SUBSTITUTION DYNAMICAL SYSTEMS: CHARACTERIZATION OF LINEAR REPETITIVITY AND APPLICATIONS

DAVID DAMANIK^1 AND DANIEL LENZ^2

1 Department of Mathematics 253–37, California Institute of Technology, Pasadena, CA 91125, U.S.A., E-Mail: damanik@its.caltech.edu

2 Fakultät für Mathematik, TU Chemnitz, D-09107 Chemnitz, Germany, E-Mail: dlenz@mathematik.tu-chemnitz.de

2000 AMS Subject Classification: 37B10, 68R15 Key Words: Symbolic Dynamics, Combinatorics on Words

Abstract. We consider dynamical systems arising from substitutions over a finite alphabet. We prove that such a system is linearly repetitive if and only if it is minimal. Based on this characterization we extend various results from primitive substitutions to minimal substitutions. This includes applications to random Schrödinger operators and to number theory.

1. Introduction

This paper deals with a special class of low complexity subshifts over finite alphabets, viz. subshifts associated to substitutions.

Subshifts over finite alphabets play a role in various branches of mathematics, physics, and computer science. Low complexity or intermediate disorder has been a particular focus of research in recent years. This has been even more the case due to the discovery by Shechtman et al. of special solids [37], later called quasicrystals, which exhibit this form of disorder [2, 23, 38]. Subshifts associated to substitutions and in particular to primitive substitutions are foremost among the models of low complexity subshifts [31, 32, 36].

With the recent work of Durand [18] and Lagarias and Pleasants [26] it became apparent that a key feature to be studied in low complexity subshifts (and their higher-dimensional analogue) is linear repetitivity or linear recurrence. It is known that subshifts associated to primitive substitutions are linearly repetitive [39]. Thus, it is natural to ask:

(Q) Which substitution dynamical systems are linearly repetitive? The main result of the paper answers this question. Namely, we show that a substitution dynamical system is linearly repetitive if and only if it is minimal, which in turn is the case if and only if one letter (not belonging to a particular subset of the alphabet) appears with bounded gaps. This not only characterizes

D. D. was supported in part by NSF Grant No. DMS–0227289 D. L. was supported in part by the DFG within the priority program Quasikristalle. 1

linear repetitivity but also gives an easy to handle condition to verify this feature. This characterization and its proof give very direct methods to

(E) extend results from the framework of primitive substitutions to the framework of minimal substitutions.

We illustrate this extension process with two types of examples. The first type is concerned with the spectral theory of certain Schrödinger operators. The second example deals with number theory. Details will be discussed in the corresponding sections.

The paper is organized as follows: In Section 2 we introduce the necessary notation and state our main result, answering (Q). This result is then proved in Section 3. The following two sections give examples for (E). Section 4 is devoted to a study of Schrödinger operators associated to minimal substitutions. An application to number theory is discussed in Section 5. Finally, in Section 6 we study the unique decomposition property for a special class of nonprimitive substitutions.

2. Notation and Statement of the Main Result

In this section we introduce the necessary notation and present our main result. Let A be a finite subset of R, called the alphabet. The elements of A will be called letters. In the sequel we will use freely notions from combinatorics on words (see, e.g., [31, 32]). In particular, the elements of the free monoid A^∗ over A will be called words. The length of a word is the number of its letters; the number of occurrences of v ∈ A^∗ in w ∈ A^∗ will be denoted by #_v(w). Moreover, for a word u over A, we let Sub(u) denote the set of subwords of u.

We can equip A with discrete topology and A^Z with product topology. A pair (Ω, T ) is then called a subshift over A if Ω is a closed subset of A^Z which is invariant under T : A^Z −→ A^Z, (T u)(n) ≡ u(n + 1). To a subshift (Ω, T ) belongs the set W(Ω) of finite words given by W(Ω) ≡ ∪_{ω∈Ω}Sub(ω). A word v ∈ W(Ω) is said to occur with bounded gaps if there exists an L_v > 0 such that every w ∈ W(Ω) with |w| ≥ L_v contains a copy of v. By standard arguments (Ω, T ) is minimal (i.e., each orbit is dense) if and only if every v ∈ W(Ω) occurs with bounded gaps. A particular strengthening of minimality is thus the condition of linear repetitivity given as follows: The system (Ω, T ) is said to be linearly repetitive if there exists a constant C_{LR} with

(1) #_v(w) ≥ 1 whenever |w| ≥ C_{LR}|v|

for v, w ∈ W(Ω).

