GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R^{3+1}

MARKUS KEEL

August 14, 1996

Abstract. We prove global existence for both smooth and finite energy solutions of the Yang-Mills-Higgs equations with a critical-power Higgs selfinteraction in R3+1. The phrase “critical-power” denotes here a Higgs selfinteraction behaving as |ϕ|6 for large ϕ.

Contents 1. Introduction 2 2. A Model Problem: The Critical Power Semilinear Wave Equation 6 3. Energy Nonconcentration 14 3.1. Basic Energy Estimates 3.2. Nonconcentration of the Higgs Field 4. Small time existence 22 4.1. Temporal gauge local existence 4.2. Coulomb gauge local existence 5. Global in time existence 31 5.1. Global smooth solutions 5.2. Finite Energy Solutions 6. Bootstrapping the Dynamic Variables A_i and ϕ 41 7. Estimates for A_0 in a local Coulomb gauge 47 7.1. The integral-differential equations 7.2. Estimates for A_0 8. Appendix: Lemmas for the Neumann Green’s Function 64 References 67

Supported in part by an ONR Graduate Fellowship.

1

1. Introduction

This paper extends the global existence results of [4], [15] on the Yang-Mills- Higgs equations to include a wider class of Higgs self-interactions. Before stating these results, we set notation.

Let G denote a compact, semisimple Lie group and g its Lie algebra. G and g can be represented as matrices. We denote the positive definite inner product (Killing form) on g by < ·, · >. This inner product is compatible with commutators in that for all A, B, C ∈ g, < [A, B], C > = < A, [B, C] > . (1.1)

Here [A, B] = AB − BA is the usual commutator of matrices. In the case of matrix groups, the inner product can be written as a suitably normalized trace.

For example, set G = SO(n), the group of orthogonal matrices of determinant one (respectively G = SU(n) the group of unitary matrices of determinant one). Then g = so(n), the algebra of skew symmetric matrices (resp. g = su(n) the algebra of trace-free skew hermetian matrices) with Killing form < X, Y > = −Tr ( X · Y^T ) (resp. < X, Y > = −Tr ( X · Y^* )) . Here Tr denotes the usual trace of matrices.

The variables for the Yang-Mills-Higgs field theory are a g-valued one form

A_α : R^{3+1} → g

and a scalar field^1

ϕ : R3+1 → g.

The one form A_α is called the gauge potential. The space R^{3+1} is the four dimensional Euclidean space equipped with the flat Minkowski metric

g_{αβ} = diag(−1, 1, 1, 1).

We follow the convention that Greek indices take values in {0, 1, 2, 3} while Latin indices are valued in {1, 2, 3}. Repeated indices are summed. The x^0 coordinate is also labelled t and is thought of as representing time.

Indices are raised and lowered using the metric g_{αβ} and its inverse g^{αβ}. For example, A^α ≡ g^{αβ}A_β . We’ll denote derivatives by^∂_{∂xα} ≡ ∂_α. The symbol ∂ represents a space-time derivative, ∂_0 or ∂_i.

Suppose given a g-valued function ψ on R^{3+1}. The covariant derivative operator associated to A is defined by D^{(A)}_α ψ ≡ ∂_αψ + [A_α, ψ]. One easily checks that (1.1) implies the following compatibility between the covariant derivative and the Killing form, ∂_α < X, Y > = < D_αX, Y > + < X, D_αY > . (1.2)

1Also called the Higgs field

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+13

Associated to a gauge potential A one has a two form F_{αβ} called the curvature of A which measures the commutator of covariant derivatives in the following sense, D_αD_βψ − D_βD_αψ = [F_{αβ}, ψ]. A straightforward calculation gives the following formula for the components of the curvature:

F_{αβ} = ∂_αA_β − ∂_β A_α + [A_α, A_β].

(1.3) Using (1.3), one easily proves the Bianchi identity, D_αF_{βγ} + D_β F_{γα} + D_γ F_{αβ} = 0.

(1.4)

Recall that O ∈ G acts on g via the adjoint action, which in the case of matrices is simply the mapping X → OXO^{−1} for all X ∈ g. Using this, one defines the following gauge transformations induced by a G-valued function O(t,x), A_α −→ A^{(O)}_α = OA_αO^{−1} + O∂_αO^{−1}

(1.5) ϕ −→ ϕ^{(O)} = OϕO^{−1}. (1.6) A simple computation shows that the curvatures transform according to F^{(A(O))} = OF^{(A)}O^{−1} D^{(A(O))}ϕ^{(O)} = OD^{(A)}(ϕ)O^{−1}.

Recall that the adjoint action is unitary on g. That is, if ψ_1, ψ_2 are two g-valued functions, then

< ψ_1, ψ_2 > = < Oψ_1O^{−1}, Oψ_2O^{−1} > = < ψ^{(O)}_1 , ψ^{(O)}_2 > .

(1.7) For example, the quantity |ϕ|^2 ≡< ϕ, ϕ > is invariant under gauge transformations.

We come finally to the equations: the Yang-Mills-Higgs equations arise as the Euler-Lagrange equations of the Lagrangian L = − 1 4 < F_{μν} , F^{μν} > − 1 2 < D_μϕ, D^μϕ > −V (ϕ) (1.8) where F is the curvature associated to the potential A and V is a positive gaugeinvariant function called the Higgs self-interaction. We assume that V behaves like |ϕ|^6 at infinity, in the sense that |V (ϕ)| = O(|ϕ|^6), |V^′(ϕ)| = O(|ϕ|^5). To simplify the exposition we will assume in fact that V is the pure power self-interaction

V (ϕ) = |ϕ|^6 6 . (1.9) For various reasons (see below), we call this the critical power Higgs self-interaction.

The Yang-Mills-Higgs equations arise from (1.8) via the variational principle. Using (1.1) and (1.2) one easily finds, D_μF^{νμ} = −[ϕ, D^νϕ] (1.10) D_μD^μϕ = V^′(ϕ) = |ϕ|^4 ϕ.

(1.11) In light of the gauge-invariance of (1.8), solutions of (1.10) - (1.11) are defined only up to gauge transformations.

Definition 1.1. A classical solution to the Yang-Mills-Higgs equations is an equivalence class^2 ^(A, ϕ) of smooth g-valued pairs (A, ϕ) such that F^{(A)}, ϕ satisfy (1.10) - (1.11).

Definition 1.2. A generalized solution to the Yang-Mills-Higgs equations is an equivalence class ^(A, ϕ) which contains a representative^3 pair (A, ϕ) for which F^{(A)}, ϕ satisfy (1.10) - (1.11) in the sense of distributions.

One can fix an equivalence class representative by appending an additional equation to the system (1.10) - (1.11). This process is called fixing the gauge, and the additional equation is called a gauge condition. We will at various points in this paper consider two gauge conditions: ∂^iA_i = 0 and A_0 = 0. These denote the Coulomb gauge and Temporal gauge, respectively.

As in all Lagrangian field theories, the conservation laws are encoded in the energy-momentum tensor which is defined in terms of the Lagrangian by T_{αβ} = − ( ∂L ∂g^{αβ} − 1 2 g_{αβ}L ) . For Yang-Mills-Higgs, this is T_{αβ} = 1 4 ( < F_{αμ}, F^μ_β > + < ∗F_{αμ}, ∗F^μ_β > ) + 1 2 < D_αϕ, D_βϕ > (1.12) − 1 4 g_{αβ} < D_μϕ, D^μϕ > − 1 2 g_{αβ}V (ϕ) where ∗F_{αμ} = 1 2 ϵ_{αμβγ} F^{βγ} . Here, ϵ_{αμβγ} is completely antisymmetric with ϵ_{0123} = 1. Using Noether’s theorem, one obtains conservation laws by contracting (1.12) with the vector fields generating the conformal group of Minkowski space-time. This is explained in greater detail in Section 3. For example, contracting with the vectorfield T_0 = ∂_t gives that the following energy

(E(t))^2 = ∫R3^{|E(t, ·)|2 + |H(t, ·)|2 + |Dϕ|2 + V (ϕ)dx} (1.13)

is constant in time. Here E_i = F_{0i} and H_i = ∗F_{0i} =^1_2 ϵ_{ijk}F^{jk} represent the electric and magnetic components of the curvature.

One way to parametrize the solutions of (1.10)-(1.11) is to assign data (Ā_i, Ē_i, ϕ̄, D_0ϕ) on the hypersurface t = 0 in R^{3+1} and consider the evolution of this data under the Yang-Mills-Higgs equations. The statement

(Ā, Ē, ϕ̄, D_0ϕ) ∈ H^s(R^3)

2 Where two pairs are equivalent if they are related by a gauge transformation. 3In our work, this representative will be chosen in the temporal gauge.

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+15

means Ā, ϕ̄ ∈ H^s(R^3); Ē, D_0ϕ ∈ H^{s−1}(R^3). An initial data set must satisfy the compatibility condition

∂^iĒ_i + [Ā^i, Ē_i] = −[ϕ, D_0ϕ]

(1.14)

The following notation is used to describe various sets in R^{3+1}: Denote the light cone with vertex (t_0, x_0) ∈ R^{3+1} by /\_{(t0,x0)} = { (t, x) | |0 ≤ t ≤ t_0; |x − x_0| = t_0 − t} . The restriction of this set to some smaller time interval [t_1, t_2] will be written / \_{t2} t1 . Filling in these sets, we write

▲^{(t0,x0)} = { (t, x) | |t ≤ t_0; |x − x_0| ≤ t_0 − t} ▲▼▲▼▲ ▲▼▲▼▲▼▲^{t2}_{t1} = { (t, x) | |t_1 ≤ t ≤ t_2; |x − x_0| ≤ t_0 − t} . Finally, write h_t and z_t for the time = t slices of /\ and ▲▼▲▼▲▲▼▲▼▲▼▲ , respectively. Hence h_t is a sphere, while z_t is a solid ball in R^3.

The main results of this paper are contained in the following two theorems.

Theorem 1.1 (Global Smooth Solutions). Consider Yang-Mills-Higgs with a critical power Higgs self-interaction. Then any finite energy H^sloc initial data set (s ≥ 2) admits a unique, global solution in the temporal gauge.^4

A, ϕ ∈ C([0, ∞); H^sloc(R^3)) ∩ C^1[0, ∞); H^{s−1}loc (R^3))

Theorem 1.2 (Global Energy Class Solution). Consider Yang-Mills-Higgs with a critical power Higgs self-interaction. Any finite energy data set has a unique, global energy class development in the temporal gauge^5

A, ϕ ∈ C([0, ∞); H^1loc(R^3)) ∩ C^1([0, ∞); L^2loc(R^3))

(1.15)

Remark that uniqueness here holds in the class^6 of all such functions which can be approximated, in the norm evident in (1.15), by smooth solutions.

In section two, we briefly recall what a critical power involves in the simpler case of the nonlinear wave equation □ ϕ − |ϕ|^{p−1} ϕ = 0 (t, x) ∈ R^{1+3} (1.16)

which highlights the difference between subcritical (when p < 5), and critical (p = 5) problems. Roughly speaking, the classification is based on how the energy transforms under the natural scaling^7 of (1.16). For the critical power problem, two basic

4 The proof will also show that data in Hs(R3) implies evolution in Hs(R3). That is, one can

remove the “loc” from the statements assumption and conclusion.

5 The proof will show in addition the existence of an H1 solution for H1 data. 6 This is called the class of admissible solutions.

7If ϕ solves (1.16), then so does ϕ̃(t, x) = λ−^{2p−1} ϕ(^t_λ ,^x_λ ). For subcritical problems, the initial energy scales to zero as λ ↗ ∞. For critical powers, energy is scale invariant.

ideas make for a simple proof of regularity [10]. First, there is nonconcentration of energy shown by Struwe [28]. To take advantage of this, Grillakis [10] noticed that certain space-time estimates can be employed. In Section two, we prove a simple extension of the nonconcentration result and a simplification in R^{3+1} of the argument using space-time estimates^8

Section three proves the key energy nonconcentration result for the Higgs field in (1.10)-(1.11).

Section four proves Temporal and Coulomb gauge local existence theorems for (1.10)-(1.11).

Section five provides the proofs of Theorems 1.1 and 1.2 modulo some basic estimates which are found in sections six and seven. Section seven also includes an important derivation of an integral-differential system of equations giving Coulomb gauge solutions of (1.10)-(1.11).

The breakthrough paper of Eardley and Moncrief [4] proves Theorem 1.1 for subcritical Higgs nonlinearities. The main step in their work uses the fundamental solution for the wave equation and a judicious change of gauge to obtain the following pointwise bound,

‖ϕ‖_{L∞([0,T ]×}R3_) + ‖F ‖_{L∞([0,T ]×}R3_) ≤ C.

This argument’s dependence on L^∞ bounds makes it very difficult to extend to the case of a critical Higgs self-interaction for the simple fact that the L^∞-based argument of Grillakis in [9] is quite a bit more involved than his local approach in [10]. In addition, the argument in [4] doesn’t apply to relatively rough initial data. (Theorem 1.2).

The motivation for our results comes rather from the recent work of Klainerman and Machedon ([15],[14]) establishing global energy-class solutions to the Yang- Mills equations. Their techniques are basic to the proofs of both our theorems, as they allow us to localize the analysis and take advantage of energy nonconcentration in the Higgs field.

2. A Model Problem: The Critical Power Semilinear Wave Equation

The bootstrap argument given in Section 6 for the Higgs field ϕ is complicated by the presence of the gauge potential and a scaling factor. Nevertheless, there are two very simple new ideas which make the argument possible. In Lemmas 2.3 and 2.4 of this section, we’ll encounter these ideas in the uncluttered context of the critical power scalar wave equation.^9

The critical power wave equation in R^{3+1} is □ϕ = |ϕ|^4 ϕ. (2.1)

Global existence was shown for small energy data by Rauch [22], for spherically symmetric data by Struwe [28], and for general data by Grilllakis [9]. In [10], Grillakis simplifies his earlier argument by using two ideas. First, he generalizes the following local nonconcentration result of Struwe.

8This simpler approach is found also in [24].

9For a careful exposition of Jörgen’s regularity argument for subcritical powers, see [22].

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+17

Theorem 2.1 (Struwe). Given a solution of (2.1) with

ϕ(t, x) ∈ C([0, T^∗) ; H^2

(R3^)) ∩ C1([0, T ∗) ; H1(R3))

and a point p = (T^∗, x_p).

Then for all ϵ > 0, there exists δ_1 such that for t ∈ [T^∗ − δ_1, T^∗), ∫ z_t^{|ϕ|6 dx < ϵ} Here z_t is the time = t slice of ▲^p. See figure ( 2.1).)

Figure 2.1. Decay inside a cone

In [10], it’s shown that ‖ϕ‖_L6 actually decays on constant time slices under a space-like hypersurface, see Figure 2.2.

Along with this decay, Grillakis uses a space-time estimate for the linear wave equation which follows quickly from the work of Marshall [18] and which belongs to a family of results known as “Strichartz estimates” (See [27]).

Theorem 2.2 (Grillakis).^{10} The solution of □ϕ = F ϕ(0, ·) = ϕ_0(·) ∂_tϕ(0, ·) = ϕ_1(·)

10This is the 3 + 1 dimensional case of a more general result in [10].

Figure 2.2. Decay under space-like hypersurface

enjoys the following estimate: (∫_T 0 ‖ϕ(s, ·)‖^r_Lq_( z_{s)} dt ) 1_r ≤ C(ϵ) ( ‖ϕ_0‖_H1_( z_{0 )} + ‖ϕ_1‖_L2_( z_{0 )} + ∫_T 0 ‖ ‖ϕ^5 ‖ ‖_{L2(} z_{s)} ds )

where q(ϵ) = 6 ϵ r(ϵ) = 2 1 − ϵ ϵ ∈ (0, 1]

and C(ϵ) stays bounded as long as ϵ > 0.

We will handle the critical power Higgs nonlinearity in Section 6 using Grillakis’ basic approach. However, two modifications are necessary.

First of all, we need to show that the L^6 norm of the Higgs field can be made small in a region which is slightly bigger than those regions provided in the results of Struwe and Grillakis.

Given a point p = (T^∗, x_p), consider the region ▲▼▲▼▲ ▲▼▲▼▲▼▲^p_{(δ1,δ2)} = {(t, x)|T^∗ − δ_1 ≤ t < T^∗; |x − x_p| ≤ T^∗ − t + δ_2} (2.2)

as in fig. (2.3). We present the decay result first in the context of the critical wave equation. The corresponding lemma for Yang-Mills-Higgs is in Section 3.

Lemma 2.3. Given

• p = (T^∗, x_p), • ϕ(t, x) solving the critical wave equation on [0, T^∗), • ϵ > 0.

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+19

Figure 2.3. The trapezoidal region of decay

there exist δ_1, δ_2 such that for t ∈ [T^∗ − δ_1, T^∗) ∫ ztrap_t^{|ϕ|6 dx < ϵ} where zt^{rap}_t is the time = t slice of ▲▼▲▼▲▲▼▲▼▲▼▲^p_{(δ1,δ2)}

Proof The proof follows easily from the local energy estimate, Theorem 2.1, and the decay of the flux.

Using Theorem 2.1 and decay of flux^{11}, choose δ_1 so that ∫ z_t^{|ϕ|6 dx ≤ ϵ}2^{t ∈ [T ∗ − δ1, T ∗)} (2.3) ∫ /\ T ∗−δ1 |∂_−ϕ|^2 + | ̸∇_iϕ|^2 + |ϕ|^6 6 dσdt ≤ ϵ 4 . (2.4)

where ∂_−, ̸∇_i span the cone at each point. (∂_− = ∂_t − ∂_r , ̸∇_i span the sphere at constant times.)

Since the total energy is finite for each time t < T^∗, one can find a δ_2 small so that ∫ Ω_T ∗_{−δ}1 1 2 |∂ϕ|^2 + |ϕ|^6 6 ≤ ϵ 4 (2.5)

where Ω_T ∗_{−δ1} is the region

Ω_T ∗_{−δ1} = {(t, x)|t = T^∗ − δ_1; δ_1 < |x − x_p| < δ_1 + δ_2}

11See Section 3.

between the spheres of radius δ_1 and δ_1 + δ_2 with centers x_p. The energy estimate yields that for all T^∗ − δ_1 ≤ t < T^∗, ∫ Ω_t |ϕ|^6 6 dx ≤ C (∫ Ω_T ∗_{−δ}1 1 2 |∂ϕ|^2 + |ϕ|^6 6 dx + ∫ / \_t |∂−ϕ|^2 + | ̸∇_iϕ|^2 + |ϕ|^6 6 dσdt )

≤ ϵ 2 by (2.4) and (2.5). Combining this with (2.3) completes the proof.

In [9], Grillakis uses (2.2) to prove the L^8 space-time norm of ϕ stays bounded beneath space-like hypersurfaces, from which he deduces higher Sobolev bounds. In fact, in R^{3+1} we can use (2.2) to directly bound the H^2 norm of ϕ on ▲▼▲▼▲▲▼▲▼▲▼▲_{(δ1,δ2 )}.

For the remainder of this section, denote by ▲▼▲▼▲▲▼▲▼▲▼▲ a truncated light cone of base radius 1 and height^1_2 . Also, define the norms |‖ϕ‖|_L6 ≡ sup_{0≤s≤ 1} 2 ‖ϕ‖_L6_( ztrap_{s )}

‖(ϕ, ∂_tϕ)‖_{Hs (} ztrap_{t )} ≡ ‖ϕ‖_{Hs(} ztrap_{t )} + ‖∂_tϕ‖_{Hs−1 (} ztrap_{t )}

where z^{trap}_t is the time = t slice of ▲▼▲▼▲▲▼▲▼▲▼▲.

We first see record sufficient conditions to control ‖(ϕ, ∂_tϕ)‖_H1_( ztrap_{t )} for all 0 ≤ t ≤^1_2 .

Lemma 2.4. Given ϕ a smooth solution of □ϕ = |ϕ|^4 ϕ on ▲▼▲▼▲▲▼▲▼▲▼▲. Assume either |‖ϕ‖|_L6 · ( ‖(ϕ, ∂_tϕ)‖_{H1 (} ztrap_{0 )}

)_3 ≤ C̃ (∗) or ‖(ϕ, ∂_tϕ)‖_{H1(} ztrap_{0 )} ≤ C̃ (∗∗) where C̃ is some universal constant. Conclude for all 0 ≤ t ≤^1_2 , ∫_t 0 ‖ ‖ϕ^5 ‖ ‖_{L2(} z_{traps )} ds ≤ C ( ‖(ϕ, ∂_tϕ)‖_H1_( ztrap_{0 )} ) (2.6) and ‖(ϕ, ∂_tϕ)‖_H1_( ztrap_{t )} ≤ C‖(ϕ, ∂_tϕ)‖_H1_( ztrap_{0 )}

(2.7)

for some universal constant C.

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+111

Proof The bound in (2.7) follows from (2.6) and the following expression of the energy inequality,

‖(ϕ, ∂_tϕ)‖_H1_( ztrap_{t )} ≤ C ( ‖(ϕ, ∂_tϕ)‖_H1_( ztrap_{0 )} + ∫_t 0 ‖ ‖ϕ^5 ‖ ‖_{L2(} z_{traps )} ds ) . It remains to prove (2.6).

Applying Theorem 2.2 with ϵ =^1_2 , X(t) ≡ ∫_t 0 ‖ ‖ϕ^5 ‖ ‖_{L2(} z_{traps )} ds (2.8) ≤ |‖ϕ‖|_L6 · ∫_t 0 ‖ϕ‖^4_L12_( ztrap_{s )} ds ≤ C |‖ϕ‖|_L6 · ( ‖(ϕ, ∂_tϕ)‖_{H1(} ztrap_{0 )} + X(t)

)_4 (2.9)

Hence at each time t ∈ [0,^1_2 ],

X(t) ≤ C |‖ϕ‖|_L6 · (‖(ϕ, ∂_tϕ)‖_{H1 (} ztrap_{0 )})^4 or X(t) ≤ C |‖ϕ‖|_L6 · X(t)^4. That is

X(t) ≤ C |‖ϕ‖|_L6 · (‖(ϕ, ∂_tϕ)‖_H1_( ztrap_{0 )})^4 or (2.10) 1 (C |‖ϕ‖|_L6 )^{13} ≤ X(t). Assumption (∗) implies C |‖ϕ‖|_L6 · (‖(ϕ, ∂_tϕ)‖_H1_( ztrap_{0 )})^4 ≤^1_{(C|‖ϕ‖|L6 ) 13} . Hence (2.10), together with the fact that X(t) is continuous with X(0) = 0, implies X(t) ≤ C ( ‖(ϕ, ∂_tϕ)‖_{H1 (} ztrap_{0 )} ) (2.11)

as desired.

