (Y, A), and the corresponding measure
on Cg will be denoted by fi, i.e., i (Q1y) = p (V) for all V € A. It follows in
particular that GG is Dedekind complete and order separable. Moreover, it is
now easy to see that G is regularly embedded in F.

We denote, as before, by Cg, Cr and Cq the Boolean algebras of compo-
nents of 1z in E, F' and G respectively. Since F' and G are Dedekind com-
plete and regularly embedded in F, it follows that Cr and Cq are both com-
plete Boolean subalgebras of Cg. Observing that Cp = {Q (1w) : W € F},
Cr ={Q1y):U X} and Cg = {Q (1y) : V € A} the next lemma follows
immediately.

Lemma 9.2 The Boolean o-algebra generated by Cr and Cq is equal to Cg
and hence Cp = & (Cp U Cq).

Now we define the positive linear operator Pr : E — E by

_ S -1
PE:EiB(Q Fes E,

s0 Pg = (S)x) " oS,

Lemma 9.3 The operator Pg s a strictly positive o-order continuous pro-
jection in E onto the f-subalgebra F. Moreover, Pg (Qf) = Q (Ryf) for all
feM(QF).
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Proof. The first statement of the lemma follows immediately from
Lemma 9.1 and from the fact that F'is regularly embedded in E. To prove
the second statement, let f € M, (Q,F) be given. Then S (Qf) = Sf =
dp (Rbf) and S(QRbf) = S(Rbf) = &p (Rbf) Since Q(Rbf) € F, this
implies that Pz (Qf) = (Sr)” S(Qf) = Q (Ryf). m

Next we observe that, if ¢ € G and we write ¢ = Qf with f € M, (Y, A),
then it follows from the above lemma that

Peg=Q () =@ (( [ 1an) 10) = u(o) 10,

where 0 < ¢, € G is the integral on G = Lo (1t). In particular, Pg (p) =
i (p) for all p € Cq.

Now we assume that A is a Dedekind complete f-algebra in which the unit
element 1 is a strong order unit and that P : A — A is a strictly positive
order continuous projection onto the f-subalgebra B C A with 1 € B.
Furthermore, let £ C C4 be a complete Boolean subalgebra such that C4 =
S (Cp UE) and suppose that A : € — [0,1] a completely additive measure
such that P(e) = A(e)1 for all e € £. Let (Y,A) be a representation
space for A(€) with representation ® ) : M, (Y,A) = A(E). Defining
1 (V) =X (@aely) forall V € A, it is clear that p is a probability measure
on (Y,A) and that 90, = Ny, . Consequently, Ker (®4(s)) = M, (MN,) and
so ®4(¢) induces a surjective f-algebra isomorphism o : Lo, (1) — A(E)
satisfying A (a (p)) = fi(p) for all p € Cp_(u), where we denote by fi the
measure induced by p on Cr_ ().

Suppose that (X, ) is a representation space for B with corresponding
homomorphism @5 : M, (X,X) — B. Now we can apply the construction
discussed in the first part of the present section to (Y, A, u), (X, %) and B.
We will use the same notation as introduced before. Moreover, we assume
in addition that A is order separable. This implies that B is order separable
as well. By Lemma 9.1, the operator S : E — B is strictly positive and so
it follows from Lemma 2.7 that E is order separable. Since F is Dedekind
o-complete, it follows that E is actually Dedekind complete and that the
positive projection Pg : F — FE is order continuous.