A special way to generate subshifts is given as follows. Consider a map S : A −→ A^∗. By definition of A^∗, S can be uniquely extended to a morphism

S : A^∗ −→ A^∗ by setting S(a_1 . . . a_n) ≡ S(a_1) . . . S(a_n),

for arbitrary a_j ∈ A, j = 1 . . . n. To such an S, we can associate the set W(S) ⊂ A^∗ given by

W(S) ≡ {w ∈ A^∗ : w ∈ Sub(S^n(a)) for suitable a ∈ A and n ∈ N_0 },

and the (possibly empty) set Ω(S) ⊂ A^Z given by

Ω(S) ≡ {ω ∈ A^Z : Sub(ω) ⊂ W(S)}.

For Ω(S) to be nonempty, it is necessary and sufficient that there exists an e ∈ A with (2) |S^n(e)| −→ ∞, n −→ ∞.

Without loss of generality we can then assume (after possibly removing some letters from A) that (3) for all a ∈ A there exists an n ∈ N with #_a(S^n(e)) ≥ 1.

We will from now on assume that S : A −→ A^∗ satisfies (2) and (3). (Ω(S), T ) is then referred to as a substitution dynamical system. Obviously, (Ω(S), T ) is a subshift over A. Note that every word v ∈ W(S) can be extended to a two-sided infinite sequence, that is, W(S) = W(Ω(S)).

As mentioned in the introduction, a special class of systems (Ω(S), T ) known to be linearly repetitive are those coming from primitive S. Here, S is called primitive if there exists an r ∈ N with #_a(S^r(b)) ≥ 1 for arbitrary a, b ∈ A. Our main result characterizes all S with linearly repetitive (Ω(S), T ).

Theorem 1. Let (Ω(S), T ) be a substitution dynamical system. Then the following are equivalent:

(i) There exists an e ∈ A satisfying (2) and (3) which occurs with bounded gaps.

(ii) (Ω(S), T ) is minimal.

(iii) (Ω(S), T ) is linearly repetitive.

Remark 1. (a) Condition (i) can be easily checked in many concrete cases. For example, it can immediately be seen to be satisfied in the examples of de Oliveira and Lima [35]. Thus, their examples are linearly repetitive and the whole theory developed below applies.

(b) As primitive substitutions can easily be seen to satisfy (i), the theorem contains the well known result (see, e.g., [39]) that these systems are linearly repetitive. (c) Existence of an arbitrary a ∈ A occurring with bounded gaps is not sufficient for minimality, as can be seen by considering the example S : {0, 1} −→ {0, 1}^∗, 0 → 101 and 1 → 1.

As discussed above, linear repetitivity implies minimality. Moreover, it also implies unique ergodicity as shown by Durand [18] (see [28] for a different proof as well). Thus, we obtain the following corollary.

Corollary 1. Let (Ω(S), T ) be as above. If e ∈ A satisfying (2) and (3) occurs with bounded gaps, then (Ω(S), T ) is uniquely ergodic and minimal.

Remark 2. (a) A different way of stating the corollary would be to say that for a substitution dynamical system, minimality is equivalent to strict ergodicity. Note that unique ergodicity is not sufficient for minimality, as can be seen by considering the example in (c) of Remark 1.

(b) By (a) of Remark 1, the corollary applies to the examples of [35] and we recover their Proposition 1.

3. Linearly Repetitive Substitutions

This section is devoted to a proof of Theorem 1. It turns out that the hard part in the proof is the implication (ii) =⇒ (iii). Its proof will be split into several parts.

The key issue is to study the growth of |S^n(a)| for n → ∞ and a ∈ A. This will be done by relating S : A −→ A^∗ to a suitable other substitution ~S : C −→ C^∗, which can be shown to be primitive if (ii) is satisfied. As growth properties are well known for primitive substitutions, we obtain the desired results by comparing the growth behavior of S and ~S.

For notational convenience, we will say that (Ω(S), T ) satisfies the bounded gap condition (for e ∈ A) if

(BG) the letter e ∈ A satisfies (2) and (3) and occurs with bounded gaps. Our first result gives some immediate consequence of (BG).

Lemma 3.1. Let (Ω(S), T ) satisfy (BG). Then (Ω(S), T ) is minimal.