If instead one assumes (∗∗), apply the energy estimate and Sobolev’s theorem to the factor |‖ϕ‖|_L6 on the right side of (2.9) to conclude

X(t) ≤ C(‖(ϕ, ∂_tϕ)‖_H1_( ztrap_{0 )} + X(t))^5.

(2.12)

Under assumption (∗∗), a simple bootstrap argument similar to (2.10) leads From (2.12) to the bound (2.11).

In order to control the H^2 norm it is enough to bound the H^1 norm of differences between two solutions ϕ, ϕ^′, where one regards ϕ^′ as a small space-translation of ϕ.

Lemma 2.5. Given two solutions ϕ, ϕ^′ to the critical power wave equation on ▲▼▲▼▲▲▼▲▼▲▼▲. (A). Assuming condition (∗) for both ϕ, ϕ^′,

(2.13) ‖((ϕ − ϕ^′), ∂_t(ϕ − ϕ^′))‖_{H1(} ztrap_{t )} ≤ K ( ‖((ϕ − ϕ^′), ∂_t(ϕ − ϕ^′))‖_H1_( ztrap_{0 )} )

for a constant K depending only on ‖(ϕ, ∂_tϕ)‖_H1_( ztrap_{0 )}, ‖(ϕ^′, ∂_tϕ^′)‖_H1_( ztrap_{0 )}.

(B). Assuming condition (∗∗) for ϕ, ϕ^′,

(2.14) ‖((ϕ − ϕ^′), ∂_t(ϕ − ϕ^′))‖_H1_( ztrap_{t )} ≤ C ( ‖((ϕ − ϕ^′), ∂_t(ϕ − ϕ^′))‖_H1_( ztrap_{0 )} ) for some universal constant C.

Proof The argument is, modulo some algebra, the same as in Lemma 2.4 above. The energy estimate applied to the equation □(ϕ − ϕ^′) = |ϕ|^4 ϕ − |ϕ^′|^4 ϕ^′ gives

‖((ϕ − ϕ^′), ∂_t(ϕ − ϕ^′))‖_H1_( ztrap_{t )} ≤ ‖((ϕ − ϕ^′), ∂_t(ϕ − ϕ^′))‖_H1_( ztrap_{t )} + ∫_t 0 ‖ ‖ ‖|ϕ|^4 ϕ(s) − |ϕ^′|^4 ϕ^′(s) ‖ ‖ ‖_{L2(} z_{traps )} ds.

Define the function H(s) ≡ |s|^4 s. |H(a) − H(b)| = | | | | ∫_1 0 d dλ H(λa + (1 − λ)b)dλ | | | | ≤ |a − b| sup_{0≤λ≤1} |H^′(λa + (1 − λ)b)| ≤ C |a − b| | | ||a|^4 + |b|^4 | | | . Hence Y (t) ≡ ∫_t 0 ‖ ‖ ‖|ϕ|^4 ϕ(s) − |ϕ^′|^4 ϕ^′(s) ‖ ‖ ‖_{L2(} z_{traps )} ds ≤ C ∫_t 0 ‖ ‖ ‖(ϕ − ϕ^′)(|ϕ|^4 + |ϕ^′|^4) ‖ ‖ ‖_{L2(} z_{traps )} ds ≤ |‖ϕ − ϕ^′‖|_L6 {∫_t 0 ‖ϕ‖^4_L12_( ztrap_{s )} ds + ∫_t 0 ‖ϕ^′‖^4_L12_( ztrap_{s )} }

= |‖ϕ − ϕ^′‖|_{L6} Q(t) where Q(t) is the quantity inside braces. Assuming either (∗) or (∗∗), Lemma 2.4 and Theorem 2.2 give Q(t) is bounded. Clearly Q(0) = 0. Choose t̃ > 0 so that Q(t̃) < ϵ for some small ϵ to be chosen shortly. By the Sobolev and energy estimates, Y (t̃) ≤ C ( ‖((ϕ − ϕ^′), ∂_t(ϕ − ϕ^′))‖_H1_( ztrap_{0 )} + Y (t̃) ) · ϵ

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+113

hence if C · ϵ <^1_2 , Y (t̃) ≤ 2Cϵ ( ‖((ϕ − ϕ^′), ∂_t(ϕ − ϕ^′))‖_H1_( ztrap_{0 )} ) . Now^{12} repeat the above argument, starting at time t = t̃, until the entire height of the truncated cone is traversed. The number of iterations is roughly^{Q(t)}_ϵ so one obtains Y (t) ≤ C(Q(t)) ( ‖((ϕ − ϕ^′), ∂_t(ϕ − ϕ^′))‖_H1_( ztrap_{0 )} )

where C(Q(t)) is a constant depending on Q(t). The argument in Lemma 2.4 shows that either (∗) or (∗∗) is sufficient to give Q(t) ≤ C ( ‖(ϕ, ∂_tϕ)‖_{H1(} ztrap_{0 )}

+‖(ϕ^′, ∂_tϕ^′)‖_H1_( ztrap_{0 )} ) . This completes the proof of (1) and (2).

Global existence for the critical power wave equation follows quickly from Lemmas 2.3, 2.4, and 2.5:

Theorem 2.6 (Grillakis [9]). Given initial data (ϕ_0, ϕ_1) ∈ H^s(R^3)×H^{s−1}(R^3), s ≥ 2, there exists a solution ϕ of (2.1) with

ϕ ∈ C([0, ∞); H^s(R^3)) ∩ C^1([0, ∞); H^{s−1}(R^3)).

Proof The classical local existence theorem gives a ϕ with ϕ(t, x) ∈ C ( [0, T^∗); H^s(R^3) ) ∩ C^1([0, T^∗); H^{s−1}(R^3))

where

T^∗ = sup { t > 0 | | ‖ϕ(t, ·)‖_{H2 (}R_{3 )} + ‖∂_tϕ(t, ·)‖_{H1(}R_{3)} < ∞ } . Assume for contradiction T^∗ < ∞. Take B ⊂ R^3 with complement B^c so that

‖ϕ_0‖_{H1 (Bc )} + ‖ϕ_1‖_{L2(Bc )} < C̃

where C̃ is the universal constant appearing in condition (∗∗). Denote the domain of influence of B by I(B), and the complement of I(B) in [0, T^∗) × R^3 by J(B). See figure 2.4.

Lemmas 2.4 and 2.5 are easily modified to give sup 0<τ<T^∗ ‖ϕ‖_H2_{(J(B)∩{t=τ})} ≤ C ‖(ϕ_0, ϕ_1)‖_H2_{(B}c_) .

Hence any singularity must occur in I(B). To reach a contradiction it suffices to show that every point p = (T^∗, x_p) in I(B) has a neighborhood on which ‖ϕ‖_H2 + ‖∂_tϕ‖_H1 is finite.

12The following reasoning is taken from [17]

Figure 2.4. We aim to show p is not a singularity

Lemma 2.3 gives a region ▲▼▲▼▲▲▼▲▼▲▼▲^p_{(δ1,δ2)} on which sup T^∗−δ1≤t<T^∗ ‖ϕ‖_{L6(} ztrap_{t )} · (‖(ϕ, ∂_tϕ)(0)‖_{H1 (}R3_))^3 ≤ C̃.

(2.15)

which implies (∗) for the truncated cone ▲▼▲▼▲▲▼▲▼▲▼▲^p_{δ1 ,δ2)}. Replace δ_2 with δ̃_2 =^{δ2}_2 . Define ϕ_ω(t, x) ≡ ϕ(t, x − ω). Then for |ω| <^{δ2}_2 , equation (2.15) holds for ϕ_ω as well. Apply Lemmas 2.4 2.5 to ϕ and ϕ^′ = ϕ_ω to conclude

‖ϕ‖_H2_( ztrap_{T ∗ )} ≤ C ‖(ϕ, ∂_tϕ)‖_{H2 (}R3_)

The higher regularity follows easily since the L^∞ norm is bounded by the H^2 norm.

Remarks The argument used in Lemma 2.4 appears also in the work of Smith and Sogge [24] on the critical problem in the presence of an obstacle. (For related work, see [23].)

For more detailed investigations of the evolution of smooth and finite energy initial data for the critical problem see [10], [30], [12],[31]; also [11],[5], [6], [28], [22] and [29].

3. Energy Nonconcentration

The previous section suggests that a global existence proof for the critical power Yang-Mills-Higgs equation might take advantage of some sort of energy nonconcentration. In section 3.2 We will apply some beautiful and rather general techniques to prove such a result for Yang-Mills-Higgs. When compared to the behavior of covariant field theories, this result is not unexpected.

Energy decay properties of wave equations have enjoyed considerable attention since at least Wilcox [33] where the solution to the wave equation in the presence of a spherical obstacle is shown to decay exponentially in time at each point. Morawetz [19], [20] proved similar decay for the energy, and in [21] we finds the identity

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+115

which drives much of the subsequent work in this area. (See also Lax-Phillips [16].) Indeed for the nonlinear wave equation (for example, see Strauss [25]) and other field theories such as wave maps (Christodoulou-Zadeh [2]), Maxwell and Yang-Mills equations (Costa-Strauss [3], Glassey-Strauss [8],[7], and Strauss [26]), there has been a lot of interesting work using the so-called Morawetz identities. The arguments in this section follows most closely the approach of Christodoulou- Klainerman [1].

As was pointed out in the previous section: in the context of the critical power wave equation, the key energy nonconcentration result first appeared in Struwe [28]. The proof of this nonconcentration in Theorem 3.3 below is a modification of a similar argument in Struwe-Shatah [30]. For more general nonconcentration results, see Grillakis [10].

3.1. Basic Energy Estimates. We first recall the basics of the energy method in the context of an arbitrary Lagrangian field theory with field ψ. Let X be an arbitrary vectorfield and P the one-form obtained by contracting the energymomentum tensor of the field ψ with X. P_α = T_{αβ}X^β Since T is symmetric and divergence-free

∂^αP_α = (∂^αT_{αβ}) X^β + T_{αβ} ( ∂^αX^β ) = 1 2 T^{αβ (X)}π_{αβ} (3.1)

where^{(X)}π_{αβ} is the deformation tensor of X (X)π_{αβ} = (L_X g)_{αβ} = ∂_αX_β + ∂_βX_α.

Here, L_X denotes the Lie derivative.

Conservation laws arise from integrating (3.1) over a region of space-time and using Stoke’s theorem. The result is,

Theorem 3.1. Let P_μ be a one-form satisfying

∂^μP_μ = F

on ▲▼▲▼▲▲▼▲▼▲▼▲^{t̃}_0. Then for all 0 ≤ t_0 ≤ t_1 ≤ t̃, ∫ z_{t1}^{⟨P, ∂t⟩ + ∫/ \}t1_{t0}^{⟨P, E−⟩ = ∫} z_{t0}^{⟨P, ∂t⟩ − ∫} ▲▼▲▼▲_{▲▼▲▼▲▼▲}t1_{t0}^{F dtdx.} (3.2)

Notation: ∫/ \_{t1} t0 ⟨P, E_−⟩ = ∫_{t1} t0 dt ∫ h_t ⟨P, E−⟩ dσt, dσt the area element on

the sphere h_t, and ⟨P, X⟩ denotes contraction of the one-form P with the vector field X. Also, E_− = ∂_t − ∂_r is the normal vectorfield to / \ . In the particular case when X is Killing, its deformation tensor π vanishes identically and (3.1) gives the differential conservation law

∂^αP_α = 0

(3.3) which implies ∫ z_{t1}^{T (∂t, X) + ∫/ \}t1_{t0}^{T (E−, X) = ∫} z_{t0}^{T (∂t, X).} (3.4)

Equation (3.4) is called the local energy equality. If we apply these arguments to space-time domains of ever wider base, and assumes that the intial data decay at infinity so that the boundary integral in (3.4) goes to zero, we get the global energy equality ∫Rn^{T (∂t, X)(t)dx = ∫}Rn^{T (∂t, X)(0)dx} (3.5)

where X is again assumed Killing. It is important to recognize that (3.3) and (3.4) remain true for X a conformal Killing vector field if we assume in addition that T is trace free. Indeed for X conformal killing,^{(X)}π_{αβ} = Ω^2g_{αβ} and hence π_{αβ}T^{αβ} = Ω^2trT = 0. When T is trace free, the field theory is called conformal. (Alternatively conformally invariant, or covariant.)

3.2. Nonconcentration of the Higgs Field. The energy-momentum tensor for the Yang-Mills-Higgs equations is T_{αβ} = 1 4 ( < F_{αμ}, F^μ_β > + < ∗F_{αμ}, ∗F^μ_β > )

+ 1 2 < D_αϕ, D_βϕ > − 1 4 g_{αβ} < D_μϕ, D^μϕ > − 1 2 g_{αβ}V (ϕ) (3.6)

This can be viewed as T_{αβ} = T^{YM}_{αβ} + T^{Higgs}_{αβ} ,

where T^{YM}_{αβ} =^1_4 ( < F_{αμ}, F^μ_β > + < ∗F_{αμ}, ∗F^μ_β > ) is the energy-momentum tensor for the Yang-Mills equations. It is important that T satisfy the positive energy condition, which states that T (X, Y ) ≥ 0 for any future directed time-like vectors X, Y . This positivity property is well known (see for example [1]), but we’ll include the proof here for completeness.

Proposition 3.2. The energy-momentum tensor for Yang-Mills satisfies the positive energy condition. If V is positive, the same conclusion holds for Yang-Mills- Higgs.

Proof For simplicity, we work in R^{3+1}. Consider two vectors X, Y , at some point

p ∈ R3+1, which are both causal13 future oriented14. The plane spanned by X, Y

intersects the null cone at p along two null directions^{15}. Let E_+, E_− be the two future directed null vectors corresponding to the two complementary null directions and normalized by the condition <E_+, E_−> = −2 13g_{αβ} X^αX^β ≤ 0, similarly for Y . 14X0, Y 0 > 0.

15If X, Y are linearly dependent any plane passing through their common direction will do.

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+117

E_+, E_− are said to form a null pair. Since the vectorfields X, Y are linear combinations with positive coefficients of E_+, E_−, the proposition will follow from showing that T (E_+, E_+) ≥ 0, T (E_−, E_−) ≥ 0 and T (E_+, E_−) ≥ 0. To show this consider a frame at p formed by the vectorfields E_{(4)} = E_+, E_{(3)} = E_− and E_{(1)}, E_{(2)} with the properties, <E_{(i)}, E_{(3)}> = <E_{(i)}, E_{(4)}> = 0 and <E_{(i)}, E_{(j)}> = δ_{ij} for all i, j = 1, 2. A frame with these properties is called a null frame.

We first show the positivity of the expression T^{Higgs}_{αβ} . It’s easy to see that

T^{Higgs}(E_+, E_+) = 1 2 |D_4ϕ|^2 T^{Higgs}(E_−, E_−) = 1 2 |D_3ϕ|^2 which are clearly non-negative. Now,

T^{Higgs}(E_+, E_−) = 1 2 (<D_4ϕ, D_3ϕ> + g^{μν} <D_μϕ, D_νϕ> + 2V (ϕ)) . In order to simplify this, note that relative to the null frame the only nonvanishing components of the metric g_{αβ} are g_{34} = −2 g_{11} = g_{22} = 1 and those of the inverse metric g^{αβ} are

g^{34} = − 1 2 g^{11} = g^{22} = 1.

Therefore, g^{μν} <D_μϕ, D_νϕ> = −<D_4ϕ, D_3ϕ> + | ̸∇ϕ|^2 where | ̸∇ϕ|^2 ≡ |D_1ϕ|^2 + |D_2ϕ|^2 .

Therefore,

T^{Higgs}(E_+, E_−) = 1 2 | ̸∇ϕ|^2 + V (ϕ). To show the positivity of the Yang-Mills energy momentum tensor, first recall ∗F as the Hodge dual of F , i.e.^∗F_{αβ} =^1_2 η_{αβμν} F^{μν} where η_{αβμν} is the volume form corresponding to the standard null frame E_{(1)}, E_{(2)}, E_{(3)}, E_{(4)} defined above^{16}. Introduce the following null decomposition of F at every point p ∈ R^{3+1}, α_A = F_{A4} , α_A = F_{A3} ρ = 1 2 F_{34} , σ = 1 2 ∗F_{34}. 16So ηαβμν = 2ϵαβμν where the symbol ϵ is completely antisymmetric in its indices.

which completely determines the tensor F . (Here the index A = 1, 2 represents components tangent to the sphere). One then calculates that for^∗F ,

∗F_{A4} = −^∗α_A ,^∗F_{A3} =^∗α_A ∗F_{34} = 2σ ,^{∗∗}F_{34} = −2ρ

where^∗α_A = ϵ_{AB}α_B . Here ϵ_{AB} is the volume form on the unit sphere, hence ϵ_{AB} =^1_2 η_{AB34}, i.e. ϵ_{11} = ϵ_{22} = 0, ϵ_{12} = −ϵ_{21} = 1. With this notation,

T^{YM}(E_{(4)}, E_{(4)}) = 1 4 2∑ A=1 (<F_{4A}, F_{4A}> + <^∗F_{4A},^∗F_{4A}>)

= 1 4 2∑ A=1 (<α_A, α_A> + <^∗α_A,^∗α_A>)

= 1 2 2∑ A=1 <α_A, α_A> = 1 2 |α|^2 ≥ 0. using the positivity of the Lie algebra’s Killing scalar product <·, ·>g. Similarly,

T^{YM}(E_{(3)}, E_{(3)}) = 1 2 2∑ A=1 <α_A, α_A> = 1 2 |α|^2 ≥ 0 and in the same way we find

T^{YM}(E_+, E_−) = 1 2 (ρ^2 + σ^2) ≥ 0

which proves the assertion.

Contracting T_{αβ} with ∂_t and integrating over a region ▲▼▲▼▲▲▼▲▼▲▼▲^{t1}_{t0} gives the local energy estimate. In terms of T this is written ∫ z_{t1}^{T00 + 1}2^{∫/ \}t1_{t0}^{T03 = ∫} z_{t0}^{T00.}

(3.7)

Here

T_{00} ≡ T (∂_t, ∂_t) = ∑ i 1 2 ( 1 2 |E_i|^2 + 1 2 |H_i|^2 + 1 2 | |D_0ϕ^2 | | + 1 2 |D_iϕ|^2 + V (ϕ) )

is the local energy. The nonconcentration result comes by contracting T_{αβ} with the scaling vector field S = t∂_t + x^i∂_i

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+119

which is conformal.^{17} Setting P^α = T^{αβ}S_β ,

∂_αP^α = ( ∂_αT^{αβ} ) S_β + T^{αβ}g_{αβ} = g_{αβ}T^{αβ} = − 1 2 < D_αϕ, D^αϕ > −2V (ϕ). If we had an uncoupled Yang-Mills theory, this argument would have lead directly to a conservation law since Yang-Mills is conformally invariant in R^{3+1}. The complication is introduced by the fact that the T^{Higgs}_{αβ} component of the energymomentum tensor is not trace free. We therefore define the modified momentum vector

P̃^α ≡ P^α + 1 2 < ϕ, D^αϕ > for which

∂_αP̃^α = |ϕ|^6 6 . (3.8)

Figure 3.1. Region of Integration for Higgs Nonconcentration

Integrating this relation over the region shown in figure (3.1) will lead to a decay result for

∫ z_t |ϕ|^6 dx. This decay is ‘fattened’ just as for the wave equation. (See

Lemma 2.3 for notation. The point p here is the origin.)

Lemma 3.3 (Higgs Nonconcentration). Given a solution (A, ϕ) of the critical power Yang-Mills-Higgs equations on a spacetime region^{18} ▲▼▲▼▲▲▼▲▼▲▼▲, and a number ϵ > 0. 17The Lie derivative of the metric is L Sg_{αβ} = 2g_{αβ} . 18Assume the top edge of the region lies at time t = 0.

There exists δ_1, δ_2 such that for t ∈ [−δ_1, 0), ∫ ztrap_t^{|ϕ|6 dx < ϵ} where zt^{rap}_t is the time = t slice of ▲▼▲▼▲▲▼▲▼▲▼▲_{(δ1,δ2)}

Remark The statement is gauge invariant. Proof It suffices to show that

lim_{t→0} ∫ z_t^{|ϕ|6 dx = 0} where z_t is the time = t slice of the backward light cone with vertex at the origin. The lemma then follows, line for line, from the proof of Lemma 2.3, since the global energy estimate and local decay of flux hold here as well.

Integrating (3.8) over the region shown in figure (3.1) gives ∫ ▲▼▲▼▲ ▲▼▲▼▲▼▲^{t1}_{t0} |ϕ|^6 6 dxdt + ∫ z_{t1}^{P̃ α(∂t)αdx + ∫/ \}t1_{t0}^{P̃ α(E−)αdσdt} − ∫ z_{t0}^{P̃ α(∂t)αdx = 0} (3.9)

Writing S =^1_2 ((t + r)E_+ + (t − r)E_−) it’s easy to see that the second term in (3.9) goes to zero as t_1 → 0, ∫ z_{t1}^{P̃ α(∂t)αdx = ∫} z_{t1}^{T (S, ∂t) + 1}2^{< ϕ, D0ϕ > dx} = ∫ z_{t1}^{T (S, ∂t) + 1}2^{< ϕ, D0ϕ > dx} = ∫ z_{t1}^{( 1}4^{(t + r)T++ + 1}4^{(t − r)T−−} + 1 2 tT_{+−} + 1 2 < ϕ, D_0ϕ > ) dx The null components T_{++} , T_{+−}, T_{−−} of the energy are bounded using the local energy estimate (3.7). Note that their coefficients vanish as t_1 ↗ 0. The contribution of < ϕ, D_0ϕ > decays to zero by Holder’s inequality and the energy estimate.