Collecting the above, we are now in the following situation:

e A is a Dedekind complete order separable f-algebra in which the unit
element 1 is a strong order unit, P : A — A is an order continuous
strictly positive projection onto the f-subalgebra B C A with 1 € B;

e & is a complete Boolean subalgebra of C4 such that C4 = & (CpUE)
and there is a completely additive measure A\ : £ — [0,1] such that
P(e)=A(e)1foralle € &;
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e [ is a Dedekind complete f-algebra in which the unit element 15 is a
strong order unit, P : F — FE is an order continuous strictly positive
projection onto the f-subalgebra F' C F with 15 € F;

e (g is a complete Boolean subalgebra of Cp; such that Cp = & (Cr U Cg)
and there is a completely additive measure i : C; — [0, 1] such that
Pg (p) = i (p) 1 for all p € Cg, where G = L, (p);

e a: G — A(€) is a surjective f-algebra isomorphism with « (1x) =1
such that A (a(g)) = fi(g) forallp € Cg and 3 = Sjp: FF = Bis a
surjective f-algebra isomorphism with §(1g) = 1.

Consequently, we are in a position to apply Proposition 6.4. Hence, there
exists a unique surjective f-algebra isomorphism ¥ : EF — A such that
Vig=a Vp= §|F and W o Pp = P o W. Recalling that E is the quo-
tient space M, (2, F) /Ng with corresponding o-order continuous quotient
homomorphism @ : M, (2, F) — E, we define

Dy Mb(Q,f) — A

by ®4 = Vo ). Then &, is a o-order continuous f-algebra homomorphism
from M, (2, F) onto A with ®,4 (1g) = 1. Therefore, (€2, F) is a representa-
tion space for A with representation homomorphism ®4. In the next lemma
we collect some properties of this representation ® 4. Recall that we identify
M, (X,Y) and M, (Y, A) with f-subalgebras of M, (2, F).

Lemma 9.4 In the above situation the following hold:
(1). the representation ® 4 is compatible with ®p, i.e., ((I)A)\M,,(X,z) = dp;
(’L’LZ) PO (I)A == (I)A ORb.

Proof. If f € M, (X,X), then Qf € F and so @4 (f) = ¥ (Qf) =
S(Qf) = Sf = @ (Ryf) = Ryf, which proves (i). Since V¢ = a,
Q[M,(Y,A)] = G and o (G) = A(€) it is clear that (ii) holds. For the
proof of (iii), recall from Lemma 9.3 that Pr o @) = @ o Ry, which implies
that

PO(I)A:PO\IIOQ:\IJOPEOQ:\IJOQOR:(I)AOR[),

and we are done. m
A combination of the above results with Proposition 8.3 immediately
yields the following theorem.
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Theorem 9.5 Let A be a Dedekind complete order separable f-algebra in
which the unit element 1 is a strong order unit and let P : A — A be a
strictly positive order continuous projection onto the f-subalgebra B C A
with 1 € B. Suppose that A is homogeneous over B and nowhere B-full. Let
(X,X) be a representation space for B with representation homomorphism
Oy : My (X,X) — B. Then there exists a non-atomic probability space
(Y, A, i) such that (X x Y, X ® A) is a pure representation space for P and
A with representation ®4 : M, (X X Y, X ® A) — A, which is compatible with
(I)B-

10 Representations of positive projections:
general case

We start this section with an extension of Theorem 9.5.

Proposition 10.1 Let A be a Dedekind complete order separable f-algebra
in which the unit element 1 is a strong order unit and let P : A — A be
a strictly positive order continuous projection onto the f-subalgebra B C A
with 1 € B. We assume furthermore that A is nowhere B-full. Let ®p :
M, (X,X) — B be a representation of B.

Then there exists a non-atomic o-finite measure space (Y, X, 1) such that
(X XY, X ®A) is a representation space for P and A such that the corre-
sponding representation ® 4 : M, (X X Y, X ® A) — A is compatible with ®p.