Proof. It suffices to show that S^n(e) occurs with bounded gaps for arbitrary but fixed n ∈ N. Set M ≡ max{|S^n(a)| : a ∈ A}. By (BG), there exists κ > 0 such that every word in W(S) with length exceeding κ contains e. Consider an arbitrary w ∈ W(S) with |w| ≥ (3 + κ)M. Now, w is contained in S^n(a_1 . . . a_s) with suitable a_j ∈ A, j = 1, . . . , s with a_1 . . . a_s ∈ W(S). By assumption on |w| and definition of κ, we infer that w contains S^n(a_l)S^n(a_{l+1}) . . . S^n(a_{l+κ}) for a suitable l. By definition of κ, we infer that w contains S^n(e) and the proof is finished. □

We will now introduce the substitution ~S. Set B ≡ {a ∈ A : lim sup_{n→∞} |S^n(a)| < ∞} and C ≡ A \ B.

Note that S maps B^∗ into itself. We define ~S : C −→ C^∗, by ~S(x) ≡ ~S(x),

where for an arbitrary word w ∈ A^∗ we define ~w to be the word obtained from w by removing every element of B. As B is invariant under S, we infer that

~S^n(~x) = ~Sn(x)

for arbitrary x ∈ W(S) and n ∈ N. This will be used repeatedly in the sequel. Our next aim is to show that ~S is primitive if (BG) is satisfied. We need two preparatory lemmas.

Lemma 3.2. Let (Ω(S), T ) satisfy (BG). Then, the following are equivalent for a ∈ A:

(i) |S^n(a)| −→ ∞, n → ∞.

(ii) e is contained in S^k(a) for a suitable k ∈ N.

Proof. (i) =⇒ (ii). This is clear as e occurs with bounded gaps by (BG). (ii)=⇒ (i). By (ii), S^n(e) is a subword of S^{k+n}(a) for every n ∈ N. Now, (i) follows as e satisfies (2) by (BG). □

Lemma 3.3. Let (Ω(S), T ) satisfy (BG). Then, there exists m ∈ N such that S^n(e) contains every letter of A for every n ≥ m.

Proof. By (BG) and (2), there exists r ∈ N such that S^n(e) contains e whenever n ≥ r. By (3), for every a ∈ A, there exists n(a) ∈ N such that S^{n(a)}(e) contains a. Then m = r + � a∈A n(a) has the desired properties. □

We can now show that ~S is primitive, if (BG) holds.

Lemma 3.4. Let (Ω(S), T ) satisfy (BG). Then ~S : C −→ C^∗ is primitive. Proof. For c ∈ C, we can choose by Lemma 3.2 a number n(c) ∈ N such that S^{n(c)}(c) contains e. Moreover, by Lemma 3.3, there exists m such that S^n(e) contains every letter of A whenever n ≥ m. Let N ≡ m + � c∈C n(c). Then, for every c ∈ C, S^N (c) contains every letter of A. In particular, for each c ∈ C, the word ~S^N (c) = ~S^n(c) contains every letter of C and primitivity of ~S is proved. □

As ~S is primitive, for c ∈ C, the behavior of | ~S^n(c)| for large n ∈ N is rather explicit. The next lemma allows us to compare this behavior with the behavior of |S^n(c)|.

Lemma 3.5. Let (Ω(S), T ) satisfy (BG). There exist constants L > 0 and N ∈ N with 1 L ≤ | ~S^n(~v)| |S^n(v)| ≤ 1 for arbitrary n ≥ N and v ∈ W(S) containing at least one letter of C.

Proof. The inequality | ~S^n(~v)| ≤ |S^n(v)| is obvious. To show the other inequality, note that, by (BG), there exists a constant κ such that every word with length exceeding κ contains a copy of e. This implies, |~v| ≥ κ^{−1}|v| − 2 for arbitrary v ∈ W(S). Applying this inequality to ~S^n(~v) = ~S^n(v), we find

| ~S^n(~v)| ≥ 1 κ |S^n(v)| − 2.

By definition of C, there exists N ∈ N with |S^n(c)| ≥ 4κ for all c ∈ C and n ≥ N.

Thus, | ~S^n(~v)| = |~S^n(v)| ≥ 1 κ |S^n(v)| − 2 ≥ 1 2κ |S^n(v)| for arbitrary n ≥ N and v ∈ W(S) containing at least one letter of C. □

The key technical result in this section is the following proposition. Proposition 3.6. Let (Ω(S), T ) satisfy (BG). Let V be a finite subset of W(S) all of whose elements contain at least one letter of C. Then there exist θ > 0 and λ(V ), ρ(V ) > 0 with λ(V )θ^n ≤ |S^n(v)| ≤ ρ(V )θ^n for arbitrary n ∈ N and v ∈ V .