We have shown that − ∫ z_{t0}^{P̃ α(∂t)αdx + ∫/\}_{t0}^{P̃ α(E−)αdσdt ≤ 0.} (3.10)

It’s easy to see that the second term here is t_0O_1(t_0) where O_1(t_0) denotes a continuous function with O_1(t_0) → 0 as t_0 → 0. This uses the decay of flux, which is the statement ∫ /\ t0 T (∂_t, E_−)dσdt → 0 as t_0 → 0.

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+121

Exactly as in the conformal case, the decay of flux is immediate from the local energy estimate and the dominated convergence theorem. Note that ∫ /\ t0 T (∂_t, E_−)dσdt = 1 2 ∫ /\ t0 T_{+−} + T_{−−}dσdt.

The light cone integral in (3.10) is therefore ∫ /\ t0 P̃^α(E_−)_αdσdt = ∫ /\ t0 T (S, e_−) + 1 2 < ϕ, D_−ϕ > dσdt

= 1 2 ∫ /\ t0 (t + r)T_{+−} 0 on /\ +(t − r)T_{−−}+ < ϕ, D_−ϕ > dσdt

= t_0O_1(t_0)

since ∫/\ t0 T_{−−} is part of the flux and ∫ /\ t0 < ϕ, D_−ϕ > dσdt ≤ ‖ϕ‖_{L6(}/\_t 0 ) · ‖D_−ϕ‖_{L2(}/\_t 0 ) both are parts of the flux · |t_0|

≤ t_0O_1(t_0).

As for the first term in (3.10), − ∫ z_{t0}^{P̃ α(∂t)αdx = − ∫} z_{t0}^{T (t∂t + xi∂i, ∂t) + 1}2^{< ϕ, D0ϕ > dx.} Proposition 3.2 shows that the Yang-Mills contribution T^{YM}(−S, ∂_t) here is positive. Throw it away to conclude from (3.10)

t_0O_1(t_0) − ∫ z_{t0}^12^{t0} ( |D_0ϕ|^2 + |D_iϕ|^2 + |ϕ|^6 6 ) (3.11) + 1 2 < x^iD_iϕ + ϕ, D_0ϕ > *** dx ≤ 0.

Note that | | | | 1 2 < x^iD_iϕ + ϕ, D_0ϕ > | | | | = | | | | 1 2 t_0 x^i t_0 < D_0ϕ, x^i r^2 ϕ + D_iϕ > | | | | ≤ 1 2 |t_0| · ( |D_0ϕ|^2 + | | | |D^iϕ + x^iϕ r^2 | | | | 2)

which is almost what we have in the positive part of the integral in (3.11). We’ll be able to absorb (***) in this positive term, divide the whole of (3.11) by −t_0 and conclude the desired decay of the Higgs field, if we can show that the following correction term is t_0O_1(t_0): ∫ z_{t0}^{t0 · ( 1}2^{< xiϕ}r2^{, xiϕ}r2^{> + < Diϕ, xi}r2^{ϕ >) dx =} ∫ z_{t0}^{t0 ·} ( 1 2 |ϕ|^2 r^2 + 1 2 ( 1 r ∂_r < ϕ, ϕ > )) dx = ∫ h_{t0}^{|ϕ|2 dσ} where the last equality is attained by integration by parts. The resulting quantity

∫ h_{t0} |ϕ|^2 dσ is t0O1(t0). We show this now: ∫ /\ t0 < ϕ, D_−ϕ > dσdt = t_0O_1(t_0)

since the flux decays. On the other hand integration by parts gives ∫ /\ t0 < ϕ, D_−ϕ > dσdt = ∫ /\ t0 1 2 ∂_− < ϕ, ϕ > dσdt

= − ∫ /\ t |ϕ|^2 t_0 dσdt + ∫ h_{t0}^{ϕ2dσ.} As the first term is t_0O_1(t_0), (again, due to flux decay), the result follows.

Though we won’t need it, let us note here stronger decay in the Higgs field. The inequality to start from is (3.10), which we’ve shown can be written as:

0 ≥ t_0O_1(t_0) − ∫ z_{t0}^{T (t∂t + xi∂i, ∂t) + 1}2^{< ϕ, D0ϕ > dx} (3.13)

A straightforward argument shows that ∫ z_{t0}^12^{(1 + r}t_0^{) |}^{E+ϕ + ϕ}r^|^{2 + ( | ̸∇ϕ|2 + |ϕ|6}6^{) + 1}2^{(1 − r}t_0^{) |}^{E−ϕ − ϕ}r^|^{2 dx} decays like O_1(t_0).

4. Small time existence

This section contains two simple, classical local existence theorems which will be used later in constructing global-in-time solutions.

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+123

4.1. Temporal gauge local existence. Local existence of an H^s, s ≥ 2 solution to the critical power Yang-Mills-Higgs equations is established in the temporal gauge by a straightforward fixed point argument on the following system of wave equations satisfied by the curvature and Higgs field.

□ F_{αβ} = [ϕ, [ϕ, F_{αβ}]] + 2[D_αϕ, D_βϕ] + 2[F_{αγ}, F^γ_β ]

(4.1) −2[A^i, ∂_iF_{αβ}] − [∂_iA^i, F_{αβ}] − [A_i, [A^i, F_{αβ}]] □ϕ = [ϕ, ∂_iA^i] + 2[∂_iϕ, A^i] − [A_i, [A^i, ϕ]] + |ϕ|^4 ϕ. (4.2)

Equation (4.1) comes from differentiating the Bianchi identity for F_{αβ},

D_αF_{βγ} + D_β F_{γα} + D_γ F_{αβ} = 0.

The resulting expression is simplified using the field equation D^ν F_{μν} = −[ϕ, D_μϕ] (4.3)

and the Jacobi identity

[A_α, [ϕ, D_βϕ]] + [ϕ, [D_βϕ, A_α]] + [D_βϕ, [A_α, ϕ]] = 0

(4.4)

as in [4]. Equation (4.2) follows directly from the field equation for ϕ, D_μD^μϕ = |ϕ|^4 ϕ. The first result establishes a unique smooth solution for the subset ▲▼▲▼▲▲▼▲▼▲▼▲^T_0 of the spacetime domain ▲▼▲▼▲ ▲▼▲▼▲▼▲ ≡ { (t, x) ∈ R^{3+1} | | 0 ≤ t ≤ 1 2 , |x − x_0| ≤ 1 − t } . Here x_0 ∈ R^3 is an arbitrary point. Since truncated light cones like ▲▼▲▼▲▲▼▲▼▲▼▲ will be used often, we change slightly the notation from Section 3: write z_{t0 = {t = t0} ∩} ▲▼▲▼▲_{▲▼▲▼▲▼▲.} Previously, this was written z^{trap}_{t0} .

Theorem 4.1 (Temporal gauge, H^2 local existence). Given a data set (¯ A, Ē, ϕ̄, D_0ϕ ) ∈ H^s ( z_0) s ≥ 2,

there exists 0 < T ≤^1_2 depending only on ‖ ‖(Ā, Ē, ϕ̄, D_0ϕ) ‖ ‖_{H2 (} z_{0)} and a unique development (A, ϕ) in the temporal gauge with A, ϕ ∈ C ( [0, T ); H^s ( z_t) ) ∩ C^1 ( [0, T ); H^{(s−1)} ( z_t) ) . This solution can be continued^{19} as long as ‖(A, E, ϕ, ∂_tϕ)‖_{H2 (} z_{t)} remains bounded.

19Until T = 12 .

Remark: A global-in-space version of this theorem^{20} follows from essentially the same proof. Recall also the notation

‖(A, ϕ)‖_{Hs (} z_{t)} = ‖A‖_{Hs(} z_{t)} + ‖ϕ‖_{Hs(} z_{t)}

+ ‖E‖_Hs−1_( z_{t)} + ‖∂_tϕ‖_Hs−1_( z_{t)}

Proof The straightforward H^2 fixed-point argument of [15] (Theorem 1) works here as well. One seeks constants T and Δ_0 so that equations (4.1) - (4.2) induce a contraction mapping L on the closed ball

(4.5) D = { A, ϕ ∈ C ( [0, T ]; H^s ( z_t) ) ∩ C^1 ( [0, T ]; H^{(s−1)} ( z_t) ) | | sup 0≤s≤T ‖(A, ϕ)‖_H2_( z_{s)} ≤ Δ_0 }

The bounds for ϕ are not difficult. We’ll bound here only the highest order terms in the H^2 norm: by the energy estimate,

‖∇∂ϕ‖_L2_( z_{0)} ≤ ‖∇∂ϕ(0, ·)‖_L2_( z_{0)} + ∫_T 0 ‖∇ □ ϕ‖_L2_( z_{s)} ds. The integral on the right can be bounded by ∫_T 0 ‖∇ □ ϕ‖_L2_( z_{s)} ds ≤ K ( |‖A, ϕ‖|_L∞ ) ∫^T 0 ‖A, ϕ‖_H2_( z_{s)} ds

(4.6)

where K(·) is an increasing, continuous function^{21} of its argument and where we have used the following notation: given any norm ‖·‖_N , define |‖A, ϕ‖|_N = sup_{0≤s≤T} { ‖A(s, ·)‖_N , ‖ϕ(s, ·)‖_N }

To see (4.6), simply estimate each term from the right hand side of (4.2). ∫_T 0 ‖ ‖∇[ϕ, ∂_iA^i] ‖ ‖_{L2(} z_{s)} ds ≤ ∫_T 0 ‖ ‖∇^2A ‖ ‖_{L2(} z_{s)} · ‖ϕ‖_{L∞(} z_{s)} ds + ∫_T 0 ‖∇ϕ · ∇A‖_L2_( z_{s)} ds. By the Gagliardo-Nirenberg inequality, ‖∇ϕ · ∇A‖_L2_( z_{s)} ≤ C |‖A, ϕ‖|_L∞ · ( ‖A‖_H2_( z_{s)} + ‖ϕ‖_H2_( z_{s)} ) Hence ∫_T 0 ‖ ‖∇[ϕ, ∂_iA^i] ‖ ‖_{L2(} z_{s)} ds ≤ C |‖A, ϕ‖|_{L∞} · ∫_T 0 ‖A, ϕ‖_H2_( z_{s)} ds. The same argument bounds ∫_T 0 ‖ ‖∇[A^i, ∂_iϕ] ‖ ‖_{L2(} z_{s)} ds. A typical term in ∫_T 0 ‖ ‖∇[A_i, [A^i, ϕ]] ‖ ‖_{L2(} z_{s)} ds

20giving a solution on [0, T ∗] × R3 21In fact, K(x) = C · (x + x2 + x4) will suffice, where C is some universal constant.

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+125 is ∫_T 0 ‖ ‖[∇A_i, [A^i, ϕ]] ‖ ‖_{L2(} z_{s)} ds ≤ ∫_T 0 ‖ ‖[∇A_i, A^i] ‖ ‖_{L2(} z_{s)} ds · |‖ϕ‖|_{L∞} ≤ K ( |‖A, ϕ‖|_L∞ ) ∫^T 0 ‖A, ϕ‖_H2_( z_{s)} ds. Finally, ∫_T 0 ‖ ‖ ‖∇ ( |ϕ|^4 · ϕ )‖ ‖_{L2(} z_{s)} ds ≤ C ∫_T 0 ‖ϕ‖^4_L∞_( z_{s)} ‖∇ϕ‖_L2_( z_{s)} ds ≤ K (|‖A, ϕ‖|_L∞ ) ∫_T 0 ‖A, ϕ‖_H2_( z_{s)} ds

which finishes the proof of (4.6).

Klainerman-Machedon [15] have a very simple argument to bound the potential

A. The key observation is that if one integrates a solution to the wave equation in

time, one gains space regularity. More specifically,

Lemma 4.2 ([15]). Let ψ and F be g-valued fuctions on ▲▼▲▼▲▲▼▲▼▲▼▲^T with □ψ = F ψ(0, x) = f_0(x)

∂_tψ(0, x) = f_1(x).

Then for 0 ≤ t ≤ T , ‖ ‖ ‖ ‖∇^2 ∫_t 0 ψ(s, ·)ds ‖ ‖ ‖ ‖_{L2(} z_{t)} ≤ C ( ‖f_0‖_H1_( z_{0)} + ‖f_1‖_L2_( z_{0 )} + ∫_T 0 ‖F (s, ·)‖_L2_( z_{s)} ds ) .

Since A(t, ·) = A(0, ·) + ∫_t 0 E(s, ·)ds, Lemma 4.2 gives, ‖ ‖∇^2A(t, ·) ‖ ‖_{L2(} z_{t)} ≤ ‖ ‖∇^2A(0, ·) ‖ ‖_{L2(} z_{0 )} + ‖ ‖ ‖∇^2 ∫_t 0 E(s, ·)ds ‖ ‖ ‖ L2( z_{t)} ≤ ‖ ‖∇^2A(0, ·) ‖ ‖_{L2(} z_{0 )} + C ( ‖E(0, ·)‖_H1_( z_{0)}

+ ‖∂_tE(0, ·)‖_L2_( z_{0)} + ∫_t 0 ‖□E‖_L2_( z_{s)} ds ) (4.7)

At the same time, E is bounded in H^1 using the energy inequality

‖∂E(t, ·)‖_L2_( z_{t)} ≤ ‖∂E(0, ·)‖_L2_( z_{0)} + ∫_T 0 ‖□E‖_L2_( z_{s)} ds. (4.8)

We bound the quantity ‖∂_tE(0, ·)‖_L2_( z_{0)} on the right of (4.8) using (4.3), ∂_tE_i = −∂^j F_{ij} − [A_j, F_{ij}] − [ϕ, D_iϕ] so ‖∂_tE‖_L2_( z_{0)} ≤ K( ‖ ‖Ā ‖ ‖_{H2 (} z_{0)} + ‖ ‖ϕ̄ ‖ ‖_{H2(} z_{0 )}), with K as above. Combining

(4.7) and (4.8) gives: ‖∇∂A(t, ·)‖_L2_( z_{t)} ≤ ‖ ‖∇^2A(t, ·) ‖ ‖_{L2(} z_{t)} + ‖∇E(t, ·)‖_{L2(} z_{t)} ≤ K( ‖¯ A ‖ H2( z_{0)} ,^‖ϕ̄^‖_H2_( z_{0)}) + C^{∫ t}_0 ‖□E‖_L2_( z_{s)} ds.

(4.9)

We claim the quantity Q(t) ≡ ∫_t 0 ‖□E‖_L2_( z_{s)} ds on the right hand side of (4.9)

satisfies Q(t) ≤ T · K (|‖A, ϕ‖|_H2 ) ( K(Δ_0) + Q(t) ) . (4.10)

Inequality (4.10) is proven by simply considering the right hand side of (4.1) term

by term and using the energy estimate. For example, ∫_T 0 ‖[ϕ, [ϕ, E_i]]‖_L2_( z_{s)} ds ≤ C ∫_T 0 ‖ϕ‖^2_H1_( z_{s)} ‖E_i‖_H1_( z_{s)} ds

≤ C |‖ϕ‖|^2_H2 T (‖E‖_H1_( z_{0 )} + ‖∂_tE‖_L2_( z_{0)} + Q(t)) ≤ T K (|‖(A, ϕ)‖|_H2 ) ( K(Δ_0) + Q(t) ) . Similarly for the other terms. For T <^1_{2·K(Δ0)} , (4.10) gives

Q(t) ≤ 2T K(Δ_0)^2.

(4.11)

Using (4.6), (4.9),and (4.11) one chooses Δ_0 large enough to accommodate the

initial data, then T small to show the linear mapping induced by (4.1), (4.2) maps

D to D.

To prove the linear mapping L is a contraction on D, consider it’s effect on

(A^1, ϕ^1), (A^2, ϕ^2) ∈ D. Write L(A^i) = Ã^i, i = 1, 2. Similarly for ϕ^i. Using exactly

the arguments as above, one shows that | | | ‖ ‖ ‖(Ã^1 − Ã^2, ϕ̃^1 − ϕ̃^2) ‖ ‖ ‖ | | |_{H2} ≤ T K(Δ0) · | | ‖ ‖(A^1 − A^2, ϕ^1 − ϕ^2) ‖ ‖ | |_{H2} .

Take T small so that T K(Δ_0) < 1 to complete the proof.

4.2. Coulomb gauge local existence. Section 5 will motivate the following def-

inition: The g-valued functions (A_0, A_i, ϕ) defined on ▲▼▲▼▲▲▼▲▼▲▼▲ represent a scaled Yang-

Mills-Higgs Coulomb gauge development of the initial data set (¯ A_i, Ē_i, ϕ̄, D_0ϕ ) if

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+127

they satisfy the following system of equations^{22}

□A_i = B_i + G_i

(C.G.a) B_i = −∂_t∂_iA_0 + [A_j, ∂_iA_j] + [ϕ, ∂_iϕ] G_i = −2[A_j, ∂_jA_i] − [ϕ, [ϕ, A_i]] + [∂_tA_0, A_i] + 2[A_0, ∂_tA_i] + [∂_iA_0, A_0] + [A_0, [A_0, A_i]] − [A^j, [A_j, A_i]] □ϕ = [ϕ, ∂_tA^0] − 2[A^μ, ∂_μϕ]

(C.G.b) − [A_μ, [A^μ, ϕ]] + λ^2 |ϕ|^4 ϕ

with initial conditions

A_i(0, ·) = Ā_i ϕ(0, ·) = ϕ̄(·) ∂_tA_i(0, ·) = Ē_i + ∂_iĀ_0 + [Ā_i, Ā_0] ∂_tϕ(0, ·) = D_0ϕ − [Ā_0, ϕ̄]

where Ā_0 is the solution of A_0 at time zero given below. The number λ appearing in (C.G.b) should be thought of as an arbitrary constant. The data must satisfy the following compatibility condition

∂^iĒ_i = −[ϕ̄, D_0ϕ] − [Ā_i, Ē_i].

(C.G.c)

The equation for A_0 at time zero is

Ā_0(x) = ∫ z_0^{G0(x, y)ΔĀ0(y)dy} (C.G.d)

where ΔĀ_0 ≡ M̄ = ∂^i[Ā_0, Ā_i] + [Ā^i, Ē_i] + [ϕ, D_0ϕ]. For t > 0, the equation for A_0 is

A_0(t, x) = ∫ z_t^{Gt(x, y)M (t, y)dy − ∫} ▲▼▲▼▲_{▲▼▲▼▲▼▲}t^{∂sGs(x, y)M (s, y)dsdy} (C.G.e)

+ ∫ / \_t Gs(x, y)N (s, y)dσds where

M = 2[∂^iA_0, A_i] + [A_i, ∂_0A^i] + [A_i, [A_0, A^i]] + [ϕ, D_0ϕ] N = [A_i, (∂_t − ∂_η ) A^i] + 2[A_j, ∇^jA_η ] + 2[∂_iA_0, A^i]

−[∂_tA_0, A_η] − 2[A_0, ∂_tA_η] + [A_0, ∂_ηA_0] + [A_j, [A_j, A_η]] −[A_0, [A_0, A_η]] + [ϕ, (∂_t − ∂_η) ϕ] + [ϕ, [A_0, ϕ]]

22It is straightforward to prove that the Coulomb condition ∇iAi = 0 is preserved by this system.

Also, for positive time ∂_tA_0 satisfies

∂_tA_0(t, x) = ∫ z_t^{∂iG(x, y) (Ji − ∂t[A0, Ai]) dy.} (C.G.f) + ∫ h_t^{Gt(x, y) [Aj , ∂jAη] dσy} where J_i = [F_{iμ}, A^μ] − [ϕ, D_iϕ]. In the equations above, G_t(x, y) is the Neumann

Greens function on the ball z_t (See Appendix).

Theorem 4.3 (Coulomb gauge local existence). Given an initial data set (¯ A, Ē, ϕ̄, D_0ϕ ) ∈ H^s (R3^) s ≥ 2

satisfying ∂_iA^i = 0 on z_0, x · A = 0 on h_0, with ‖ ‖Ā ‖ ‖_{H1(} z_{0 )} , ‖ ‖ϕ̄ ‖ ‖_{H1 (} z_{0)} < ϵ

for some universal ϵ.

There exists T = T ( ‖ ‖Ā, Ē, ϕ̄, D̄_0ϕ ‖ ‖_{Hs(} z_{0)} , λ) > 0 and a unique development

(A, ϕ) of the data according to the system (C.G.a)-(C.G.f) on ▲▼▲▼▲▲▼▲▼▲▼▲^T with A, ϕ ∈ C ( [0, T ], H^s ( z_t) ) ∩ C^1 ( [0, T ], H^{(s−1)} ( z) ) . and with the following additional regularity for A_0,

∂_tA_0 ∈ C ([0, T ], H^s ( z_t)) .

Proof To solve the integral equation (C.G.d), define a sequence of functions {A^{(n)}_0 } by A^{(1)}_0 (x) = ∫ z_0^{G0(x, y)([Āi, Ēi] + [ϕ̄, D0ϕ])dy} A^{(n+1)} 0 = ∫ z_0^{G0(x, y)(∂i[A(n)}0^{, Ai] + [Āi, Ēi] + [ϕ̄, D0ϕ])dy} By Lemma 8.4 ‖ ‖ ‖A^{(n+1)} 0 − A^{(n)}_0 ‖ ‖ ‖_{H2 (} z_{0)} ≤ C ‖ ‖ ‖∇i[A^{(n)}_0 − A^{(n−1)}_0 , Āi] ‖ ‖ ‖_{L2(} z_{0)} ≤ C ‖ ‖Ā ‖ ‖_{H1(} z_{0 )} · ‖ ‖ ‖A^{(n)}_0 − A^{(n−1)}_0 ‖ ‖ ‖_{H2 (} z_{0)} .