Proof. Applying Proposition 8.6, let {p.} be a disjoint system in C,
with the stated properties. Since A is order separable, {p,} is at most count-
able and we will denote this system by {p, : n=1,2,...} with correspond-
ing Boolean algebras {&,,} and measures {\,}. Now we apply Theorem 9.5
to the restrictions Py,, : A (p,) — A(p,) and the induced representations
Qv - My (X,X) — Bjp,. Consequently, for each n there exists a non-atomic
o-finite measure space (Y;,, Ay, i1,) such that (X x Y,,, ¥ ® A,,) is a represen-
tation space for Py, and A (p,), such that the corresponding representation
D, : My(X xY,,X®A,) - A(p,) is compatible with ®}'. Finally, an
application of Lemma 4.15 finishes the proof. m

A combination of Proposition 4.12, Lemma 4.15, Example 4.16 and Propo-
sition 10.1 yields the following theorem.

Theorem 10.2 Let A be a Dedekind complete order separable f-algebra in
which the unit element 1 is a strong order unit and let P : A — A be a
strictly positive order continuous projection onto the f-subalgebra B C A
with 1 € B. Let &g : M, (X,X) — B be a representation of B.
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Then there ezists a o-finite measure space (Y, %, i) such that (X X Y, ¥ ® A)
is a representation space for P and A, where the corresponding representation
Dy My, (X xY,X®A) = A is compatible with $p.

As already observed at the end of Section3, the next result is now an
immediate consequence of Lemma 3.9.

Theorem 10.3 Let L be a Dedekind complete order separable Riesz space
with weak order unit 0 < w € L and let P : L — L be a strictly positive order
continuous projection onto the Riesz subspace K C L with w € K. Suppose
that (X, X) is a representation space for K with corresponding representation
K- K.

Then there ezists a o-finite measure space (Y, A, i) such that (X XY, ¥ ® A)
is a representation space for P and L, where the corresponding representation
®; : L — A is compatible with @y .

Proof. Equip L, with the f-algebra structure for which w is the unit
element. Then K, is an f-subalgebra of L,, and so we may apply the above
theorem to the restriction P, = P, : L, — L,. We only need to refer to
Lemma 3.9 to finish the proof. m

Next we will consider the extension of the above result to the situation
in which L is locally order separable. Moreover, we will drop the assumption
that L has a weak order unit.

Theorem 10.4 Let L be a Dedekind complete locally order separable Riesz
space and suppose that P : L — L s a strictly positive order continuous
projection onto the Riesz subspace K C L with K¢ = {0}. Then there exists
a disjoint system {Q.} of band projections in L such that \/_Q,; =1 and

(i). PQ, = Q,P for all 7;

(ii). defining L, = Ran(Q,) and P, = Py, : L; — L., there exists a
representation space (X, X Y, ¥, ® A;) for P, and L.

Proof. For 0 < u € L we will denote by L (u) the band generated by u
and if 0 < w € K, then K (u) will denote the band generated by u in K. As
observed in Lemma 3.6, K is a complete Riesz subspace of L and this implies
that K (u) = L (u) N K for all 0 < u € K. We claim that K is locally order
separable. Indeed, take 0 < u € K and equip the principal ideal L, with the
f-algebra structure for which u is the unit element. Then L, is locally order
separable and K, is a complete f-subalgebra of L, so our claim follows from
Lemma 4.6.
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Let {w,} be a maximal disjoint system in K consisting of order separable
elements, so K (w,) is order separable for all 7. Since K is a complete Riesz
subspace of L and K¢ = {0} it follows that {w, } be a maximal disjoint system
in L as well. Denoting by @, the band projection in L onto L (w,), we have
sup, Q- = I. Next we will show that QP = PQ); for all 7. To this end take
0 < fe L(w;). Then f = sup, f A nw,, so Pf = sup,, P (f Anw,) and
this shows that Pf € L (w,). Hence, P leaves L (w,) invariant. Using that
sup, @), = I and that P is order continuous, it follows easily that P leaves
L (w,)" invariant as well. Consequently, Q,P = PQ,. Let P, : L(w,) —
L (w;) be the restriction of P. Then P; is a strictly positive order continuous
projection in L (w,) onto K (w,). By Lemma 2.7, L (w,) is order separable.
Application of Theorem 10.3 to P, finishes the proof. m
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