Proof. Set ~V ≡ {~v : v ∈ V }. As ~S is primitive by Lemma 3.4, there exist θ > 0 and constants κ_1, κ_2 > 0 with κ_1 ≤ θ^{−n}| ~S^n(c)| ≤ κ_2 for arbitrary c ∈ C and n ∈ N. As V is finite and every v ∈ V contains at least one letter of C, this shows existence of ν_1, ν_2 > 0 with

ν_1 ≤

| ~S^n(~v)| θ^n

≤ ν_2

for every ~v ∈ ~V . Therefore, by Lemma 3.5, there exist μ_1, μ_2 > 0 and N ∈ N with μ_1θ^n ≤ |S^n(v)| ≤ μ_2θ^n for arbitrary n ≥ N and v ∈ V . Adjusting the constants to fit in the remaining finitely many cases, we conclude the proof. □

With these preparations out of the way, we are now ready to prove Theorem 1.

Proof of Theorem 1. The implications (iii) =⇒ (ii)=⇒ (i) are obvious. The implication (i) =⇒ (ii) is given in Lemma 3.1.

It remains to prove (ii)=⇒ (iii). We will use the notion of return word introduced recently by Durand [17]. Recall that x ∈ W(S) is called a return word of v ∈ W(S) if xv ∈ W(S), xv begins with v, and #_v(xv) = 2. Let e ∈ A satisfying (BG) be fixed. Such an e exists by minimality. Let V be the set of return words of e. As e satisfies (BG), V is a finite set. Let U ≡ {z_1z_2 : z_1, z_2 ∈ V, z_1z_2 ∈ W(S)}. As V is finite, so is U. By the minimality assumption (ii), there exists G > 0 such that every word in W(S) with length exceeding G contains every word of U. By Proposition 3.6, there exist θ, λ(V ), ρ(V ) > 0 with

(4) λ(V )θ^n ≤ |S^n(v)| ≤ ρ(V )θ^n

for all v ∈ V and n ∈ N. Define

C_{LR} ≡ (3 + G)θρ(V )λ(V )^{−1}.

We will show linear repetitivity of (Ω(S), T ) with this constant. Thus, let w ∈ W(S) be given and consider an arbitrary u ∈ W(S) with |u| ≥ C_{LR}|w|. We have to show that u contains a copy of w. To do so, we will show the following:

• w is contained in S^n(z_0) with suitable n ∈ N and z_0 ∈ U, • u contains all words of the form S^n(z) with z ∈ U.

Here are the details: Let n ∈ N be given with

(5) λ(V )θ^{n−1} ≤ |w| < λ(V )θ^n.

Combining this inequality with (4), we see that

(6) |w| ≤ |S^n(v)| for every v ∈ V .

Apparently, we can choose x = eye ∈ W(S) such that w is a subword of S^n(eye). Partitioning eye according to occurrences of e, we can write eye = x_1 . . . x_ke with x_j ∈ V , j = 1, . . . , k. By (6), and since w is a subword of S^n(x_1) . . . S^n(x_k)S^n(e), we then infer that w is in fact a subword of S^n(z_1z_2) with z_1, z_2 ∈ V and z_1z_2 ∈ U. Let us now turn our attention to u. By |u| ≥ C_{LR}|w|, |w| ≥ λ(V )θ^{n−1} and the definition of C_{LR}, we infer

(7) (3 + G)ρ(V )θ^n ≤ |u|.

Of course, as discussed above for w, we can also exhibit u as a subword of S^n(x_1 . . . x_k)S^n(e) with x_j ∈ V , j = 1, . . . , k and x_1 . . . x_k ∈ W(S). By (4) and (7), we then conclude that u must contain a word of the form S^n(v) with |v| ≥ G. By definition of G, the word v then contains z_1z_2. Thus, u contains S^n(z_1z_2) which contains w. This finishes the proof. □

4. The Associated Schrödinger Operators

In this section we discuss applications to Schrödinger operators. Recall that to a given subshift (Ω, T ) over A ⊂ R, we can associate the family (H_ω)_{ω∈Ω} of selfadjoint operators H_ω : ℓ^2(Z) −→ ℓ^2(Z), ω ∈ Ω acting by (8) (H_ωu)(n) ≡ u(n + 1) + u(n − 1) + ω(n)u(n). Assume furthermore that (Ω, T ) is minimal, uniquely ergodic, and aperiodic (i.e., T^kω ≠ ω for every k ≠ 0 and ω ∈ Ω). Denote the unique T -invariant probability measure by μ. Such operators have attracted a lot of attention in recent years (see, e.g., [11, 41] for reviews and below for literature concerning special classes). They arise in the quantum mechanical treatment of (one-dimensional) quasicrystals. The theoretical study of physical features (e.g., conductance) is accordingly performed by investigating the spectral theory of such families. It turns out that the spectral theory of these families is rather interesting. Namely, they exhibit features such as • purely singular continuous spectrum, • Cantor spectrum of Lebesgue measure zero, • anomalous transport.