For sufficiently small ‖ ‖Ā ‖ ‖_{H1 (} z_{0)}, {A^{(n)}_0 } converges in H2 to a solution Ā_0.

The local evolution is established by showing the map

L : (A_0, A, ϕ) → (A^∗_0, A^∗, ϕ^∗)

(4.12)

is a contraction on a suitably defined function space, where (A^∗_0, A^∗, ϕ^∗) is defined

as the solution of the following integral-hyperbolic system.

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+129

∂_tA^∗_0(t, x) = ∫ z_t^{∂iG(x, y) (Ji − ∂t[A0, Ai]) dy} (4.13) + ∫ h_t^{Gt(x, y)[Aj , ∂jAη]dσy} with A^∗_0(0, ·) = Ā_0(0, ·)

□A^∗_i = B_i + G_i

(4.14)

A^∗_i (0, ·) = Ā_i(·)

∂_tA^∗_i (0, ·) = Ē_i(·) + ∂_iĀ_0(·) + [Ā_i, Ā_0]

□ϕ^∗ = λ^2 |ϕ|^4 ϕ + [ϕ, ∂_μA^μ]

(4.15) − 2[A^μ, ∂_μϕ] − [A_μ, [A^μ, ϕ]] ϕ^∗(0, ·) = ϕ̄(·)

∂_tϕ^∗(0, ·) = D_0ϕ(·) − [Ā_0, ϕ̄](·).

Here B_i and G_i are as in (C.G.a), J_i as in (C.G.f). Define the norm |‖·‖| by |‖(A, ϕ)‖| (s) ≡ 1∑ l=0 1∑ k=0 ‖ ‖∂^k∇^lϕ ‖ ‖_{L2(} z_{s)} + 1∑ l=0 1∑ k=0 ‖ ‖∂^k∇^lA ‖ ‖_{L2(} z_{s)}

+ 2∑ l=0 1∑ k=0 ‖ ‖∂^k∇^lA_0 ‖ ‖_{L2(} z_{s)} .

and write |‖(A, ϕ)‖|_T ≡ sup_{0≤s≤T} |‖(A, ϕ)‖| (s). The aim is to prove L a contraction

on the function space D = { (A, ϕ) ∈ C([0, T ], |‖·‖|) | | |‖(A, ϕ)‖|_T ≤ Δ_0} for some T, Δ_0.

The necessary estimate for ‖ ‖Ā_0 ‖ ‖_{H2(} z_{0 )} uses Lemma 8.4. ‖ ‖∇^2Ā_0 ‖ ‖_{L2(} z_{0)} ≤ ‖ ‖M̄ ‖ ‖_{L2(} z_{0)} ≤ ‖ ‖∂^i [Ā_0, Ā_i] ‖ ‖_{L2(} z_{0)} + ‖ ‖[Ā_i, Ē_i] ‖ ‖_{L2(} z_{0)} + ‖ ‖[ϕ̄, D_0ϕ] ‖ ‖_{L2(} z_{0)} ≤ 2 ‖¯ A_i ‖ H1 ( z0) · ‖¯ A_0 ‖ H2 ( z0) + ‖¯ A_i ‖ H1 ( z0) · ‖¯ E_i ‖ H1 ( z0) + ‖ ‖ϕ̄ ‖ ‖_{H1 (} z_{0)} · ‖ ‖D_0ϕ ‖ ‖_{H1 (} z_{0)}

The assumption ‖ ‖Ā_i ‖ ‖_{H1(} z_{0)} ≤ ϵ yields ‖ ‖∇^2Ā_0 ‖ ‖_{L2(} z_{0)} ≤ K (‖ ‖(Ā, Ē, ϕ̄, D_0ϕ) ‖ ‖_{H2(} z_{0 )} )

for some K continuous. The lower order terms in ‖ ‖Ā_0 ‖ ‖_{H2 (} z_{0)} are handled as

follows: by Lemma 8.4, ‖ ‖Ā_0(0, ·) ‖ ‖_{L2(} z_{0 )} + ‖ ‖∇Ā_0(0, ·) ‖ ‖_{L2(} z_{0)} ≤ C ‖ ‖M̄ (0, ·) ‖ ‖_{L 65 (} z_{0 )} (4.16) and straightforward estimates yield ‖ ‖M̄ (0, ·) ‖ ‖_{L 65 (} z_{0)} ≤ ‖ ‖[A^i, ∂_0A_i] ‖ ‖_{L 65 (} z_{0 )} + 2 ‖ ‖[∂^iA_0, A_i] ‖ ‖_{L 65 (} z_{0)} + ‖ ‖[A^i, [A_0, A_i]] ‖ ‖_{L 65 (} z_{0)} + ‖[ϕ, D_0ϕ]‖_{L 65 (} z_{0)}

≤ C · ‖A_i‖_L3_( z_{0)} · ( ‖∂_tA_i‖_L2_( z_{0)} + ‖∇A_0‖_L2_( z_{0)}

+ ‖A_i‖_L3_( z_{0 )} ‖A_0‖_L6_( z_{0)} ) + C · ‖ϕ‖_L3_( z_{0)} · ‖D_0ϕ‖_L2_( z_{0)} ≤ Cϵ ( ‖∇A_0‖_L2_( z_{0)} + ‖A_0‖_L6_( z_{0)}

+ ‖∂_tA_i‖_L2_( z_{0)} + ‖D_0ϕ‖_L2_( z_{0)} ) . It’s easy to see that

‖∂_tA_i‖_{L2(} z_{0)} ≤ ‖ ‖Ē ‖ ‖_{L2(} z_{0)} + ‖ ‖∇Ā_0 ‖ ‖_{L2(} z_{0)} + ‖ ‖Ā_0 ‖ ‖_{L6(} z_{0)} .

Using ‖ ‖Ā_0 ‖ ‖_{L6(} z_{0)} ≤ C( ‖ ‖∇Ā_0 ‖ ‖_{L2(} z_{0)} + ‖ ‖Ā_0 ‖ ‖_{L2(} z_{0)}) gives ‖ ‖M̄ ‖ ‖_{L 65 (} z_{0 )} ≤ Cϵ ( ‖∇A_0‖_{L2(} z_{0)} + ‖A_0‖_{L2(} z_{0)}

+ ‖E‖_L2_( z_{0 )} + ‖D_0ϕ‖_L2_( z_{0)} ) . Together with (4.16), this yields ‖ ‖Ā_0 ‖ ‖_{L2(} z_{0)} + ‖ ‖∇Ā_0 ‖ ‖_{L2(} z_{0 )} ≤ C · (‖ ‖D_0ϕ ‖ ‖_{L2(} z_{0 )} + ‖ ‖Ē ‖ ‖_{L2(} z_{0)} ) . These estimates on A_0 on time zero are needed to pick Δ_0 large enough to accommo-

date the initial data. The corresponding estimates for ‖∂_tϕ‖_H1_( z_{0)} , ‖ϕ‖_H2_( z_{0)}

are straightforward.

That L maps D to itself follows from |‖(A^∗, ϕ^∗)‖|_T ≤ C (‖ ‖Ā ‖ ‖_{H2 (} z_{0)} + ‖ ‖Ē ‖ ‖_{H1 (} z_{0)} + ‖ ‖ϕ̄ ‖ ‖_{H2(} z_{0)} + ‖ ‖D_0ϕ ‖ ‖_{H1(} z_{0 )} )

+CT ( |‖A, ϕ‖|_T + |‖A, ϕ‖|^2_T + |‖A, ϕ‖|^3_T + |‖A, ϕ‖|^5_T ) . (4.17)

Indeed, with (4.17), pick Δ_0 ≥ 2C( ‖ ‖Ā, Ē, ϕ̄, D_0ϕ) ‖ ‖_{H2(} z_{0 )} and then T ≤^Δ0_{4C(Δ0+Δ50 )} .

The estimate (4.17) is proven below for the highest order terms in |‖A^∗, ϕ^∗‖|:

∂∇A^∗, ∂∇ϕ^∗ and ∂_t∇^2A^∗_0. By the energy estimate,

‖∂∇A^∗‖_L2_( z_{t)} ≤ C( ‖ ∂∇Ā ‖ L2( z_{0)} +^{∫ t}_0 ‖∇B‖_L2_( z_{s)} + ‖∇G‖_L2_( z_{s)} ds).

A quick inspection of (C.G.a.) gives,

‖∇B‖_L2_( z_{s)} ≤ C (‖ ‖∇^2∂_tA_0 ‖ ‖_{L2(} z_{s)} + |‖A, ϕ‖|^2_T )

≤ C ( |‖A, ϕ‖|_T + |‖A, ϕ‖|^2_T )

and ‖∇G‖_L2_( z_{s)} ≤ C ( |‖A, ϕ‖|^2_T + |‖A, ϕ‖|^3_T ) .

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+131

For the next term, ‖∂∇ϕ^∗‖_{L2(} z_{t)} ≤ C ‖ ‖∂∇ϕ̄ ‖ ‖_{L2(} z_{0)} + ∫_t 0 ‖∇ □ ϕ^∗‖_{L2(} z_{s)} ds and by inspecting (C.G.b.),

‖∇ □ ϕ^∗‖_L2_( z_{s)} ≤ C(1 + λ^2) · ( |‖A, ϕ‖|^2_T + |‖A, ϕ‖|^3_T + |‖A, ϕ‖|^5_T ) . Finally, apply Lemmas 8.5 and 8.2 to equation (4.13), ‖ ‖∂_t∇^2A^∗_0 ‖ ‖_{L2(} z_{t)} ≤ C ‖ ‖ ‖ ∫ z_t^{∇3Gt(x, y) (Ji − ∂t[Ai, A0]) dy‖}_{L2(} z_{t)} +C ‖ ‖ ‖ ‖ ∫ h_t^{∇2Gt(x, y)[A, ∇A]‖}_{L2(} z_{t)} ≤ C ‖J_i − ∂_t[A_i, A_0]‖_{H1 (} z_{t)} + C ‖[A_j, ∂_jA_j ]‖_H 1_{2 (} h_{t)} ≤ C ( |‖A, ϕ‖|^2 + |‖A, ϕ‖|^3 ) +C ‖[A_j, ∂_jA_j]‖_{H1(} z_{t)} ≤ C ( |‖A, ϕ‖|^2 + |‖A, ϕ‖|^3 ) The argument proving L : D → D is a contraction follows the same reasoning and is now completely straightforward.

5. Global in time existence

This section contains the proofs of Theorems 1.1 and 1.2. The main estimates for A_0, A_i, and ϕ are merely stated. The proofs of these estimates are found in Sections 6 and 7. Throughout these estimates, the term ‘universal constant’ will be applied to constants depending only on the dimension in which we work^{23} and the constants appearing in the Yang-Mills-Higgs equations (1.10)-(1.11).

5.1. Global smooth solutions. We recall here the statement of Theorem 1.1. Theorem: Consider Yang-Mills-Higgs with a critical power Higgs self-interaction. Then any initial data set^{24}

(Ā, Ē, ϕ̄, D_0ϕ) ∈ H^s_{loc}(R^3) s ≥ 2

admits a unique global, temporal gauge solution satisfying^{25}

(A, ϕ) ∈ C([0, ∞); H^s_{loc}(R^3)) ∩ C^1([0, ∞) ; H^{s−1}_{loc} (R^3))

Proof: Repeated application of Theorem 4.1 proves that a temporal gauge solution A, ϕ ∈ C ( [0, T^∗); H^s_{loc}

(R3^{) )} ∩ C1^([0, T ∗); H(s−1)loc^(R3^{))}

23Namely, three space dimensions.

24Recall that the following condition means Ā, ϕ̄ ∈ Hs loc, Ē, D0ϕ ∈ H^s−1loc . 25In fact, the proof also shows that data in Hs(R3) implies evolution in Hs(R3).

exists on some maximal interval [0, T^∗). Assume for contradiction that T^∗ < ∞.

It suffices to show that every point p = (T^∗, x_p) lies on the top of a truncated cone^{26} ▲▼▲▼▲▲▼▲▼▲▼▲_{(δ1,δ2)} on which ‖A, ϕ‖_H2_( z_{t)} is bounded. One then has data in H^s_{loc}(R^3) at time T^∗ and can apply the local existence theorem once more, contradicting T^∗ maximal.

The estimates which we get for ‖A, ϕ‖_H2_( z_{t)} are accomplished in the Coulomb gauge. In order to change to the Coulomb gauge, we need the following result known as Uhlenbeck’s lemma,

Lemma 5.1. ( [32]) Suppose (Ā, Ē) are the Yang-Mills constituents of an initial data set on a ball zof radius 1 and center the origin for which ‖ ‖H[Ā] ‖ ‖_{L 32 (} z_) ≤

δ, where δ is some universal constant and H_i[Ā] ≡ ( ∇ × Ā ) i +^1_2 ϵ_{ijk}[Ā^j, Ā^k].

1). There is a G-valued function O on zso that Ã_i = OĀ_iO^{−1} +O∂_iO^{−1} satisfies

∂_iÃ^i = 0 on z x · Ã = 0 on h

and ‖ ‖ ‖Ã ‖ ‖ ‖_{H1 (} z_) ≤ C ‖ ‖H[Ā] ‖ ‖_{L2(} z_)

‖O‖_H2_( z_) ≤ C ‖ ‖Ā ‖ ‖_{H1 (} z_)

‖O‖_H3_( z_) ≤ C ‖ ‖Ā ‖ ‖_{H2 (} z_)

2). There exists ϵ > 0 depending only on ‖ ‖Ā ‖ ‖_{H1(} z_) so that if (Ā′, Ē′) are the

Yang-Mills constituents of an initial data set with ‖ ‖Ā − Ā′ ‖ ‖_{H1 (} z_) ≤ ϵ, then there

is a gauge transformation O^′ taking (Ā^′, Ē^′) to Ã′_i = O^′Ā′_iO^{′−1} + O^′∂_iO^{′−1} Ẽ′ = O^′Ē′O^{′−1} so that ∂^iÃ^′_i = 0, Ã^′ · x = 0 on h. In addition, ‖ ‖ ‖Ã^′ − Ã ‖ ‖ ‖_{H1(} z_) + ‖O^′ − O‖_H2_( z_) ≤ C ‖ ‖Ā − Ā′ ‖ ‖_{H1 (} z_)

Remark When ∂_iA^i = 0 on zand A · x = 0 on h, We will say that A is in a normalized Coulomb gauge.

The hypotheses of Uhlenbeck’s Lemma are satisfied by small energy initial data. We transform to such data by scaling the equations: if ( A, ϕ ) is a solution to the critical power Yang-Mills-Higgs equations, then A(t, x) = λ^{−1}A( t λ , x λ ) ϕ(t, x) = λ^{−1}ϕ( t λ , x λ ) 26This notation was explained in (2.2) of Section 2.

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+133

is a solution of the scaled critical power Yang-Mills-Higgs equations, D_μF^{νμ} = −[ϕ, D^νϕ] (5.1) D_μD^μϕ = λ^2 |ϕ|^4 ϕ.

(5.2)

for which the energy scales as E^{scaled}(t) ≡ λ^{− 12} E(t). Here,

E^{scaled}(t) = ∫R3^{|E(t, ·)|2 + |H(t, ·)|2 + |Dtϕ|2 + |Diϕ|2 + λ2 |ϕ|6}6^{dx} is the scaled energy.

Using Lemma 3.3 in Section 3, there is an ‘eligible trapezoid’ ▲▼▲▼▲▲▼▲▼▲▼▲_{(δ}elig_{1 ,δ}elig_{2 )} below the point p on which the (unscaled) Higgs field satisfies | | ‖ ‖ϕ ‖ ‖ | |_{L6} · E^3_0 ≤ ϵ_0.

(5.3)

Here ϵ_0 is a universal constant, determined in Theorem 6.2.

We choose the scaling constant λ according to the following two criteria:

• Pick λ large enough so that a truncated cone of height^1_{2λ} and base radius 1 λ +^1_{2λ} lies strictly within the ‘eligible trapezoid’ and abutts the top of the eligible trapezoid. (See figure 5.1.) More concisely, we want ▲▼▲▼▲▲▼▲▼▲▼▲ 1_{2λ ,} 1_λ to lie within the eligible trapezoid. This amounts to picking λ large so that 1 2λ < δ^{elig}_1 1 λ < δ^{elig}_2 .

• Pick λ large enough so

E^{scaled}_0 ≡ λ^{− 12} E_0 < δ,

(5.4)

where δ is some small universal constant, determined by Uhlenbeck’s Lemma and the proof of Theorem 6.2.

Figure 5.1. Pushing past the possible blow-up time T^∗.

We then scale the solution and the equations on the truncated cone ▲▼▲▼▲▲▼▲▼▲▼▲^{scaling} ≡ ▲▼▲▼▲ ▲▼▲▼▲▼▲ 1_{2λ ,} 1_{2λ} . Note that all sufficiently small space-translates of ▲▼▲▼▲▲▼▲▼▲▼▲^{scaling} lie entirely within the eligible trapezoid. After scaling, We are left to consider a temporal gauge evolution of equations (5.1) - (5.2) on a truncated cone ▲▼▲▼▲▲▼▲▼▲▼▲ of base radius 1 and height^1_2 with small initial energy E^{scaled}_0 . The evolution enjoys the following smallness property^{27}

|‖ϕ‖|_L6 · (E^{scaled}_0 )^3 ≤ λ^{−2}ϵ_0.

(5.5)

In fact, (5.5) also holds for ϕ_ω(t, x) ≡ ϕ(t, x − ω) for all |ω| <^1_2^{28}. We aim to show that such a development remains bounded in H^2 all the way up to the top of ▲▼▲▼▲▲▼▲▼▲▼▲. This clearly implies an H^2 bound for the unscaled solution.

The main steps in the argument are (1) Change the initial data into the Coulomb gauge and apply the Coulomb gauge local existence theorem 4.3.

(2) Derive good estimates for a Coulomb gauge solution of the scaled Yang- Mills-Higgs equations. These estimates will show that ‖A, ϕ‖_{H2(} z_{t)} stays finite throughout the evolution. By the local existence theorem 4.3, therefore, the solution extends up to time^1_2 .

(3) Transform this Coulomb gauge solution to the temporal gauge. Show that the gauge transformation doesn’t introduce any singularities. By local existence and uniqueness (Theorem 4.1) the transformed solution agrees with the original temporal gauge solution^{29} thus proving regularity.

Let us now fill in the details of each step.

STEP ONE: Since ‖H[A]‖_L2_( z_{0)} < δ, Uhlenbeck’s Lemma 5.1 applies. See Section 7 for a detailed description of the local Coulomb gauge which we choose.^{30} In this gauge, equations (5.1) - (5.2) can be written as the system (C.G.a) - (C.G.f). We apply the local existence and uniqueness result of Theorem 4.3 to conclude A_0, A, ϕ ∈ C ( [0, T ]; H^s ( z_t) ) ∩ C^1 ( [0, T ]; H^{(s−1)} ( z) ) . and the following additional regularity for A_0,

∂_tA_0 ∈ C ([0, T ]; H^s ( z_t)) .

STEP TWO: The “good estimates” for the gauge potential are very close to those found in [15], the argument here involving only a little extra bookwork. The estimates for the Higgs field are similar in spirit to the discussion of the critical power wave equation in section 2. The result is a rather involved bootstrap argument for the following quantities X(A_i, ϕ)(T ) = ∫_T 0 ‖□A_i‖_L2_( z_{s)} + ‖□ϕ‖_L2_( z_{s)} ds

27This property follows from (5.3) and scaling.

28Here is one of the places where we need Higgs nonconcentration on a set larger than a light

cone.

29That is, the scaled version of the Yang-Mills-Higgs solution.

30Such a gauge is not unique, since one needs to impose boundary conditions on A0.

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+135

(5.6) Y (A_0)(T ) = ( ∫^T 0 ‖∂_tA_0‖^2_L3_( z_{t)} dt

) 1_2 + ( ∫^T 0 ‖A_0‖^2_L∞_( z_{t)} dt

) 1_2 + ( ∫^T 0 ‖∇A_0‖^2_L3_( z_{t)} dt

) 1_2

+ sup_{0≤t≤T} ‖∂_iA_0‖_L2_( z_{t)}+ sup_{0≤t≤T} ‖A_0‖_L3_( z_{t)}+‖A_0‖_{L2(}/ \T_) + ‖∂_tA_0‖_{L2(}/ \T_) + ‖∂_iA_0‖_{L2(}/ \T_)

Z(A_0, A_i, ϕ)(T ) ≡ X(A_i, ϕ)(T ) + Y (A_0)(T ) Recall the following notation,

‖(A_i, ϕ)‖_H1_( z_{t)} ≡ ‖A‖_H1_( z_{t)} + ‖ϕ‖_H1_( z_{t)} + ‖∂_tA_i‖_L2_( z_{t)} + ‖∂_tϕ‖_L2_( z_{t)} Note that Uhlenbeck’s lemma gives the bound ‖(A_i, ϕ)‖_H1_( z_{0)} ≤ CE^{scaled}_0 . Hence (5.5) can be written |‖ϕ‖|_L6 · ‖(A_i, ϕ)‖^3_H1_( z_{0)} ≤ λ^{−2}ϵ_0.

(5.7) The bound (5.7) is necessary for the proof of the following proposition which summarizes those parts of Theorems 6.2, 6.4 which we need to construct a global smooth solution.

Proposition 5.2. 1). Suppose (A_0, A, ϕ) a solution of (C.G.a) - (C.G.f) on ▲▼▲▼▲▲▼▲▼▲▼▲^T satisfying (5.5), (5.4).

Then there is a universal constant C so that for all 0 ≤ t ≤ T Z(A_0, A_i, ϕ)(t) ≤ C ‖(A_i, ϕ)‖_H1_( z_{0)} .

2). (A_0, A, ϕ), (A^′_0, A^′, ϕ^′) two solutions of (C.G.a) - (C.G.f) on ▲▼▲▼▲▲▼▲▼▲▼▲^T both satisfying (5.5), (5.4) and with ‖(A_i − A^′_i, ϕ − ϕ^′)‖_H1_( z_{0)} < ϵ a small universal constant. Then for 0 ≤ t ≤ T ,

Z(A_0 − A^′_0, A_i − A^′_i, ϕ − ϕ^′)(t) ≤ C̃ ‖(A_i − A^′_i, ϕ − ϕ^′)‖_H1_( z_{0)} . where C̃ depends only on ‖(A_i, ϕ)‖_{H1 (} z_{0)} , ‖(A^′_i, ϕ^′)‖_{H1 (} z_{0)}.

Take A^′_0(t, x) = A_0(t, x − ω), similarly A^′_i, ϕ^′. When |ω| → 0, Proposition 5.2 gives the uniform bound ‖(A_0, A, ϕ)‖_H2_( z_{t)} ≤ C̃ ‖(A_0, A, ϕ)‖_H2_( z_{0 )} for all 0 ≤ t ≤ T STEP THREE:

Note that Ã_α = UA_αU^{−1} + U∂_αU^{−1} satisfies the temporal gauge condition if ∂_tU^{−1} = −A_0U^{−1}.

The main estimates for Step Three are contained in the following theorem (See [15], Theorem 7). Recall O as the G-valued function on z_0 from Step One. (O is what put the data in the Coulomb gauge to begin with.)

Theorem 5.3. Let U(t, x) be the unique G-valued function defined in ▲▼▲▼▲▲▼▲▼▲▼▲^{12} verifying the O.D.E ∂_tU = −A_0U with data U(0) = U_0 = O^{−1} ∈ H^2( z_0) and (A_0, A, ϕ) the Coulomb gauge solution of (C.G.a) - (C.G.f) constructed in Step Two above. 1). For all 0 ≤ t ≤^1_2 ,

‖U(t, ·)‖_H2_( z_{t)} + ‖∂_tU(t, ·)‖_H1_( z_{t)} ≤ C ‖U_0‖_H2_( z_{0)}

where the constant C depends only on the initial energy E^{scaled}_0 of the scaled solution. 2). Let (A_0, A, ϕ), (A^′_0, A^′, ϕ^′) be two such Coulomb gauge solutions, yielding Gvalued functions U and U^′. Then for all 0 ≤ t ≤^1_2 ,

‖(U − U^′) (t, ·)‖_H2_( z_{t)} + ‖∂_t (U − U^′) (t, ·)‖_H1_( z_{t)} ≤ C ( ‖(A − A^′) (t, ·)‖_H1_( z_{t)} + ‖∂_t(A − A^′)(t, ·)‖_L2_( z_{t)}

+ ‖U_0 − U^′_0‖_H2_( z_{0)} )

where the constant C depends only on E^{scaled}_0 , E^{′ scaled}_0 .

Proof In Proposition (7.2), Section 7, We show that the quantity Y (t) enjoys the bound Y (T ) ≤ C ‖(A_i, ϕ)‖_H1_( z_{0)} With this, the proof of (5.3) follows line for line the argument supporting Theorem 7 in [15].

Using Theorems 5.3, 5.2, and Theorem 5.3 of [15], the main estimates for a temporal gauge solution are now straightforward.

Theorem 5.4 (Main Temporal Gauge Estimates). (A). Consider (A_i, ϕ) a temporal gauge solution of (5.1) - (5.2) on ▲▼▲▼▲▲▼▲▼▲▼▲^T , T ≤^1_2 satisfying condition (5.5) above. Suppose in addition that the initial data satisfies (¯ A_i, Ē, ϕ̄, D_0ϕ ) ∈ H^s ( z_0)

for some s ≥ 2, with ‖ ‖(Ā, ϕ̄) ‖ ‖_{H1 (} z_{0)} < δ.

Conclusion: The solution (A_i, ϕ) can be extended up to time T =^1_2 . Moreover, the following estimates hold.

‖(A, ϕ)‖_H1_( z_{t)} ≤ C ‖ ‖(Ā, ϕ̄ ‖ ‖_{H1(} z_{0 )}

for all 0 ≤ t ≤^1_2 , where C > 0 depends only on ‖ ‖(Ā, ϕ̄) ‖ ‖_{H1 (} z_{0)}.

(B). Suppose (A, ϕ), (A^′, ϕ^′) are two such temporal gauge solutions corresponding to data (Ā, Ē, ϕ̄, D_0ϕ), (Ā^′, Ē^′, ϕ̄^′, D_0ϕ^′) with ‖ ‖(Ā − Ā^′, ϕ̄ − ϕ̄′ ‖ ‖_{H1(} z_{0)} ≤ ϵ.

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+137

Then there exists a constant C > 0 depending only on ‖ ‖(Ā, ϕ̄) ‖ ‖_{H1 (} z_{0)} , ‖ ‖(Ā^′, ϕ̄^′) ‖ ‖_{H1 (} z_{0)}

so that

‖(A − A^′, ϕ − ϕ^′)‖_H1_( z_{t)} ≤ C ( ‖(A − A^′, ϕ − ϕ^′)‖_H1_( z_{0)} .

(C). Applying (B) to a solution (A, ϕ) and it’s translates,

‖A, ϕ‖_H2_( z_{t)} + ‖∂_tA, ∂_tϕ‖_H1_( z_{t)} ≤ C ( ‖A, ϕ‖_H2_( z_{0 )}

+ ‖∂_tA, ∂_tϕ‖_H1_( z_{0)} ) where C here depends only on ‖A, ϕ‖_H1_( z_{0)}.

Proof

Let (Ã, ϕ̃) be the Coulomb gauge solution from Step 2, and (A, E_i, ϕ) be

A_i = UÃ_iU^{−1} + U∂_iU^{−1} E_i = UẼ_iU^{−1} ϕ = Uϕ̃U^{−1} be the solution transformed into the temporal gauge. It is easy to see that (A, E_i, ϕ, ∂_tϕ) attains the initial data (Ā, Ē_i, ϕ̄, D_0ϕ). The estimates on A_0, A_i are proved exactly as in [15], Theorem 2. As for the Higgs field,

‖ϕ‖_H1_( z_{t)} + ‖∂_tϕ‖_L2_( z_{t)} = ‖ ‖ ‖Uϕ̃U^{−1} ‖ ‖ ‖_{H1 (} z_{t)} + ‖ ‖ ‖∂t ( Uϕ̃U^{−1} )‖ ‖_{L2(} z_{t)} ≤ C ( ‖ ‖ϕ̃ ‖ ‖ H1 ( z_t) + ‖ ‖∂_tϕ̃ ‖ ‖ L2( z_{t)}

+ ‖U‖_H2_( z_{t)} + ‖∂_tU‖_H1_( z_{t)} ) where C depends on ‖U‖_{H1(} z_{t)} , ‖∂_tU‖_{H1(} z_{t)} , and ‖A‖_{L3(} z_{t)}. The estimate for the Higgs field in part (i) of the Theorem now follows from ‖ ‖ ‖ϕ̃ ‖ ‖ ‖_{H1 (} z_{t)} + ‖ ‖ ‖ϕ̃ ‖ ‖ ‖_{L2(} z_{t)} ≤ CE0 (Prop. 5.2)

‖U‖_H2_( z_{t)} + ‖∂_tU‖_H1_( z_{t)} ≤ C ‖U_0‖_H2_( z_{0)} (Thm. 5.3)

‖U_0‖_H2_( z_{0)} ≤ C ‖ ‖Ā ‖ ‖_{H1 (} z_{0)} (Uhlenbeck’s Lemma).

The proof of the estimates for differences is identical.

Statement (C) in Theorem 5.4 concludes the proof of Theorem 1.1.

5.2. Finite Energy Solutions. The existence of strongly continuous energy class solutions for the Yang-Mills equations in R^{3+1} was established in Klainerman- Machedon [15]. The question of strongly continuous, finite energy solutions to the critical power wave equation was settled for all dimensions in Kapitanski [12], Stuwe-Shatah [31]. we prove here the corresponding result for the critical power Yang-Mills-Higgs equations in R^{3+1}, using ideas from all three of these papers. Proof of Theorem 1.2: The energy class solution are constructed as the limit of smooth solutions. Via Uhlenbeck’s lemma, any finite energy data set can be considered to be in H^1_{loc}(R^3). As in [15], Proposition 1.2, one constructs a sequence of C^∞_0 data sets so that

(Ā^{(n)}_i , Ē^{(n)}_i , ϕ̄^{(n)}_i , D_0ϕ^{(n)}_i ) → (Ā, Ē, ϕ̄, D_0ϕ)

(5.9) in H^1_{loc} × L^2_{loc} × H^1_{loc} × L^2_{loc}.

It suffices to construct finite energy solutions in the domain of influence I(Ω) of any Ω ⊂⊂ R^3. (See figure 5.2.) Indeed the construction below simplifies in the region J(Ω) if one takes Ω large enough so that E_0|_Ωc ≤ ϵ_0.

Figure 5.2. The intended region of convergence By compactness, ∃δ_0 > 0 with E_0|_{B(x,δ0)} ≤ ϵ_0 x ∈ Ω.

Corollary 6.4 proves that the smooth solutions (A^{(n)}_i , E^{(n)}_i , ϕ^{(n)}_i , D_0ϕ^{(n)}_i ) converge^{31} on the cone with base B(x, δ_0) and height^{δ0}_2 . These temporal gauge solutions can be pieced together using uniqueness, thereby proving local existence of an energy class solution up to time^{δ0}_2 as in figure 5.3.

Figure 5.3. Pasting the Local Solutions Together Repeated application of this argument gives^{32} A, ϕ ∈ C([0, T^∗); H^1_{loc} (R3)^) ∩ C1^([0, T ∗) ; L2loc(R3)^)

31In both the Coulomb and temporal gauge. 32One adds δt 2 to the interval of existence at each step.

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+139

with T^∗ maximal.

Suppose T^∗ < ∞. Then δ_t → 0 as t → T^∗. We arrive at a contradiction by using the following lemma, an energy non-concentration result for the weak solution similar to Lemma (2.3).

Lemma 5.5 (Energy Class Higgs Nonconcentration). Given • A point p on the hyperplane t = T^∗, • (A, ϕ) an admissible, weak solution to the critical Yang-Mills-Higgs equations on [0, T^∗). • ϵ > 0. then there exist δ_1, δ_2 such that for t ∈ [T^∗ − δ_1, T^∗) ∫ ztrap_t^{|ϕ|6 dx < ϵ} where zt^{rap}_t is the time = t slice of ▲▼▲▼▲▲▼▲▼▲▼▲_{(δ1,δ2)}

Proof If the admissible solution enjoys the local energy estimate and the integral equality (3.9), then the proof of this Lemma will follow precisely the same argument as Lemma 3.3. We prove here the local energy estimate. The integral relation (3.9) follows from similar considerations. We follow here the idea written out in [31].

Consider then an admissible solution (A, ϕ) on a domain ▲▼▲▼▲▲▼▲▼▲▼▲^{t1}_{t0} and smooth solutions (A^{(n)}, ϕ^{(n)}) such that

(A^{(n)}, ϕ^{(n)}) → (A, ϕ) in C ( [t_0, t_1]; H^1( z_t) ) ∩ C^1([t_0, t_1]; L^2( z_t)).

Write T^{(n)}_{αβ} for the corresponding energy-momentum tensors. Then T^{(n)}_{αβ} → T_{αβ} in L^2( z_t), so one easily gets ∫ ▲▼▲▼▲ ▲▼▲▼▲▼▲^{t1}_{t0} T_{αβ}∂^αfdxdt = 0 for any piecewise smooth, continuous function f in C_0( ▲▼▲▼▲▲▼▲▼▲▼▲^{t1}_{t0} ).

By a simple coordinate change, assume ▲▼▲▼▲▲▼▲▼▲▼▲^{t1}_{t0} is as in figure 3.1. Define f to be the following cutoff function

f = 1 on R_0 −^η_ϵ on R_1 t−t0 ϵ on R_2 −^{t−t1}_ϵ on R_3

(5.10)

where η = t + |x|, ϵ is some positive parameter, and the R are the following regions.

R_0 = { (t, x) | | t_0 + ϵ ≤ t ≤ t_1 − ϵ; 0 ≤ |x| ≤ −t − ϵ} R_1 = { (t, x) | | t_1 − ϵ ≤ t ≤ t_1; −t_1 ≤ |x| ≤ −t} ∪ { (t, x) | | − ϵ ≤ η ≤ 0; −t_1 + η + ϵ ≤ |x| ≤ 2η − t_0} R_2 = { (t, x) | | t_0 ≤ t ≤ t_0 + ϵ; 0 ≤ |x| ≤ t_0 − 2t}

R_3 = { (t, x) | | t_0 + ϵ ≤ t ≤ t_1 − ϵ; 0 ≤ |x| ≤ −t − ϵ}

Then 0 = ∫ ∫ T_{0α}∂^αfdxdt = − 1 2 ∫ R1 ∫ T_{03}∂_η fdxdt − ∫ R2 ∫ T_{00}∂_tfdxdt − ∫ R3 ∫ T_{00}∂_tfdxdt 0 = 1 2ϵ ∫ R1 ∫ T_{03} − 1 ϵ ∫ R2 ∫ T_{00}dxdt + 1 ϵ ∫ R3 ∫ T_{00}dxdt. Introducing coordinates η, r = |x| , and ω ∈ S^2, we write this as

(5.11) ∫_{t0+ϵ} t0 dt ∫_{2η−t0} −t1+η+ϵ dr ∫ S2 r^2dωT_{00} = ∫_{t1} t1−ϵ dt ∫_{−t1} 0 dr ∫ S2 r^2dωT_{00} + 1 2 ∫_0 −ϵ dη ∫_{2η−t0} −t1+η+ϵ dr ∫ S2 r^2dωT_{03} + 1 2 ∫_{t1} t1−ϵ dt ∫_{−t} −t1 dr ∫ S2 r^2dωT_{03}.

Differentiating (5.11) with respect to ϵ and setting ϵ = 0, the last term on the right hand side vanishes and we are left with the local energy estimate ∫ z_{t1}^{T00dx = ∫} z_{t0}^{T00 + 1}2^{∫/ \}t1_{t0}^{T03dxdt}

(5.12)

as desired.

It remains to show the following nonconcentration of energy: for all p = (T^∗, x_p) ∈ I(Ω) there exists ▲▼▲▼▲▲▼▲▼▲▼▲^p_{(δ1,δ2)} so that E | | ztrap_t ≤ ϵ0 for all t ∈ [T^∗ − δ1, T^∗).

(5.13)

Lemma 5.5 gives δ̃_1, δ̃_2 with |‖ϕ‖|_L6 · E^3_0 ≤ ϵ_0

(5.14) where |‖ϕ‖|_{L6} ≡ sup T^∗ −δ̃1≤t<T^∗ ‖ϕ(t, ·)‖_{L6(} ztrap_{t )} .

Define ϕ^L, A^L_i as the solution of the linear problem □ϕ^L = 0 □A^L_i = 0

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+141

with the following data on z^{trap}_{T ∗−δ̃1} ,

ϕ^L = ϕ A^L_i = A_i ∂_tϕ^L = ∂_tϕ ∂_tA^L_i = ∂_tA_i.

Pick δ_1, δ_2 so that, • On ▲▼▲▼▲▲▼▲▼▲▼▲^p_{(δ1,δ2)}, sup T^∗ −δ1≤t≤T^∗ ‖ ‖(ϕ^L, A^L_i ) ‖ ‖_{H1} z_{trapt} ≤ ϵ^0 2 . This is possible since the linear solution’s energy doesn’t concentrate.

• δ_1 ≤ δ̃_1, δ_2 ≤ δ̃_2.

• Using (5.14) and Theorem 6.2, pick δ_1 small enough so ∫_T ∗ T^∗ −δ1 ‖□ϕ‖_{L2(} ztrap_{s )} + ‖□A_i‖_{L2(} ztrap_{s )} ds ≤ ϵ_0 2 . The bound (5.13) now follows easily from the basic energy estimate applied to

(ϕ − ϕ^L, A_i − A^L_i ).

6. Bootstrapping the Dynamic Variables A_i and ϕ

My method for getting good bounds for the dynamic variables is taken from the corresponding arguments in [15], Theorem 6.1. We adopt the following notation found in the Klainerman-Machedon paper

(6.1) R[A, ϕ](t) = ( ‖∂A‖^2_L2_( z_{t)} + ‖A‖^2_L2_( z_{t)} ‖∂ϕ‖^2_L2_( z_{t)}

+ ‖ϕ‖^2_L2_( z_{t)} + ∫_t 0 ∫ h_s^{|∂A(s, y)|2 + |∂ϕ(s, y)|2 dσyds) 12 .} Here ∂ denotes derivatives tangent to / \ . I’ll also write R_0 ≡ ‖(A_i, ϕ)‖_H1_( z_{0 )}.

It follows from Uhlenbeck’s Lemma that, after scaling, R_0[A, ϕ] < δ < 1.

Let Y (t) denote the following combination of norms for A_0,

(6.2) Y (T ) = ( ∫^T 0 ‖∂_tA_0‖^2_L3_( z_{t)} dt

) 1_2 + ( ∫^T 0 ‖A_0‖^2_L∞_( z_{t)} dt

) 1_2 + ( ∫^T 0 ‖∇A_0‖^2_{L3(} z_{t)} dt

) 1_2

+ sup_{0≤t≤T} ‖∂_iA_0‖_{L2(} z_{t)}+ sup_{0≤t≤T} ‖A_0‖_{L3(} z_{t)}+‖A_0‖_{L2(}/ \T_)

+ ‖∂_tA_0‖_{L2(}/ \T_) + ‖∂_iA_0‖_{L2(}/ \T_)

Recall that ▲▼▲▼▲▲▼▲▼▲▼▲ denotes a truncated cone of height^1_2 and base radius 1.

Theorem 6.1. Consider (A_0, A, ϕ) a solution of (C.G.a.)-(C.G.f)^{33} on ▲▼▲▼▲▲▼▲▼▲▼▲^T .

Then writing

X(T ) = ∫_T 0 ‖□A_i‖_L2_( z_{s)} + ‖□ϕ‖_L2_( z_{s)} ds

we have

‖B‖_{L2(} ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) ≤ C ( ‖G‖_{L2(} ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) + ( R_0[A, ϕ] + X(T )

)_2 ) (a)

‖G‖_{L2(} ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) ≤ C ( X(T )^2 + Y (T )^2 + X(T )^3 + Y (T )^3 + R_0[A, ϕ] ) (b)

∫_T 0 ‖□ϕ‖_L2_( z_{t)} dt ≤ λ^2 |‖ϕ‖|_L6 · ( R_0[A, ϕ] + X(T )

)_4 (c)

+ C ( X(T )^2 + Y (T )^2 + X(T )^3 + Y (T )^3 + Y (T )^4 + R_0[A, ϕ] )

And therefore, X(T ) ≤ C ( ‖B‖_{L2(} ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) + ‖G‖_{L2(} ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) ) + ∫_T 0 ‖□ϕ‖_L2_( z_{t)} dt ≤ λ^2 |‖ϕ‖|_L6 · ( R_0[A, ϕ] + X(T )

)_4 + C ( X(T )^2 + Y (T )^2 + X(T )^3 + Y (T )^3 + Y (T )^4 + R_0[A, ϕ] )

Remark: In the notation above, the standard energy inequality reads, R[A, ϕ](t) ≤ C(R_0[A, ϕ] + X(t)). This will be used repeatedly in what follows.

Proof (a). Note first that ( ∇ × B ) i = ϵ_{iab} · ( ∂_aB_b ) = ϵ_{iab} · [ ∂_aA_j , ∂_bA_j ] − ϵ_{iab} [ ∂_aϕ, ∂_bϕ ] . The terms on the right hand side are both linear combinations of null forms. The

desired inequality follows^{34} from Proposition 2.3 in [15].

(b). Going through the terms in G one by one, the argument is the same as in

[15], Theorem 6.1 except for the additional term [ ϕ, [ A_i, ϕ ]] : ‖ ‖[ϕ, [A_i, ϕ]] ‖ ‖_{L2(} z_{s)} ≤ C ‖A‖_{L6(} z_{s)} · ‖ϕ‖^2_{L6(} z_{s)} ≤ C · ( R [ A, ϕ ] (T )

)_3

33See Section 4, or Section 7 for the derivation of this system.

34The fact that ∇ × B is the sum of two null forms changes only slightly the statement and

proof of Proposition 2.3 in [15]. One gets two terms of the form “curl Q” in the expression for ū

on page 45.

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+143

Hence ‖ ‖[ϕ, [A_i, ϕ]] ‖ ‖ L2 ( ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) ≤ T^{12} · C · ( R_0 [ A, ϕ ] + X(T )

)_3

(c). Take the terms in □ϕ one by one.

λ^2 |ϕ|^4 ϕ: ∫_T 0 ‖ ‖ ‖λ^2 |ϕ|^4 ϕ ‖ ‖ ‖_{L2(} z_{t)} dt ≤ λ^2 |‖ϕ‖|_L6 · ∫_T 0 ‖ϕ‖^4_L12_( z_{t)} dt ≤ C · λ^2 |‖ϕ‖|_L6 ( R_0[ϕ] + X(T )

)_4 . [ϕ, ∂_tA^0]: ‖ [ϕ, ∂_tA^0] ‖ L2( z_{t)} ≤ C ‖∂tA0‖_L3_( z_{t)} · ‖ϕ‖_L6_( z_{t)}

≤ C ‖∂_tA_0‖_L3_( z_{t)} · ( R_0[A, ϕ] + X(T ) )

Hence ∫_T 0 ‖ ‖[ϕ, ∂_tA^0] ‖ ‖_{L2(} z_{t)} dt ≤ (R_0[A, ϕ] + X(T ))T^12 ( ∫_T 0 ‖∂_tA_0‖^2_L3_( z_{t)} dt

) 1_2 ≤ C ( R_0[A, ϕ] + X(T ) ) · Y (T ) ≤ C ( R_0[A, ϕ] + X(T )

)_2

+ Y (T )^2

−2[A^0, ∂_tϕ]: ∫_T 0 ‖ ‖[A^0, ∂_tϕ] ‖ ‖_{L2(} z_{t)} dt ≤ ∫_T 0 ‖A_0‖_L∞_( z_{t)} · ‖∂_tϕ‖_L2_( z_{t)} dt

≤ T^{12} ( R_0[A, ϕ] + X(T ) ) · ( ∫^T 0 ‖A_0‖^2_L∞_( z_{t)} dt

) 1_2 ≤ C ( R_0[A, ϕ] + X(T )

)_2

+ CY (T )^2

−2[A^i, ∂_iϕ]: ∫_T 0 ‖ ‖[A^i, ∂_iϕ] ‖ ‖_{L2(} z_{t)} dt ≤ T^12 ‖ ‖[A^i, ∂_iϕ] ‖ ‖_{L2(} ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) ≤ C ( R_0[A, ϕ] + X(T )

)_2

by Proposition 2.2 in [15].