In the study of these and related properties, two classes of examples have received particular attention. These are Sturmian models (and more generally circle maps) [5, 9, 12, 13, 14, 15, 24, 40] and operators associated to primitive substitutions [3, 4, 6, 8, 10, 29, 30]. The aim of this section is to extend the theory from primitive substitutions to minimal substitutions, thereby giving a precise sense to (E) in this case.

For linearly repetitive systems it was recently shown by one of the authors [29] that their spectrum is a Cantor set if they are not periodic. Thus, we obtain the following result as an immediate corollary to Theorem 1 above and Corollary 2.2 of [29].

Theorem 2. Let (Ω(S), T ) be an aperiodic minimal substitution dynamical system. Then, there exists a Cantor set Σ ⊂ R of Lebesgue measure zero with σ(H_ω) = Σ for every ω ∈ Ω, where σ(H_ω) denotes the spectrum of H_ω.

Remark 3. (a) If the subshift is periodic, it is well known that the spectrum is a finite union of (nondegenerate) closed intervals. Hence, in this case it is neither a Cantor set nor does it have Lebesgue measure zero.

(b) This theorem contains, in particular, the corresponding result for primitive substitutions obtained in [29] (see also [30] for a different proof). (c) The theorem covers all the examples discussed in [35].

Next we state our result on singular continuous spectrum.

Theorem 3. Let (Ω(S), T ) be a minimal substitution dynamical system. If there exists u ∈ W(S) starting with e ∈ C such that uuue ∈ W(S), then the operators (H_ω) have purely singular continuous spectrum for μ-almost every ω ∈ Ω.

Remark 4. This also covers all the examples studied by de Oliveira and Lima in [35].

The proof of purely singular continuous spectrum has two ingredients. The first is a proof of absence of absolutely continuous spectrum. This follows by results of Kotani [25] and is in fact valid for every ω ∈ Ω by results of Last and Simon

[27]. Alternatively, this follows by Theorem 2 (whose proof, however, uses Kotani theory [25]). The second ingredient is a proof of absence of eigenvalues. This is based on the so-called Gordon argument going back to [21]. Various variants of this argument have been used in the study of (8) (see [11] for a recent overview). We use it in the following form [11, 16, 24].

Lemma 4.1. Let (Ω, T ) be a uniquely ergodic subshift over A. Let (n_k) be a sequence in N with n_k → ∞, k → ∞. Set

Ω(k) ≡ {ω ∈ Ω : ω(−n_k + l) = ω(l) = ω(n_k + l), 0 ≤ l ≤ n_k − 1}. If lim sup_{k→∞} μ(Ω(k)) > 0, then μ-almost surely, H_ω has no eigenvalues.

The lemma reduces the proof of absence of eigenvalues to establishing the occurrence of sufficiently many cubes. For primitive substitutions, occurrence of many cubes follows from occurrence of one word of the form uuue, where e is the first letter of u. This was shown by one of the authors in [10] (see [9] as well). It turns out that this line of reasoning can be carried over to minimal substitutions. Namely, we have the following result.

Lemma 4.2. Let (Ω(S), T ) be a minimal substitution dynamical system. Let u ∈ W(S) be given starting with e ∈ C such that uuue belongs to W(S). Set n_k ≡ |S^k(u)|. Then, lim sup_{k→∞} μ(Ω(n_k)) > 0.

Proof. As already mentioned, the proof is modelled after [10]. As uuue occurs in W(S), so does S^k(uuue) for k ∈ N. Of course, S^k(u) begins with S^k(e). Thus, each occurrence of S^k(uuue) = S^k(u)S^k(u)S^k(u)S^k(e) gives rise to |S^k(e)| occurrences of cubes and we infer

(9) μ(Ω(n_k)) ≥ μ(Ω_Sk_{(uuue)}) × |S^k(e)|,

where we set Ω_v ≡ {ω ∈ Ω : ω(1) . . . ω(|v|) = v} for v ∈ W(S). By Proposition 3.6, there exist λ, ρ > 0 and θ > 0 with (10) |S^k(uuue)| ≤ ρ θ^k and λ θ^k ≤ |S^k(e)|, for every k ∈ N. By Corollary 1, (Ω(S), T ) is uniquely ergodic and therefore μ � Ω_Sk_{(uuue)} � = lim_{|x|→∞}