[A_μ, [A^μ, ϕ]]: ∫_T 0 ‖[A_μ, [A^μ, ϕ]]‖_{L2(} z_{t)} dt ≤ ∫_T 0 ‖A‖^2_L6_( z_{t)} · ‖ϕ‖_L6_( z_{t)} dt + ∫_T 0 ‖A_0‖^2_L∞ ‖ϕ‖_L6_( z_{t)} dt ≤ T ( R_0[A, ϕ] + X(T )

)_3

+Y (T )^2 · (R_0[A, ϕ] + X(T )) ≤ C ( R_0[A, ϕ] + X(T )^2 + X(T )^3 + Y (T )^4 ) [A_0, [A^0, ϕ]]: ∫_T 0 ‖ ‖[A_0, [A^0, ϕ]] ‖ ‖_{L2(} z_{t)} dt ≤ ∫_T 0 ‖A_0‖^2_L6_( z_{t)} ‖ϕ‖_L6_( z_{t)} dt ≤ C ( ∫^T 0 ‖A_0‖^2_H1_( z_{t)} dt )( R_0[A, ϕ] + X(T ) ) ≤ C ( R_0[A, ϕ] + X(T )^2 + Y (T )^4 )

In Theorem 7.2 we’ll prove Y (T ) ≤ C ( X(T )^2 + Y (T )^2 + X(T )^3 + Y (T )^3 + R_0 ) + 4 ∫_T 0 ‖B‖_L2_( z_{t)} dt.

We combine this with Theorem 6.1 to bootstrap X and Y together as follows: put Z(t) = X(t) + Y (t), then Z(T ) ≤ λ^2 |‖ϕ‖|_{L6} · ( R_0[ϕ] + X(T )

)_4 (6.3) + C ( Z(t)^2 + Z(t)^3 + Z(t)^4 + R_0[A, ϕ] ) . C here is universal, independent of λ and the solutions under consideration. In the following discussion C can change from line to line, increasing if necessary. It remains, however, a universal constant.

Theorem 6.2. ( A_0, A, ϕ ) a solution of (C.G.a)-(C.G.f) on the space-time region ▲▼▲▼▲ ▲▼▲▼▲▼▲ satisfying one of the following assumptions. (A) |‖ϕ‖|_L6 · (R_0[A, ϕ])^3 ≤ λ^{−2}ϵ_0 or (B) R_0[A, ϕ] ≤ λ^{− 12} ϵ_0

Where ϵ_0 is some small universal constant which is determined in the proof. Conclusion: For all 0 ≤ t ≤^1_2 the solution enjoys Z(t) ≤ CR_0[A, ϕ] Proof At each time t, (6.3) shows that one of the following must be true (1) Z(t) ≤ Cλ^2 |‖ϕ‖|_L6 ( R_0[A, ϕ] + X(T )

)_4

(2) Z(t) ≤ CZ(t)^2

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+145

(3) Z(t) ≤ CZ(t)^3 (4) Z(t) ≤ CZ(t)^4 (5) Z(t) ≤ CR_0[A, ϕ] Suppose first that assumption (A) in the Theorem holds. We then split case (1) above into Z(t) ≤ Cλ^2 |‖ϕ‖|_L6 · R^4_0 (1a) Z(t) ≤ Cλ^2 |‖ϕ‖|_L6 Z(t)^4 (1b) Case (1a) gives a bound for Z(t) in terms of Cλ^2 |‖ϕ‖|_{L6} · R^4_0 ≤ Cλ^2λ^{−2}ϵ_0R_0 = Cϵ_0R_0[A, ϕ] as does case (5). Note that Z(t) is continuous and Z(0) ≤ CR_0 (See Proposition 7.1). We aim to conclude that in fact only (1a) and (5) are possible for t ∈ [0, T ], and eliminate (1b) - (4) by showing that each forces a discontinuity in the function Z(t). Cases (2)-(4) each imply^1_{5C} ≤ Z(t). We eliminate this possibility by making our choice of

λ bigger if necessary so that CR_0 <^1_{5C} . (Recall R_0 scales as λ^{− 12} .) It remains to exclude (1b).

Case (1b) implies Z(t) ≥ 1 (Cλ^2 |‖ϕ‖|_L6 ) 1_3

which would be prohibited by the inequality CR_0[A, ϕ] < 1 ( Cλ^2 |‖ϕ‖|_L6 ) 1_3

or equivalently,

C^{43} R_0[A, ϕ]λ^{23} |‖ϕ‖|^{13}_{L6} < 1 which says C^4(R_0[A, ϕ])^3λ^2 |‖ϕ‖|_L6 < 1 which is assumption (A) if ϵ_0 <^1_{C4} .

Suppose now that (B) holds. Then apply Sobolev embedding and the energy inequality to the factor |‖ϕ‖|_L6 on the right hand side of case (1) to get Z(t) ≤ Cλ^2 ( R_0[A, ϕ] + Z(t)

)_5 . (1) We again split this into two cases Z(t) ≤ Cλ^2 ( R_0[A, ϕ] )_5 (1a) Z(t) ≤ Cλ^2 ( Z(t) )_5 (1b)

Cases (2)-(4) are excluded as before. Case (1b) has 1 C^14 λ^12 ≤ Z(t). The impossibility of this would follow from Cλ^2 (R_0[A, ϕ])^5 < 1 C^14 λ^12 equivalently (R_0[A, ϕ])^5λ^{52} C^{54} < 1 equivalently R_0[A, ϕ] < λ^{− 12 1}_{C 14} which follows from assumption (B) if ϵ_0 <^1_{C 14} .

The estimates for differences between two solutions follow from the same arguments.

Theorem 6.3. (A_0, A, ϕ), (A^′_0, A^′, ϕ^′) two solutions of (C.G.a) - (C.G.b) on ▲▼▲▼▲▲▼▲▼▲▼▲. Assume also that the solutions both satisfy either (A) or (B) from Theorem( 6.2).

Then there is a constant C and a constant K = O ( X(T ) + Y (T ) + X^′(T ) + Y^′(T ) + R_0 + R^′_0 ) for small values of X, Y, X^′, Y^′, R_0, R^′_0 such that ‖B − B^′‖_{L2(} ▲▼▲▼▲ ▲▼▲▼▲▼▲) ≤ C ‖G − G^′‖_{L2(} ▲▼▲▼▲ ▲▼▲▼▲▼▲) (a) + K · ( R_0[A − A^′, ϕ − ϕ^′] + X(T, A − A^′, ϕ − ϕ^′) ) ‖G − G^′‖_{L2(} ▲▼▲▼▲ ▲▼▲▼▲▼▲) ≤ K · ( R_0[A − A^′, ϕ − ϕ^′] + X(T, A − A^′, ϕ − ϕ^′) (b) + Y (T, A_0 − A^′_0) ) ∫_T 0 ‖□(ϕ − ϕ^′)‖_L2_( z_{t)} dt ≤ Cλ^2 |‖ϕ − ϕ^′‖|_L6 · ( ‖ϕ‖^4_L12 4_{x t} + ‖ϕ^′‖^4_L12 4_{x t} ) (c)

+ K · ( R_0[A − A^′, ϕ − ϕ^′] + X(T, A − A^′, ϕ − ϕ^′) + Y (T, A_0 − A^′_0) )

The estimate we get in Theorem 7.5 for A_0 − A^′_0 is Y (A_0 − A^′_0)(t) ≤ C ( Y (A_0 − A^′_0)(t) + X(A − A^′, ϕ − ϕ^′)(t) + R_0[A − A^′, ϕ − ϕ^′] ) . for a small constant C. We use this to prove a bound for

Z(A − A^′, A_0 − A^′_0, ϕ − ϕ^′)(t) ≡ X(A − A^′, ϕ − ϕ^′)(t) + Y (A_0 − A^′_0)(t)

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+147

Corollary 6.4. (A_0, A, ϕ), (A^′_0, A^′, ϕ^′) two solutions of (C.G.a) - (C.G.f) on ▲▼▲▼▲▲▼▲▼▲▼▲ with ‖(A_i − A^′_i, ϕ − ϕ^′)‖_{H1 (} z_{0)} ≤ ϵ for some small, universal constant ϵ. Suppose also that one of the following is true

(A). |‖ϕ‖|_L6 · (R_0[A, ϕ])^3 ≤ λ^{−2}ϵ_0. Similarly for (A^′_0, A^′, ϕ^′). (B). R_0[A, ϕ] ≤ λ^{− 12} ϵ_0 Similarly for (A^′_0, A^′, ϕ^′).

Where ϵ_0 is the small universal constant found in the proof of Theorem 6.2. Conclusion: For all 0 ≤ t ≤^1_2 , Z(A − A^′, A_0 − A^′_0, ϕ − ϕ^′)(t) ≤ C ( R_0[A − A^′, ϕ − ϕ^′] ) Where C is a constant depending only on ‖(A_i, ϕ)‖_H1_( z_{0)}, ‖(A^′_i, ϕ^′)‖_H1_( z_{0)}.

7. Estimates for A_0 in a local Coulomb gauge

The strongest estimates for the potential A_0, A_i are proven in a normalized local Coulomb gauge. This means the gauge potential satisfies ∂_iA^i = 0 on z_0 x · A = 0 on h_0 A local Coulomb gauge imposes an elliptic equation on A_0, and therefore includes a boundary condition on A_0. The boundary condition used by Klainerman-Machedon [15] is motivated by the necessary dynamic estimates, is shown to be natural with regard to the equations for A_0, and leads to a surprisingly nice integral equation for A_0. We parrot their argument now for Yang-Mills-Higgs, and show that additional, surprising cancellations involving the Higgs field ϕ occur when we derive the integral-differential equations which govern the fields.

Recall from Section 5 that the Yang-Mills-Higgs equations are scaled in order to ensure a Coulomb Gauge initial data set exists. Our field equations are therefore D^β F_{αβ} = −[ϕ, D_αϕ] (7.1) D_μD^μϕ = λ^2 |ϕ|^4 ϕ

(7.2) where λ is a fixed, positive constant.

7.1. The integral-differential equations. Write (7.1) ∂^β F_{αβ} = J_α (7.3) where the current J_α = [ F_{αβ}, A^β ] − [ϕ, D_αϕ] (7.4) satisfies ∂^αJ_α = 0 by the antisymmetry of F . Setting α = 0 in (7.3) gives ΔA_0 = −J_0 + ∂^i [A_0, A_i]

(7.5) while α = i yields

□A_i = −∂_0∂_iA_0 − J_i + [ ∂^j A_i, A_j ] + ∂^0 [A_i, A_0] .

(7.6)

Equations (7.5) - (7.6) are the Coulomb gauge equations for the potential A_α. In order to apply local versions of the nullform estimates of [13] to the dynamic variables in Section 6, one needs to impose the the variational condition (□A)·η = 0 on (7.6). This can be viewed as the Neumann boundary condition

∇_η (∂_tA_0) = −J_η + [ ∂_j A_η, A_j ] − ∂_t [ A_η , A_0 ] (7.7)

on ∂_tA_0. The compatibility of (7.5), (7.7) is shown using ∂^αJ_α = 0:

Δ∂_tA_0 = −∂_tJ_0 + ∂_t∂^j [ A_0, A_j ] = −∂^i ( J_i − ∂_t [ A_0, A_i ] ) .

Therefore ∫ z_t^{Δ∂tA0dx = ∫} z_t^{−∂i(Ji − ∂t[A0, Ai])dx} = ∫ h_t^{−Jη + ∂t[A0, Aη]dσ} = ∫ h_t^{−Jη + ∂t[A0, Aη] − ∂j [Aη, Aj]} Tangential derivatives, integrate to 0 dσ

= ∫ h_t^{∇η∂tA0dσ} by (7.7).

The integral equations for A_0 come from Green’s formula: given two smooth g-valued functions f, g on z_t, ∫ h_t^{(∇ηf) g − f (∇ηg) dσ = ∫} z_t^{(Δf) g − f (Δg) dx.} (7.8)

Put g = ∂_tA_0 and f = G_t(x, y), the Neumann Green’s function for the ball z_t ⊂

R3 of radius a. By definition,_{ΔxGt(x, y) = δ(x − y) x, y ∈ zt} ∇_{η(x)}G_t(x, y) = 1 4πa^2 x ∈ h_{t, y ∈} z_t (7.9)

If we make the assumption ∫ h_t^{∂tA0dσ = 0} (7.10)

part of our Neumann problem for ∂_tA_0 then (7.8) reads

∂_tA_0(t, x) = ∫ z_t^{Gt(x, y)Δ (∂tA0(t, y)) dy − ∫} h_t^{Gt(x, y)∇η∂tA0(t, y)dσy} (7.11)

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+149

The problem with (7.11) is the boundary integral: it contains derivatives normal to the cone^{35} through the presence of the normal component of the current. (See (7.7), (7.4).) Exactly as in [15]^{36} we obtain a cancellation by using the equation for Δ∂_tA_0 and integrating by parts. The result is

∂_tA_0(t, x) = ∫ z_t^{∂iGt(x, y)(Ji − ∂t [A0, Ai] )dy} + ∫ h_t^{Gt(x, y) [Aj , ∂jAη ] dσy} (7.12)

which contains only tangential derivatives in the boundary integral. But as in Klainerman-Machedon’s treatment of Yang-Mills, the Yang-Mills-Higgs equations allow for even more cancellation! We show this now:

Write

M = ΔA_0(t, x)

= −J_0 + ∂^i [A_0, A_i] = − [ F_{0i}, A^i ] + [ϕ, D_0ϕ] + ∂^i [A_0, A_i] = [ A^i, ∂_0A_i ] + 2∂^i [ A_0, A^i ] + [ A^i, [A_0, A_i] ] + [ϕ, D_0ϕ]

(7.13)

and we’ll write M = M^† + [ϕ, D_0ϕ]

where M^† = [ A^i, ∂_0A_i ] + 2∂^i [ A_0, A^i ] + [ A^i, [A_0, A_i] ] is the quantity appearing in the uncoupled Yang-Mills theory of [15]. The deeper cancellation comes from looking at the right hand side of (7.11) and writing ∫ z_t^{Gt(x, y)∂tM (t, y)dy = ∂t( ∫} z_t^{Gt(x, y)M (t, y)dy) − ∫} z_t^{∂tGt(x, y)M (t, y)dy} + ∫ h_t^{Gt(x, y)M (y)dσ(y).} Hence

∂_tA_0(t, x) = ∂_t ∫ z_t^{Gt(x, y)M (y)dy − ∫} z_t^{∂sGs(x, y)M (y)dy} + ∫ h_t^{Gt(x, y)(M − ∇η∂tA0)dσ.} (7.14)

Setting N = M − ∇_η∂_tA_0, (7.13), (7.7) give N = [ A^i, ∂_0A_i ] + 2 [ ∂^iA_0, A_i ] + [ A^i, [A_0, A_i] ] + [ϕ, D_0ϕ] + J_η − [ ∂_jA_η , A^j ] + ∂_t [A_η, A_0] .

35Using energy estimates, we can estimate only tangential derivatives. 36See (1.17a) in the introduction of that paper.

From (7.4), we have,^{37} J_η = η · J = [∇_ηA_j , A_j] − [∂_jA_η , A_j] + [[A_η , A_j] , A_j]

− [ϕ, D_ηϕ] + [∇_ηA_0, A_0] − [ ∂_0A_η, A^0 ] + [ [A_η, A_0] , A^0 ] .

Hence

N = [ϕ, (D_0ϕ − D_η ϕ)] + [A_i, (∂_0 − ∂_η) A_i] + 2 [A_j , ∂_jA_η] +2 [∂_iA_0, A_i] + [A_η, ∂_tA_o] − 2 [A_0, ∂_tA_η ] + [A_0, ∂_ηA_0] + [A_j , [A_j , A_η]] + [A_i, [A_0, A_i]] + [A_0, [A_η, A_0]]

(7.15) Let us write N^† for those terms in 7.15 which do not involve the Higgs field ϕ. We record here that N = N^† + [ϕ, (∂_0 − ∂_η )ϕ] + [ϕ, [A_0, ϕ]] − [ϕ, [A_η, ϕ]] .

(7.16)

Integrating (7.14) in time gives the integral equation for A_0

A_0 = ∫ z_t^{Gt(x, y)M (t, y)dy − ∫} ▲▼▲▼▲_{▲▼▲▼▲▼▲}^{∂sGs(x, y)M (s, y)dyds} + ∫ / \_t Gs(x, y)N (s, y)dσ(y)ds. (7.17)

Two remarks are in order here. First, note that only the derivative ∂_0−∂_η tangential to / \_t is applied to ϕ in equation (7.16). This will be a blessing when it comes time to estimate the boundary integral on the right of (7.17).

Second, note that in writing (7.17), we assume that A_0 is given at time zero by the equation

A_0(0, x) = ∫ z_0^{G(x, y)M (0, y)dy.} (7.18)

By Lemma 8.1 in the Appendix, this is equivalent to solving the following Neumann problem for A_0 at time zero ΔA_0(0, x) = M (0, x)

∇_ηA_0 | | h_0 =^1_{4π}^∫ z_0 M dy ∫ h_0^{A0 = −2 ∫} z_0^{M dy}

which is straightforward if the right hand side of the boundary conditions can be written in terms of the Cauchy data. We show now that this is possible: ∫ z_0^{M dy = ∫} z_0^{−J0 + ∂i [A0, Ai] dx.}

(7.19) 37When writing down Jη, use η · [∂jAi, Aj ] = [∂jAη , Aj].

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+151

But the Cauchy data satisfy the compatibility condition

∂^iĒ_i + [¯ A_i, Ē_i ] = − [¯ ϕ, D_0ϕ ] . Hence in (7.19)

−J_0 = − [¯ E_i, Ā^i ] + [¯ ϕ, D_0ϕ ] = −∂^iĒ_i. Therefore ∫ z_0^{M dy = ∫} z_0^{∂i( − Ēi + [A0, Āi] )} = − ∫ h_0^{Ēηdσ} because the data belongs to the normalized Coulomb gauge wherin ∂_iĀ^i = 0.

In summary, the equations for (A_0, A_i, ϕ) in what we will term the localized Coulomb gauge are the following:

Expanding the right hand side of (7.6) gives the following wave equations for A_i:

□A_i = B_i + G_i

(C.G.a) B_i = −∂_t∂_iA_0 + [A_j, ∂_iA_j] + [ϕ, ∂_iϕ] G_i = −2[A_j, ∂_jA_i] − [ϕ, [ϕ, A_i]] + [∂_tA_0, A_i] + 2[A_0, ∂_tA_i] + [∂_iA_0, A_0] + [A_0, [A_0, A_i]] − [A^j, [A_j, A_i]]

The equation for ϕ comes directly from (7.2) which can be written

□ϕ = [ϕ, ∂_tA^0] − 2[A^μ, ∂_μϕ]

(C.G.b) − [A_μ, [A^μ, ϕ]] + λ^2 |ϕ|^4 ϕ.

The initial conditions for the dynamic variables A_i, ϕ are

A_i(0, ·) = Ā_i ϕ(0, ·) = ϕ̄(·) ∂_tA_i(0, ·) = Ē_i + ∂_iĀ_0 + [Ā_i, Ā_0] ∂_tϕ(0, ·) = D_0ϕ − [Ā_0, ϕ̄]

where Ā_0 is the solution of A_0 at time zero given below. The number λ appearing in (C.G.b) should be thought of as an arbitrary constant. The data must satisfy the following compatibility condition ∂^iĒ_i = −[ϕ̄, D_0ϕ] − ĀĀ_i, Ē_i]. (C.G.c)

The equation for A_0 at time zero is

A_0(0, x) = ∫ z_0^{G0(x, y)M (y)dy} (C.G.d) that is

ΔĀ_0 = M ∇_ηĀ_0 | | h_0 =^1_{4π}^∫ z_0 M dy ∫ h_0^{Ā0dσ = −2 ∫} z_0^{M dy}

where ∫ z_0^{M dy = − ∫} h_0^{Ēηdσ.}

The equations for A_0 at later times are

A_0(t, x) = ∫ z_t^{Gt(x, y)M (t, y)dy − ∫} ▲▼▲▼▲_{▲▼▲▼▲▼▲}t^{∂sGs(x, y)M (s, y)dyds} (C.G.e) + ∫ / \_t Gs(x, y)N (s, y)dσ(x)ds where

M = M^† + [ϕ, D_0ϕ]

= 2[∂^iA_0, A_i] + [A_i, ∂_0A^i] + [A_i, [A_0, A^i]] + [ϕ, D_0ϕ] N = N^† + [ϕ, (∂_0 − ∂_η)ϕ] + [ϕ, [A_0, ϕ]] − [ϕ, [A_η, ϕ]] = [A_i, (∂_t − ∂_η) A^i] + 2[A_j, ∇^jA_η] + 2[∂_iA_0, A^i] − [∂_tA_0, A_η] − 2[A_0, ∂_tA_η] + [A_0, ∂_ηA_0] + [A_j, [A_j, A_η]] − [A_0, [A_0, A_η]] + [ϕ, (∂_t − ∂_η ) ϕ] + [ϕ, [A_0, ϕ]] and for the time derivative, ∂_tA_0(t, x) = ∫ z_t^{∂iGt(x, y)(Ji − ∂t [A0, Ai] )dt} (C.G.f) + ∫ h_t^{Gt(x, y) [Aj , ∂jAη] dσy} 7.2. Estimates for A_0. The aim of this section is a Bootstrap-type estimate for the following combination of norms of A_0,

(7.20) Y (T ) = ( ∫^T 0 ‖∂_tA_0‖^2_L3_( z_{t)} dt

) 1_2 + ( ∫^T 0 ‖A_0‖^2_L∞_( z_{t)} dt

) 1_2 + ( ∫^T 0 ‖∇A_0‖^2_L3_( z_{t)} dt

) 1_2

+ sup_{0≤t≤T} ‖∂_iA_0‖_L2_( z_{t)}+ sup_{0≤t≤T} ‖A_0‖_L3_( z_{t)}+‖A_0‖_{L3(}/ \T_) + ‖∂_tA_0‖_{L2(}/ \T_) + ‖∂_iA_0‖_{L2(}/ \T_)

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+153

The first result bounds A_0 at time zero in terms of the reduced energy norm of the dynamic data, which is defined to be

R_0[A, ϕ] ≡ ( ‖A(0, ·)‖^2_L2_( z_{0)} + ‖ϕ‖^2_L2_( z_{0)} + ‖∂A(0, ·)‖^2_L2_( z_{0)} + ‖∂ϕ(0, ·)‖^2_L2_( z_{0)}

) 1_2 . (7.21)

Proposition 7.1. Suppose the initial data (Ā_i, ϕ̄) lie in the Coulomb gauge and satisfy ‖ ‖A ‖ ‖_{L3(} z_{0)} , ‖ ‖ϕ ‖ ‖_{L3(} z_{0 )} ≤ ϵ

for some universal constant ϵ. Let (A_0, A, ϕ) be an evolution of the data under the system (C.G.a)-(C.G.f).