#_Sk_{(uuue)}(x) |x| . Moreover, by Theorem 1, (Ω(S), T ) is linearly repetitive with some constant C_{LR}. Combining these estimates, we infer

μ(Ω(n_k)) ≥ lim_{|x|→∞}

#_Sk_{(uuue)}(x) |x| |S^k(e)| ≥ 1 C_{LR}|S^k(uuue)|

|S^k(e)| ≥ λ C_{LR} ρ . This finishes the proof. □

Proof of Theorem 3. By the discussion following the theorem, it suffices to show almost sure absence of point spectrum. This is an immediate consequence of the preceding two lemmas. □

Remark 5. There is another approach to proving absence of eigenvalues which is based on palindromes, rather than cubes. Concretely, Ω is said to be palindromic if W(Ω) contains arbitrarily long palindromes. Hof et al. prove in [22] that if Ω is minimal and palindromic, then for a dense G_δ-set of ω ∈ Ω, the operator H_ω has empty point spectrum. This gives another method to prove absence of eigenvalues for minimal substitution Hamiltonians in cases where Lemma 4.2 does not apply, but where sufficiently many palindromes occur.

5. Fixed Points of Linearly Repetitive Substitutions

In this section we discuss an application of the results above to number theory. Recall that every z ∈ (0, 1) has a binary expansion z = ∞� n=1 a_n 2^n

with a_n ∈ {0, 1}. For algebraic numbers, this binary expansion is expected to be a “random sequence.” Of course, there are various ways to give a precise meaning to “random sequence.” One particular way is that this binary expansion should not be a fixed point of a substitution (see [1] for further discussion). The question whether such a binary expansion can be a fixed point has thus attracted attention, and the most general result so far has been obtained by Allouche and Zamboni [1]. Namely, they show that a binary expansion which is a fixed point of either a primitive substitution or a substitution of constant length (i.e., the images of letters all have equal length) can only belong to a rational or transcendental number. We can prove the following result, merely assuming minimality:

Theorem 4. Suppose S : {0, 1} → {0, 1}^∗ satisfies (BG) (i.e., S induces a minimal, linearly repetitive dynamical system). If u ∈ {0, 1}^N is an aperiodic fixed point of S and z ∈ (0, 1) is given by z = ∞� n=1 u_n 2^n , then z is transcendental.

Proof. For primitive S, the assertion was shown in [1]. Let us consider the case where S is nonprimitive. Then the alphabet B is not empty and we have either S(0) = 0 or S(1) = 1. Let us discuss the case S(1) = 1, the other case can be treated in an analogous way. From (BG) we can infer that S(0) contains both 0 and 1 and it begins and ends with 0. By aperiodicity, S(0) cannot be equal to 01^k0 with k ≥ 1. That is, either S(0) has the form

(11) S(0) = 01^k0w0

for some suitable word w, possibly empty, and suitable k ≥ 1, or S(0) has the form

(12) S(0) = 00w0

for some word w containing 1 as a factor.

We first consider the case where S(0) is given by (11). Then

S^2(0) = 01^k0w01^k01^k0w0S(w)01^k0w0, where we let S(ε) = ε for definiteness. We see that u contains the word 01^k01^k0 and hence, for some prefix p, u = p01^k01^k0 . . .

Now define U_n = S^n(p), V_n = S^n(01^k), V^′_n = S^n(0).

Observe that we have (13) |V_n| → ∞ as n → ∞ by (BG),

(14) lim sup_{n→∞}

|U_n| |V_n| < ∞ by Proposition 3.6, and

(15) lim inf_{n→∞}

|V^′_n| |V_n|

> 0,

again by Proposition 3.6. We can now conclude the proof in this case by applying [20, Proposition 1] since (13)–(15) provide exactly the necessary input for an application of this proposition.

Let us now consider the case where S(0) is given by (12). Then S^2(0), and hence u, contains the factor 0^3. Therefore, u = p000 . . ., so we can set U_n = S^n(p), V_n = V^′_n = S^n(0) and then conclude as above. □

By the same argument one can prove the following extension; see the note added in proof of [1] for the necessary additional input (namely, a result of Mahler [33]).

Theorem 5. If z ∈ (0, 1) has a base b expansion (b ∈ N and > 1) which is given by an aperiodic fixed point of a substitution on a two-letter alphabet which satisfies (BG), then z is transcendental.