Then

‖A_0(0, ·)‖_L2_( z_{0)} + ‖∇A_0(0, ·)‖_L2_( z_{0)} ≤ CR_0[A, ϕ]

(7.22)

Proof

At time zero we have

A_0(0, x) = ∫ z_0^{G0(x, y)M (y)dy} so the elliptic estimate in Lemma 8.4 gives

‖A_0(0, ·)‖_{L2(} z_{0)} + ‖∇A_0(0, ·)‖_{L2(} z_{0)} ≤ C ‖M (0, ·)‖_L 6_{5 (} z_{0)} .

(7.23)

But using the definition of M (see for example C.G.e)

‖M (0, ·)‖_L 6_{5 (} z_{0 )} ≤ ‖ ‖[A^i, ∂_0A_i] ‖ ‖_{L 65 (} z_{0)} + 2 ‖ ‖[∂^iA_0, A_i] ‖ ‖_{L 65 (} z_{0)} + ‖ [A^i, [A_0, A_i]] ‖ L 6 5 ( z_{0)} + ‖[ϕ, D0ϕ]‖_L 6_{5 (} z_{0 )}

≤ C ‖A‖_L3_( z_{0)} ( ‖∇A_0‖_L2_( z_{0 )} + ‖∂_tA‖_L2_( z_{0)}

+ ‖A‖_L3_( z_{0)} ‖A_0‖_L6_( z_{0 )} ) + C ‖ϕ‖_L3_( z_{0 )} ‖D_0ϕ‖_L2_( z_{0)} ≤ Cϵ ( ‖∇A_0‖_L2_( z_{0 )} + ‖A_0‖_L6_( z_{0)} + R_0 ) . Since ‖A_0‖_{L6(} z_{0)} ≤ C ( ‖∇A_0‖_{L2(} z_{0)} + ‖A_0‖_{L2(} z_{0 )} ) , we conclude

‖M (0, ·)‖_L 6_{5 (} z_{0)} ≤ Cϵ ( ‖∇A_0‖_L2_( z_{0)} + ‖A_0‖_L2_( z_{0)} + R_0 ) which, together with (7.23) and the assumptions , gives the result.

The bootstrap argument for Y (T ) is contained in the following

Theorem 7.2. Let (A_0, A, ϕ) be a solution of the system (C.G.a)-(C.G.f) in a standard space-time domain ▲▼▲▼▲▲▼▲▼▲▼▲^T with T ≤^1_2 and R_0[A, ϕ] ≤ ϵ for a small universal constant ϵ.

Then for all 0 ≤ T ≤^1_2 ,

Y (T ) ≤ C ( X(T )^2 + Y (T )^2 + X(T )^3 + Y (T )^3 + X(T )^4 + Y (T )^4 + R_0 ) + C ( ‖B‖_{L2(} ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) ) (7.24)

Remarks: Many of terms in (C.G.a) - (C.G.f) are present already in the context

of the uncoupled Yang-Mills equations, which is why we write^{38}

M = M^† + [ϕ, D_0ϕ]

(1.a)

N = N^† + [ϕ, (∂_0 − ∂_η)ϕ] + [ϕ, [A_0, ϕ]] − [ϕ, [A_η, ϕ]]

(1.b)

J_α = J^†_α − [ϕ, D_αϕ]

(1.c)

In what follows, we also use the energy estimate R[A, ϕ](t) ≤ C(R_0 + X(t) )

Recall that R_0 = R_0[A, ϕ](t) ≤ ϵ and

(7.25) R[A, ϕ](t) = ( ‖∂A(t, ·‖^2_{L2(} z_{t)} + ‖A(t, ·‖^2_{L2(} z_{t)} ‖∂ϕ‖^2_{L2(} z_{t)}

+ ‖ϕ‖^2_L2_( z_{t)} + ∫_t 0 ∫ h_s^{|∂A(s, y)|2 + |∂ϕ(s, y)|2 dσyds) 12 .} Here ∂ denotes derivatives tangent to / \ . Proof Consider the terms of Y (T ) one by one.

First term of Y : ( ∫_T 0 ‖∂_tA_0‖^2_L3_( z_{t)} dt

) 1_2

Equation (C.G.f) reads

∂_tA_0(t, x) = ∫ z_t^{∂iGt(x, y)(Ji − ∂t [A0, Ai] )dt + ∫} h_t^{Gt(x, y) [Aj, ∂jAη] dσy} = ∫ z_t^{∂iGt(x, y)(J †}i^{− ∂t [A0, Ai] )dt + ∫} h_t^{Gt(x, y) [Aj , ∂jAη] dσy} − ∫ z_t^{∂iGt(x, y) [ϕ, Diϕ] dy} = ( ∂_tA_0 )_† − ∫ z_t^{∂iGt(x, y) [ϕ, Diϕ] dy} (7.26)

say. Arguing word for word as [15] pages 90-94, one shows

( ∫^T 0 ‖ ‖ ‖(∂tA0)^† ‖ ‖ ‖^2_{L3(} z_{t)} dt

) 1_2 ≤ C ( R_0 + X(T )^2 + Y (T )^2 + X(T )^3 + Y (T )^3 ) . (7.27)

38The terms marked with a † have already been estimated in [15].

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+155

To estimate the second term in (7.26) use Lemma 8.4 ‖ ‖ ‖ ‖ ∫ z_t^{∂iGt(x, y) [ϕ, Diϕ] dy‖}_{L3(} z_{t)}^{≤ C ‖[ϕ, Diϕ]‖}L^32 ( zt) ≤ C ‖ϕ‖_L6_( z_{t)} ‖D_iϕ‖_L2_( z_{t)}

≤ CR(t) · ‖∂_iϕ + [A_i, ϕ]‖_L2_( z_{t)} ≤ C ( R(t)^2 + R(t)^3 ) ≤ C ( R_0 + X(t)^2 + X(t)^3 )

(7.28)

Putting together (7.28) and (7.27) gives

( ∫^T 0 ‖∂_tA_0‖^2_L3_( z_{t)} dt

) 1_2 ≤ C ( R_0 + X(T )^2 + Y (T )^2 + X(T )^3 + Y (T )^3 ) (7.29)

Second Term of Y (T ): ( ∫_T 0 ‖A_0‖^2_L∞_( z_{t)} dt

) 1_2

Write equation (C.G.e) as

A_0(t, x) = ∫ z_t^{Gt(x, y)M †(t, y)dy − ∫} ▲▼▲▼▲_{▲▼▲▼▲▼▲}t^{∂sGs(x, y)M †(s, y)dyds} + ∫ / \_t Gs(x, y)N^†(s, y)dσ(x)ds + ∫ z_t^{Gt(x, y) [ϕ, D0ϕ] dy − ∫} ▲▼▲▼▲_{▲▼▲▼▲▼▲}t^{∂sGs(x, y) [ϕ, D0ϕ] dyds} + ∫ / \_t Gs(x, y) ( [ϕ, (∂_0 − ∂_η)ϕ] + [ϕ, [A_0, ϕ]] − [ϕ, [A_η, ϕ]] ) dσ(x)ds

= A_0^†(t, x) + ∫ z_t^{Gt(x, y) [ϕ, D0ϕ] dy − ∫} ▲▼▲▼▲_{▲▼▲▼▲▼▲}t^{∂sGs(x, y) [ϕ, D0ϕ] dyds} (7.30)

+ ∫ / \_t Gs(x, y) ( [ϕ, (∂_0 − ∂_η)ϕ] + [ϕ, [A_0, ϕ]] − [ϕ, [A_η, ϕ]] ) dσ(y)ds. Just as in [15], one finds

( ∫^T 0 ‖ ‖ ‖A^†_0 ‖ ‖ ‖^2_{L∞(} z_{t)} dt

) 1_2 ≤ C ( X(T )^2 + Y (T )^2 + X(T )^3 + Y (T )^3 + R_0 ) . (7.31)

The second and fourth terms on the right hand side of (7.30) can be estimated in

L^∞ at each fixed time as follows. | | | | ∫ z_t^{Gt(x, y) [ϕ, D0ϕ] dy|}^{≤ C( ∫} z_t^{|Gt(x, y)ϕ(t, y)|2 dy) 12 · ‖D0ϕ‖}L^2( zt)^. (7.32)

Lemma 8.4 gives ‖G_t(x, ·)ϕ(t, ·)‖_L2_( z_{t)} ≤ CR(t) while

‖D_0ϕ‖_L2_( z_{t)} ≤ R(t) + R(t)Y (t).

Hence (7.32) can be written | | | | ∫ z_t^{Gt(x, y) [ϕ, D0ϕ] dy|}^{≤ CR(t)(R(t) + R(t)Y (t)).} (7.33)

We next bound the fourth term in (7.30). By Hölder’s inequality and Lemma 8.4

part (d), | | | | | ∫ / \_t Gs(x, y) [ϕ, (∂0 − ∂η)ϕ]] ) dσ_yds | | | | |

≤ ( ∫ / \_t |Gs(x, y)ϕ(s, y)|^2 dσyds ) 1_2 ‖ ‖ ¯∂ϕ ‖ ‖_{L2(}/ \_{t)} ≤ CR(t)^2 (7.34)

and by the same reasoning | | | | ∫ / \_t Gs(x, y) [ϕ, [A0, ϕ]] dσyds | | | |

≤ ( ∫ / \_t |Gs(x, y)A0(s, y)|^2 dσyds ) 1_2 ‖ ‖ϕ^2 ‖ ‖_{L2(}/ \_{t)} ≤ CY (t)R(t)^2, (7.35)

similarly for | | | | ∫/ \_t G_s(x, y) [ϕ, [A_η, ϕ]] dσ_yds | | | | . Together (7.34) and (7.35) give

(7.36) | | ∫ / \_t Gs(x, y) ( [ϕ, (∂_0 − ∂_η)ϕ]] + [ϕ, [A_0 − A_η , ϕ]] ) dσ_yds | | ≤ C ( Y (t)^2 + R(t)^2 + R(t)^4 ) . The third term on the right hand side of (7.30) has to be estimated directly in

space-time. That is, we write this troublesome term as

Ã_0(t, x) = ∫ ▲▼▲▼▲ ▲▼▲▼▲▼▲^t ∂_sG_s(x, y) [ϕ, D_0ϕ] dyds (7.37)

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+157

try to bound ( ∫_T 0 ‖ ‖ ‖Ã0 ‖ ‖ ‖^2_{L∞(} z_{t)} dt

) 1_2

. By Sobolev’s inequality, ∫_T 0 ‖ ‖ ‖Ã0 ‖ ‖ ‖^2_{L∞(} z_{t)} dt

) 1_2 ≤ C ( ∫^T 0 ‖ ‖ ‖∇xÃ0 ‖ ‖ ‖^2_{L3+ϵ(} z_{t)} dt

) 1_2 + C ( ∫^T 0 ‖ ‖ ‖Ã0 ‖ ‖ ‖^2_{L3+ϵ(} z_{t)} dt

) 1_2

≤ CT^δ ( ‖ ‖∇xÃ0 ‖ ‖ ‖_{L3+ϵ(} ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) + ‖ ‖ ‖Ã0 ‖ ‖ ‖_{L3+ϵ(} ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) )

where ϵ > 0 will be chosen momentarily and δ =^{1+ϵ}_{2(3+ϵ)} . The space-time norms

here are estimated using the four dimensional Hardy-Littlewood-Sobolev theorem

of fractional integration and the kernel estimates |∂_s∂_xG_s(x, y)| ≤ C |x − y|^3 + (t − s)^3 |∂_sG_s(x, y)| ≤ C |x − y|^2 + (t − s)^2

coming from Lemma 8.3 and the fact that x ∈ z_t, y ∈ z_s. We conclude^{39} ‖ ‖ ‖∇xÃ0 ‖ ‖ ‖_{L3+ϵ(} ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) ≤ C ‖[ϕ, D_0ϕ]‖_{Lp (} ▲▼▲▼▲ ▲▼▲▼▲▼▲^t) (7.38) ‖ ‖ ‖Ã0 ‖ ‖ ‖_{L3+ϵ(} ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) ≤ C ‖[ϕ, D_0ϕ]‖_{Lp (} ▲▼▲▼▲ ▲▼▲▼▲▼▲^t) with^1_{3+ϵ} =^1_p −^1_4 . Pick q so that^p_2 +^1_q = 1. Then

‖[ϕ, D_0ϕ]‖_{Lp (} ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) = ( ∫_T 0 ∫ z_t^{|[ϕ, D0ϕ]|p dxdt) 1p} ≤ C ( ∫_T 0 ( ∫ z_t^{|D0ϕ|2 dx) p2 ( ∫} z_t^{|ϕ|pq dx) 1q dt) 1p .} (7.39) Now ( ∫ z_t^{|D0ϕ|2 dx) p2 ≤ C( ∫} z_t^{|∂0ϕ|2 + |[A0, ϕ]|2 dx) p2} ≤ C ( R(t)^p + R(t)^pY (t)^p ) ≤ C ( R_0 + X(T ) )_{2p} + CY (T )^{2p}

(7.40)

and by choosing ϵ =^3_{11} so that p =^9_5 , q = 10, and pq = 18, we have ( ∫_T 0 ( ∫ z_t^{|ϕ|pq dx) 1q ds) 1p ≤ T (10− 6q ) 1p · ( ∫ T}_0^{( ∫} z_t^{|ϕ|18 dx) 16 dt) 6pq} = C ‖ϕ‖_{L18 3x t (} ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) ≤ C (R_0 + X(T ))

(7.41)

39In fact, a stronger estimate holds for ‖Ã0‖ L3+^ϵ( ▲▼▲▼▲▲▼▲▼▲▼▲^T ) , but this is all we need here.

where I’ve used the inequality contained in Theorem 2.2. Plugging (7.40) and (7.41)

into (7.39) gives

‖[ϕ, D_0ϕ]‖_{Lp(} ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) ≤ C ( R_0 + X(T )^2 + Y (T )^2

(7.42)

+ X(T )^3 + Y (T )^3 + X(T )^4 + Y (T )^4 ) as desired.

Third term of Y (T ): ( ∫_T 0 ‖∇A_0‖^2_L3_( z_{t)} dt

) 1_2

As with the second term, use equation (C.G.e) and the same argument as in [15],

pages 102-103 to show^{40} ( ∫^T 0 ‖ ‖ ‖∇A0^† ‖ ‖ ‖^2_{L3(} z_{t)} dt

) 1_2 ≤ C ( X(T )^2 + Y (T )^2 + X(T )^3 + Y (T )^3 + R_0 ) . We seek similar bounds for the contributions of the other terms in (7.30).

For the second term on the right hand side of (7.30) argue as follows ‖ ‖ ‖ ∫ z_t^{∂iGt(x, y) [ϕ, D0ϕ] dy‖}_{L3(} z_{t)}^{≤ C ‖[ϕ, D0ϕ]‖}L^32 ( zt) ≤ C ‖ϕ‖_L6_( z_{t)} ‖D_0ϕ‖_L2_( z_{t)}

≤ CR(t) · ‖∂_0ϕ + [A_0, ϕ]‖_{L2(} z_{t)} ≤ C ( R(t)^2 + Y (t)R(t)^2 ) ≤ C ( R_0 + X(t)^2 + Y (t)^2 + X(t)^4 ) For the fourth term on the right of (7.30) use Lemma 8.4. ‖ ‖ ‖ ‖ ‖ ∫ / \_t ∇Gs(x, y) ( [ϕ, (∂_0 − ∂_η)ϕ] + [ϕ, [A_0 − A_η , ϕ]] ) dσ(y)ds ‖ ‖ ‖ ‖ ‖_{L3(} z_{t)}

≤ C ‖[ϕ, (∂_0 − ∂_η)ϕ] + [ϕ, [A_0 − A_η, ϕ]]‖_L 3_{2 (}/ \T_) ≤ C ( R(T )^2 + Y (T )R(T )^2 + R(T )^3 ) ≤ C ( R_0 + X(T )^2 + Y (T )^2 + X(T )^3 + Y (T )^3 + X(T )^4 ) . One can use (7.37), (7.38), and (7.42) to estimate immediately the contribution

from the third term on the right of (7.30), ( ∫^T 0 ‖∇A_0‖^2_L3_( z_{t)} dt

) 1_2 ≤ C ( R_0 + X(T )^2 + Y (T )^2 + X(T )^3 + Y (T )^3

X(T )^4 + Y (T )^4 ) . Fourth term of Y (T ): sup_{0≤t≤T} ‖∂_iA_0‖_{L2(} z_{t)}

40See (7.30) for the definition of A0† .

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+159

The approach taken in [15] works here as well: In Theorem 6.1 of Section 6, we

obtain a space-time L^2 estimate on

B_i = −∂_t∂_iA_0 + [A_j , ∂_iA_j ] − [ϕ, ∂_iϕ] .

The estimate for the fourth term of Y (T ) will rely on this result. Write

∂_iA_0(t, x) = ∂_iA_0(0, x) + ∫_t 0 ∂_i∂_sA_0(s, x)ds = ∂_iA_0(0, x) − ∫_t 0 B_ids + ∫_t 0 [A_j , ∂_iA_j ] ds − ∫_t 0 [ϕ, ∂_iϕ] ds. (7.43)

Hence

‖∂_iA_0(t, x)‖_L2_( z_{t)} ≤ ‖∂_iA_0‖_L2_( z_{0 )} + T^{12} ‖B‖_{L2(} ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) + ‖ ‖ ‖ ‖ ‖ ∫_T 0 [A_j , ∂_iA_j ] ds ‖ ‖ ‖ ‖ ‖_{L2(} z_{t)} + ‖ ‖ ‖ ‖ ‖ ∫_T 0 [ϕ, ∂_iϕ] ds ‖ ‖ ‖ ‖ ‖_{L2(} z_{t)} . Using Proposition (2.5) in [15] we conclude ‖ ‖ ‖ ‖ ‖ ∫_T 0 [A_j, ∂_iA_j] ds ‖ ‖ ‖ ‖ ‖_{L2(} z_{t)} ≤ C ( R_0 + X(T )

)_2 ‖ ‖ ‖ ‖ ∫_T 0 [ϕ, ∂_iϕ] ds ‖ ‖ ‖ ‖_{L2(} z_{t)} ≤ C ( R_0 + X(T )

)_2 . The first term on the right of (7.44) is bounded using Proposition 7.1. Hence

‖∇A_0(t, ·)‖_L2_( z_{t)} ≤ C ( R_0 + (R_0 + X(T ))^2 ) + T^{12} ‖B‖_{L2(} ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) ≤ C ( R_0 + X(T )^2 ) + T^{12} ‖B‖_{L2(} ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) . Fifth and Sixth terms of Y (T ): sup_{0≤t≤T} ‖A_0‖_L3_( z_{t)} , ‖A_0‖_{L3(}/ \T_)

We begin the argument here exactly as in [15]:

Write A_0 in terms of its time derivative,

A_0(t, x) = A_0(0, x) + ∫_t 0 ∂_sA_0(s, x)ds (7.44)

hence

‖A_0(t, ·)‖_L3_( z_{t)} ≤ ‖A_0(0, ·)‖_L3_( z_{t)} + ∫_t 0 ‖∂_sA_0(s, ·)‖_L3_( z_{s)}

≤ ‖A_0(0, ·)‖_L3_( z_{0)} + T^{12} ( ∫^t 0 ‖∂_sA_0(s, ·)‖^2_L3_( z_{s)}

) 1_2

≤ CR_0 + T^{12} Y (T ).

(7.45)

Since T <^1_2 , the term T^{12} Y (T ) on the right of (7.45) can be absorbed in the left

hand side of (7.24).

Similarly, using (7.44)

‖A_0‖_{L3(}/ \T_) ≤ C ‖ ‖ ‖ ‖A^0(0, x) + ∫_t 0 ∂_sA_0(s, x)ds ‖ ‖ ‖ ‖_{L3(}/ \T_) ≤ C ( ∫_T 0 dt ∫ h_t^{dσx |A0(0, x)|3 ) 13} (7.46) + C ( ∫_T 0 dt ∫ h_t^{dσx |}^{∫ t}_0^{∂sA0(s, x)ds|}^{3 ) 13} The first term on the right of (7.46) is clearly bounded by ( ∫_T 0 dt ∫ h_t^{dσx |A0(0, x)|3 ) 13 ≤ ‖A0(0, ·)‖}L^3( z0) ≤ CR_0. For the second term, more care is needed. Writing χ_{[0,t]} for the characteristic

function of [0, t],

(7.47) ( ∫_T 0 dt ∫ h_t^{dσx |}^{∫ t}_0^{∂sA0(s, x)ds|}^{3 ) 13} ≤ ( ∫_T 0 dt ∫ h_t^{dσx} (∫_T 0 ds | |∂_sA_0(s, x)χ_{[0,t]}(s, x) | | )_3 )_{13}

= (∫ Y | ∫ X F (X, Y )dX |_3 dY ) 1_3

where Y = (t, x) are variables for the cone / \_T , X = s is the variable for

the interval [0, T ], and F (X, Y ) = | |∂_sA_0(s, x)χ_{[0,t]}(s, x) | |. By Minkowski’s integral

inequality, (∫ Y | | ∫ X F (X, Y )dX | |^3dY ) 1_3 ≤ ∫ X (∫ Y |F (X, Y )|^3dY ) 1_3 dX

= ∫_T 0 ds (∫_T 0 dt ∫ h_t^{dσ(x) |∂sA0(s, x)χ[0,t](s, x)|3)} 1 3

= ∫_T 0 ds (∫_T s dt ∫ h_t^{dσ(x) |∂sA0(s, x)|3)} 1 3

≤ ∫_T 0 ‖∂_sA_0(s, x)‖_L3_( z_{s)} ds.

≤ C (∫_T 0 ‖∂_sA_0(s, x)‖^2_L3_( z_{s)} ds

) 1_2

≤ CY (T )^2

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+161

Hence ‖A_0‖_{L3(}/ \T_) ≤ C(R_0 + Y (T )^2).

Seventh Term of Y (T ): ‖∂_tA_0‖_{L2(}/ \t_)

Here we again use the decomposition

∂_tA_0(t, x) = (∂_tA_0)^† − ∫ z_t^{∂iGt(x, y) [ϕ, Diϕ] dy} (7.48)

and argue exactly as in [15] to prove ‖ ‖ ‖∂tA0^† ‖ ‖ ‖_{L2(}/ \t_) ≤ C ( R(T )^2 + Y (T )^2 + R(T )^3 + Y (T )^3 ) ≤ C ( R_0 + X(T )^2 + Y (T )^2 + X(T )^3 + Y (T )^3 ) . To estimate the second term in (7.48) use Lemma 8.2: ‖ ‖ ‖ ∫ z_t^{∂iGt(x, y) [ϕ, Diϕ] dy‖}_{L2(} h_{t)}^{≤ ‖}^{∇x ∫} z_t^{∂iGt(x, y) [ϕ, Diϕ] dy‖}_L 3_{2 (} z_{t)} + ‖ ‖ ‖ ∫ z_t^{Gt(x, y) [ϕ, Diϕ] dy‖}_L 3_{2 (} z_{t)}^. (7.49)

By Lemma 8.4, ‖ ‖ ‖∇^x ∫ z_t^{∂iGt(x, y) [ϕ, Diϕ] dy‖}_L 3_{2 (} z_{t)}^{≤ ‖[ϕ, Diϕ]‖}L^32 ( zt)^. But in (7.28) we have already shown

‖[ϕ, D_iϕ]‖_L 3_{2 (} z_{t)} ≤ C ( R_0 + X(T )^2 + X(T )^3 ) . For the second term on the right of (7.49) use again Lemma 8.4, ‖ ‖ ‖ ‖ ∫ z_t^{Gt(x, y) [ϕ, Diϕ] dy‖}_Ł 3_{2 (} z_{t)}^{≤ C ‖}^∫ z_t^{Gt(x, y) [ϕ, Diϕ] dy‖}_{L3(} z_{t)} ≤ C ‖[ϕ, D_iϕ]‖_L 3_{2 (} z_{t)} ≤ C ( R_0 + X(T )^2 + X(T )^3 ) . Hence (∫_T 0 ‖ ‖ ‖ ∫ z_t^{∂iGt(x, y) [ϕ, Diϕ] dy‖}^2_{L2(} h_{t)}^{dt)} 1 2 ≤ C ( R_0 + X(T )^2 + X(T )^3 ) (7.50)

and ‖∂_tA_0‖_{L2(}/ \t_) ≤ C(X(T )^2 + Y (T )^2 + X(T )^3 + Y (T )^3).

Eighth term of Y (T ): ‖∂_iA_0‖_{L2(}/ \T_)

‖∂_iA_0‖_{L2(}/ \T_) = ‖ ‖ ‖ ‖∂^iA^0(0, ·) + ∫_t 0 ∂_i∂_tA_0dt ‖ ‖ ‖ ‖_{L2(}/ \T_)

≤ ‖∂_iA_0‖_{L2(} z_{0)}

(7.51) + ‖ ‖ ‖ ∫_t 0 B_ids − ∫_t 0 [A_j , ∂_iA_j ] ds + ∫_t 0 [ϕ, ∂_iϕ] ds ‖ ‖ ‖ L2( / \_{T )} . For the term involving B on the right of (7.51), ‖ ‖ ‖ ∫_t 0 B_ids ‖ ‖ ‖_{L2(}/ \T_) = ( ∫^T 0 dt ∫ h_t^{dσ(y) |}^{∫ t}_0^{B(s, y)ds|}^{2 ) 12} ≤ ( ∫^T 0 ds ∫_T s dt ∫ h_t^{dσy |B(s, y)|2 ) 12} ≤ C ‖B‖_{L2(} ▲▼▲▼▲ ▲▼▲▼▲▼▲) . The remaining terms in (7.51) are handled with a variation on [15], Proposition

2.5. We formulate and prove this variant in Lemma 7.3 below. This result gives ‖ ‖ ‖ ‖ ∫_t 0 [ϕ, ∂_iϕ] ds ‖ ‖ ‖ ‖_{L2(}/ \T_) ≤ C ( R_0 + X(T )

)_2

and similarly for the [A_j , ∂_iA_j] term. The conclusion is

‖∂_iA_0‖_{L2(}/ \T_) ≤ C ( R_0 + X(T )

)_2 + C ‖B‖_{L2(} ▲▼▲▼▲ ▲▼▲▼▲▼▲) . This completes the proof of Theorem 7.2.

Lemma 7.3. Consider two g-valued wave equations □ϕ = ψ □ϕ̃ = ψ̃ on ▲▼▲▼▲▲▼▲▼▲▼▲^T with initial conditions

ϕ(0, ·) = ϕ_0(·) ϕ̃(0, ·) = ϕ̃_0(·)

∂_tϕ(0, ·) = ϕ_1(·) ∂_tϕ̃(0, ·) = ϕ̃_1(·).

Then for all 0 ≤ t ≤ T , ‖ ‖ ‖ ‖ ∫_t 0 [ϕ, ∂ϕ̃]ds ‖ ‖ ‖ ‖_{L2(}/ \T_) ≤ C ( ‖ϕ_0‖_H1_( z_{0)} + ‖ϕ_1‖_L2_( z_{0)} + ∫_T 0 ‖ψ(s, ·)‖_L2_( z_{s)} ds )

· (‖ ‖ ‖ϕ̃0 ‖ ‖ ‖_{H1 (} z_{0)} + ‖ ‖ ‖ϕ̃1 ‖ ‖ ‖_{L2(} z_{0)} + ∫_T 0 ‖ ‖ ‖ψ̃(s, ·) ‖ ‖ ‖_{L2(} z_{s)} ds ) .

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+163

Proof Observe that

(7.52) ‖ ‖ ‖ ∫_t 0 [ϕ, ∂ϕ̃]ds ‖ ‖ ‖ 2

L2( / \_{T )} ≤ C ∫ / \_T (∫_t 0 |ϕ(s, x)|^2 ds · ∫_t 0 | | |∂ϕ̃(s, x) | | |^2 ds ) dσ_t(x)dt

≤ ‖ ‖ ‖ ‖ ∫_t 0 |ϕ(s, x)|^2 ds ‖ ‖ ‖ ‖_{L∞ (}/ \T_) · ‖ ‖ ‖ ‖ ∫_t 0 ∂ϕ̃(s, x)ds ‖ ‖ ‖ ‖ 2

L2( / \_{T )} . The same argument used to bound the second term in (7.46) shows ‖ ‖ ‖ ‖ ∫_t 0 ∂ϕ̃(s, x)ds ‖ ‖ ‖ ‖ 2

L2( / \_{T )} ≤ ∫_T 0 ‖ ‖ ‖∂ϕ̃(s, x) ‖ ‖ ‖_{L2(} z_{s)} ds

and the energy inequality implies

(7.53) ∫_T 0 ‖ ‖ ‖∂ϕ̃(s, x) ‖ ‖ ‖_{L2(} z_{s)} ds ≤ CT (‖ ‖ ‖∇ϕ̃0 ‖ ‖ ‖_{L2(} z_{0)} + ‖ ‖ ‖ϕ̃ ‖ ‖ ‖_{L2(} z_{0)} + ∫_T 0 ‖ ‖ ‖ψ̃(s, ·) ‖ ‖ ‖_{L2(} z_{s)} ds ) . The requisite bound for the first term on the right of (7.52) is given by the following

proposition^{41}, which completes the proof.

Lemma 7.4. Consider the g-valued wave equation in ▲▼▲▼▲▲▼▲▼▲▼▲^T □ϕ = ψ with initial conditions

ϕ(0, x) = ϕ_0(x) ∂_tϕ(0, x) = ϕ_1(x).

Then

(7.54) ‖ ‖ ‖ ∫_t 0 |ϕ(s, x)|^2 ds ‖ ‖ ‖ 1 2 L^∞( / \_{T )}

≤ C ( ‖ϕ_0‖_H1_( z_{0)} + ‖ϕ_1‖_L2_( z_{0)} + ∫_T 0 ‖ψ(s, ·)‖_L2_( z_{s)} ds ) . Proof By Duhamel’s principle, it suffices to prove the lemma when

ϕ_0 = ψ = 0, in which case the formula for ϕ at fixed (t, x) ∈ / \_T is ϕ(t, x) = 1 4π t ∫ |ω|=1 ϕ_1(x + tω)dω. 41Compare to [15], Proposition 2.6

Hence for every fixed (t, x) ∈ / \_T , ∫_t 0 |ϕ(s, x)|^2 ds ≤ 1 4π ∫_t 0 ∫ |ω|=1 s^2 |ϕ_1(x + sω)|^2 dωds ≤ 1 4π ‖ϕ_1‖^2_L2_( z_{0)} .

The estimates for differences follow from the same reasoning.

Theorem 7.5. (A_0, A, ϕ), (A^′_0, A^′, ϕ^′) two solutions of the Coulomb system C.G.a. - C.G.f. on ▲▼▲▼▲▲▼▲▼▲▼▲^T , T ≤^1_2 . Assume R_0[A, ϕ], R_0[A^′, ϕ^′] ≤ ϵ.

Then there is a constant C and a constant K = O ( X(T ) + Y (T ) + X^′(T ) + Y^′(T ) + R_0 + R^′_0 ) for small values of X, Y, X^′, Y^′, R_0, R^′_0 such that

Y (A_0 − A^′_0)(T ) ≤ K · ( Y (A_0 − A^′_0)(T ) + X(A − A^′, ϕ − ϕ^′)(T )

+ R_0[A − A^′, ϕ − ϕ^′](T ) ) + C ( ‖B − B^′‖_{L2(} ▲▼▲▼▲ ▲▼▲▼▲▼▲^T ) )

(7.55)

8. Appendix: Lemmas for the Neumann Green’s Function

For the sake of reference, this appendix contains some of the basic theorems the paper uses from real analysis, focussing mainly on the necessary estimates for the Neumann Green’s function of a ball in R^3. All statements here come directly from [15], Sections 1 and 4.

The formula for the Neumann Green’s function G of the ball zof radius a, center at the origin, is G_t(x, y) = c ( 1 |x − y| + a |x| |x^∗ − y| + 1 a log 2a^2 a^2 − x · y + |x| |y − x^∗| )

where x^∗ =^{a2}_{|x|2} x and c = −^1_{4π} .

Lemma 8.1. Let F ∈ L^2( z), f ∈ H^{12} ( h) and define

Φ(x) = ∫ z^{G(x, y)F (y)dy} Ψ(x) = ∫ h^{G(x, y)f(y)dσy .} Then, Φ, Ψ ∈ H^2( z). Thus Φ, Ψ, ∂_ηΦ, ∂_ηΨ have well defined restrictions to h and we have,

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+165

i) The function Φ satisfies the Poisson equation, ΔΦ = F and the boundary condition ∂_ηΦ| h=^1_{4πa2}

∫ zF . Also, in view of Green’s formula ∫ h^{Φ = −2a ∫} z^{F.}

ii) The function Ψ is harmonic in zand verifies the boundary condition ∂_ηΨ(y) = −f(y) +^1_{4πa2}

∫ hfdσ. In addition^∫ hΨ = −2a^∫ hf.

iii) If the compatibility condition

∫ zF =^∫ hf is satisfied then U = Φ − Ψ is

the unique solution of the Neumann problem, ΔU = F ∂_η U = f ∫ h^{U = 0.}

Lemma 8.2. Let f be a sufficiently smooth function in z, continuous up to the boundary.

(i) For 1 < p < q < ∞ satisfying^1_q =^1_p −^1_3 we have, with a constant C depending only on p, q,

‖f‖_Lq_( z_) ≤ C ( ‖∇f‖_Lp_( z_) + |a|^{−1} ‖f‖_Lp_( z_) ) . (ii) For 1 < p < 3 the following estimate holds, with C > 0 depending only on p,

‖f‖_L 2p_{3−p (} h_) ≤ C ( ‖∇f‖_Lp_( z_) + a^{−1} ‖f‖_Lp_( z_) . )

(iii) For all x ∈ z, ∫ z^{|f(y)|2}_{|x − y|}2^{dy ≤ C( 1}a2^{‖f‖2}L^2( z)^{+ ‖∇f‖2}L^2( z)^{).}

Lemma 8.3. The Green’s function G = G_a of the ball zenjoys the following estimates for |x| < b < a, |y| < a,

|∂_aG(x, y)| ≤ C ( |x − y| + (a − b) )_2 |∂_x∂_aG(x, y)| ≤ C ( |x − y| + (a − b) )_3 .

Lemma 8.4. Let G be the Neumann Green’s function for the ball zof radius

a,^1_2 ≤ a ≤ 1. Let G be the integral operator Gf(x) = ∫ z^{G(x, y)f(y)dy.} The following inequalities hold true

(a) For any 1 < p < q < ∞,^1_q =^1_p −^1_3 , we have

‖Gf‖_Lq_( z_) + ‖∇(Gf)‖_Lq_( z_) ≤ C ‖f‖_Lp_( z_)

(b) For all 1 < p < ∞, ‖ ‖∇^2(Gf) ‖ ‖_{Lp(} z_) ≤ C ‖f‖_{Lp (} z_)

(c) Also, ‖ ‖ ‖ ‖ ∫ z^{|G(x, y)f(y)|2 dy‖}_{L∞(} z_)^{≤ C( ‖f‖2}L^2( z)^{+ ‖∇f‖2}L^2( z)^{).} (d) If / \_t is the boundary of the domain ▲▼▲▼▲▲▼▲▼▲▼▲^t and G_s(x, y) is the Green func-

tion of the ball z_s, of radius a = 1−s, we have for all sufficiently smooth functions

f(s, y) defined on / \_t , with 0 ≤ t ≤^1_2

(8.1) ‖ ‖ ‖ ‖ ∫ / \_t |Gs(x, y)f(s, y)|^2dsdσy ‖ ‖ ‖ ‖ L^∞( z_t) ≤ C ( ‖f‖^2_{L2(}/ \t_) + ‖ ‖ ¯∂f ‖ ‖^2_{L2(}/ \t_) + ‖f‖^2_{L2(} z_{t)} + ‖∇f‖^2_{L2(} z_{t)} )

where ‖ ‖ ¯∂f ‖ ‖_{L2(}/ \_{t)} denotes the L^2 norm, on / \^t, of all tangential derivatives

of f.

Lemma 8.5. G as above, zthe ball of radius^1_2 ≤ a ≤ 1. Then ‖ ‖ ‖ ‖∇^3 ∫ z^{G(x, y) F (y)dy‖}_{L2(} z_)^{≤ C ‖F ‖}H^1 ( z) ‖ ‖ ‖ ‖∇^2 ∫ h^{G(x, y)f(y)dy‖}_{L2(} z_)^{≤ C ‖f‖}H^12 ( h) ACKNOWLEDGMENTS

I thank Sergiu Klainerman for his insight, enthusiasm, and patience while super-

vising this work, which is part of my doctoral thesis. Thanks also to L. Kapitanski,

N. Bournaveas, M. Machedon, M. Struwe, and D. Christodoulou for useful and very

timely discussions. Finally, thanks to H. Lindblad for many constructive remarks

on earlier versions of this work.

GLOBAL EXISTENCE FOR CRITICAL POWER YANG-MILLS-HIGGS EQUATIONS IN R3+167

References

1. D. Christodoulou and S. Klainerman. Asymptotic properties of linear field equations in Minkowski space. Comm. Pure and Appl. Math., pages 137–199, 1990.

2. D. Christodoulou and A. Tahvidar-Zadeh. On the regularity of spherically symmetric wave maps. Comm. Pure and Appl. Math., 43:1041–1091, 1993.

3. D. Costa and W. Strauss. Energy splitting. Quarterly of Applied Mathematics, pages 351–361, 1981.

4. D. Eardly and V. Moncrief. The global existence of Yang-Mills-Higgs fields in M 3+1. Comm.

Math. Physics, 83:171–212, 1982.

5. J. Ginibre, A. Soffer, and G. Velo. The global Cauchy problem for the critical nonlinear wave equation. J. Funct. Anal., 110:96–130, 1992.

6. J. Ginibre and G. Velo. The global Cauchy problem for the nonlinear Klein-Gordon equation.

Math. Zeit., 189:487–505, 1985.

7. R.T. Glassey and W.A. Strauss. Decay of a Yang-Mills Field coupled to a scalar field. Commun. Math. Physics, 67:51–67, 1979.

8. R.T. Glassey and W.A. Strauss. Decay of classical Yang-Mills Fields. Commun. Math. Physics, 65:1–13, 1979.

9. M. Grillakis. Regularity and asymptotic behavior of the wave equation with a critical nonlinearity. Ann. of Math, 132:485–509, 1990.

10. M. Grillakis. Regularity for the wave equation with a critical nonlinearity. Comm. Pure Appl.

Math., 45:749–774, 1992.

11. L. Kapitanski. The Cauchy problem for semilinear wave equations II and III. J. Soviet Math., 62:2746–2777, 1992.

12. L. Kapitanski. Global and unique weak solutions of nonlinear wave equations. Mathematical Research Letters, 1:211–223, 1994.

13. S. Klainerman and M. Machedon. Space-time estimates for null forms and the local existence theorem. Comm. Pure and Appl. Math., 46(9):1221–1268, 1993.

14. S. Klainerman and M. Machedon. On the Maxwell-Klein-Gordon equation with finite energy.

Duke Math. Journal, 74(1):19–44, 1994.

15. S. Klainerman and M. Machedon. Finite energy solutions for the Yang-Mills equations. Annals of Math., 142:39 – 119, 1995.

16. P.D. Lax and R.S. Phillips. Scattering Theory. Academic Press, 1967. 17. H. Lindblad and C. Sogge. On existence and scattering with minimal regularity for semilinear wave equations. Jour. of Func. An., pages 357–426, 1995.

18. B. Marshall. Mixed norm estimates for the Klein-Gordon equation. In Proc. Conf. Harmonic Anal. Antoni Zygmund, pages 638–652. Wardsworth, 1981.

19. C.S. Morawetz. The limiting amplitude principle. Comm. Pure Appl. Math., 15(3), 1963. 20. C.S. Morawetz. Exponential decay of solutions of the wave equation. Comm. Pure and Appl.

Math., 19:439–444, 1966.

21. C.S. Morawetz. Time decay for the nonlinear Klein-Gordon equation. Proc. Roy. Soc. A., 306:291–296, 1968.

22. J. Rauch. I. The u5 Klein-Gordon equation. II. Anomalous singularities for semilinear wave equations. In H. Brezis and J.L. Lion, editors, Nonlinear Partial Differential Equations and Their Applications, Research Notes in Math vol 53, pages 335–364. Pitman, 1981.

23. H. Smith and C. Sogge. Lp regularity for the wave equation with strictly convex obstacles.

Duke Math. J., 73:97–155, 1994.

24. H. Smith and C. Sogge. On the critical semilinear wave equation outside convex obstacles. J.

Amer. Math. Soc., pages 879–916, 1995.

25. W Strauss. Decay and asymptotics for □u = F (u). J. Funct. Anal., 2:409–457, 1968. 26. W. Strauss. Nonlinear Wave Equations. Regional Conference Series in Math., 1989. 27. R. Strichartz. Restriction of the fourier transform to quadratic surfaces and decay of solutions of the wave equation. Duke Math. J., 44:705–714, 1977.

28. M. Struwe. Globally regular solutions to the u5 Klein-Gordon equations. Ann. Scuola Norm.

Sup. Pisa, 15:495–513, 1988.

29. M. Struwe. Semilinear wave equations. Bull. AMS, 26:53–85, 1992.

30. M. Struwe and J. Shatah. Regularity results for nonlinear wave equations. Ann. of Math.,

138:503–518, 1993.

31. M. Struwe and J. Shatah. Well posedness in the energy space for semilinear wave equations with critical growth. Inter. Math. Research Not., 7, 1994.

32. K. Uhlenbeck. Connections with Lp bounds on curvature. Comm. Math. Physics, 83:31–42, 1982.

33. C. Wilcox. The initial-boundary value problem for the wave equation in an exterior domain with spherical boundary. Notices Amer. Math. Soc., 6, 1959.

Department of Math, UCLA E-mail address: keel@math.ucla.edu