6. Unique Decomposition Property In this section we study questions concerning unique decomposition for nonprimitive minimal aperiodic substitutions. For primitive substitutions, such a unique decomposition property has been shown by Mossé [34] (for a study of the higherdimensional case, we refer to [39]). We are not able to treat the general case but rather restrict our attention to a two-letter alphabet. This case has attracted particular attention recently in the work of de Oliveira and Lima [35]. Thus, we can assume (and will assume throughout this section) that A = {a, b} and |S(a)| > 1 and S(b) = b.

For w ∈ W(S), an equation w = z_0z_1 . . . z_nz_{n+1} is called a 1-partition if z_1, . . . , z_n ∈ {S(a), b}, z_0 is a suffix of an element in {S(a), b} and z_{n+1} is a prefix of an element in {S(a), b}. Similarly, a 1-partition of ω ∈ Ω(S) consists of a sequence (E_n) ⊂ Z with · · · < E_{−2} < E_{−1} < E_0 < E_1 < E_2 < · · · , and lim_{n→∞} E_n = ∞, lim_{n→−∞} E_n = −∞,

such that ω(E_n) . . . ω(E_{n+1} − 1) ∈ {S(a), b}. We will prove the following theorem.

Theorem 6. Let (Ω(S), T ) be a minimal, aperiodic, nonprimitive substitution dynamical system over {a, b}. Then, every ω ∈ Ω(S) admits a unique 1-partition. More precisely, there exist L ∈ N and words w_1, . . . , w_k such that the 1-partition {E_j } of ω consists of exactly those E with ω(E − L) . . . ω(E + L) ∈ {w_j : j = 1, . . . , k}.

To prove this result, we need some preparation. The proof of Theorem 6 appears at the end of this section.

Lemma 6.1. Let (Ω(S), T ) be a minimal, aperiodic, nonprimitive substitution dynamical system over {a, b}. Then S(a) is neither a prefix of bS(a) nor a suffix of S(a)b. In particular, two 1-partitions of a finite v which both start with S(a) (end with S(a)) must agree up to a suffix (prefix) of length at most |S(a)b|.

Proof. The second statement follows immediately from the first. So assume the first statement is wrong. Then, S(a) = b^l with a suitable l ∈ N and periodicity of (Ω(S), T ) follows. □

Lemma 6.2. Let (Ω(S), T ) be a minimal, aperiodic, nonprimitive substitution dynamical system over {a, b}. Set

L_0 ≡ max{|v^n| : v subword of S(a) and v^n ∈ W(S)}.

If v with |v| > 2|S(a)|+L_0 admits a 1-partition beginning with S(a)S(a), then every 1-partition of v starts with S(a)S(a).

Proof. Assume the contrary. By Lemma 6.1, there exists then a 1-partition v = z_0z_1z_2 . . . z_nz_{n+1} of v with 0 < |z_0| < |S(a)| and z_1 = S(a). This gives S(a) = v^r with a primitive v and r ∈ N suitable. By definition of L_0, both this 1-partition of v and the 1-partition beginning with S(a)S(a) contain blocks of the form b. Consider the leftmost of these blocks. Then, we obtain that v is a suffix of vb and thus, v = b^l. This in turn yields the contradiction S(a) = b^{r|b|}. □

It will be convenient to treat the two cases, where S(a) does or does not contain the word aa, separately. We first consider the case where aa is a subword of S(a) and prove uniqueness of decompositions under this assumption.

Proposition 6.3. Let (Ω(S), T ) be a minimal, aperiodic, nonprimitive substitution dynamical system over {a, b}. Suppose that aa occurs in S(a). Then, there exists an L ∈ N such that all 1-partitions of v ∈ W(S) induce the same 1-partition on v(L) . . . v(|v| − L).

Proof. By Lemma 6.2, all occurrences of the word S(a)S(a) in 1-partitions of v which begin before the L_0-th position in v are uniquely determined. In particular, they occur at the same places in all 1-partitions. By Lemma 6.1, the 1-partitions must then agree to the right and to the left of such an occurrence up to a boundary term of length not exceeding |S(a)b|. Thus, it suffices to show existence of a 1- partition of v containing the blocks S(a)S(a) if v is long enough. This, however, is clear by the assumption that aa occurs in S(a) and minimality of (Ω(S), T ), as every v is contained in a word of the form S^n(a) = S(S^{n−1}(a)). □

Next we turn to the case where S(a) does not contain aa as a factor.

Lemma 6.4. Let (Ω(S), T ) be a minimal, aperiodic, nonprimitive substitution dynamical system over {a, b}. Suppose that aa does not occur in S(a). Let w ∈ W(S) be given with

w = S(a)b^{r1} S(a)b^{r2} S(a) · · · S(a)b^{rn} S(a) = xS(a)b^{s1} S(a)b^{s2} S(a) · · · S(a)b^{su} y

with suitable r_1, . . . , r_n ∈ N, s_1, . . . , s_u ∈ N and x, y ∈ W(S) with |x| < |S(a)| and |y| ≤ |S(a)|. Then, u = n and r_1 = s_1 = r_2 = s_2 = · · · = s_n = r_n.

Proof. By minimality, S(a) begins and ends with a. As aa does not occur in S(a), we have S(a) = ab^{k1} a . . . ab^{kl} a with suitable k_1, . . . , k_l ∈ N. If |x| = 0, the statement now follows easily. Otherwise, we have x = ab^{k1} a . . . ab^{kj} with j < l suitable. Consider the blocks of consecutive b^′s appearing in w. Such a block will be referred to as b-block. By w = S(a)b^{r1} . . ., we infer that b^{r1} is the (l + 1)-st b-block appearing in w. By w = xS(a) . . ., we then infer that b^{r1} occurs in S(a) as the (l + 1 − j)-th b-block. Similarly, considering the occurrence of b^{r2} in w = S(a)b^{r1} S(a)b^{r2} . . ., we infer that b^{r2} is the (2l + 2)-th b-block appearing in w. On the other hand, by w = xS(a)b^{s1} S(a) . . ., we see that b^{r2} is the j + l + 1 + t-th b-block in w, where t − 1 is the relative number of b-blocks occurring in S(a) before b^{r2} . This yields

2l + 2 = j + l + 1 + t,

and we infer t = l + 1 − j. Thus, b^{r1} and b^{r2} occur in the corresponding S(a) blocks at the same relative positions. This yields immediately r_1 = r_2.

Denote the relative position of b^{r1} = b^{r2} in S(a) by p. Thus, p = |S(a)| − |x| + 1 by w = S(a)b^{r1} . . . = xS(a) . . .. Now, consider the absolute position h of b^{r2} in w. Then, h = 2|S(a)| + r_1 + 1 = |x| + |S(a)| + s_1 + p.

Putting this together, we infer r_1 = s_1. Now, the assertion follows easily by repeating this reasoning. □

Proposition 6.5. Let (Ω(S), T ) be a minimal, aperiodic, nonprimitive substitution dynamical system over {a, b}. Suppose that aa does not occur in S(a). Then, there exists L ∈ N such that all 1-partitions of v ∈ W(S) induce the same 1-partition on v(L) . . . v(|v| − L).

Proof. As S is minimal and aperiodic, there exists an N ∈ N such that v^n ∈ W(S) for v ∈ W(S) with |v| ≤ 2|S(a)| implies n ≤ N. Set L = (N + 2)2|S(a)|. Assume that there exists a w ∈ W(S) admitting two 1-partitions inducing two different 1-partitions of w(L) . . . w(|w|−L). By Lemma 6.4, we infer existence of an (N +1)- power of v = S(a)b^r in W(S). This contradicts the choice of L. □

Proof of Theorem 6. Let ω ∈ Ω be given. Uniqueness of the 1-partition is clear from Propositions 6.3 and 6.5. Existence of a 1-partition follows by standard compactness-type arguments but can also be shown as follows: For n ∈ N, set v_n ≡ ω(−n) . . . ω(n). Then each v_n admits a 1-partition as it is contained in S^l(a) with a suitable l. These 1-partitions are compatible due to the previous proposition. Thus, they easily induce a 1-partition of ω. These considerations and the previous proposition also imply the last statement of the theorem. □

References

[1] J. P. Allouche, L. Q. Zamboni, Algebraic irrational binary numbers cannot be fixed points of non-trivial constant length or primitive morphisms, J. Number Theory 69 (1998), 119–124 [2] M. Baake, R. Moody (Eds.), Directions in Mathematical Quasicrystals, CRM Monogr. Ser.

13, Amer. Math. Soc., Providence, RI (2000) [3] J. Bellissard, Spectral properties of Schrödinger operators with a Thue-Morse potential, in Number Theory and Physics, Eds. J.-M. Luck, P. Moussa, M. Waldschmidt, Proceedings in Physics 47, Springer, Berlin (1989), 140–150 [4] J. Bellissard, A. Bovier, J.-M. Ghez, Spectral properties of a tight binding Hamiltonian with period doubling potential, Commun. Math. Phys. 135 (1991), 379–399 [5] J. Bellissard, B. Iochum, E. Scoppola, D. Testard, Spectral properties of one-dimensional quasi-crystals, Commun. Math. Phys. 125 (1989), 527–543 [6] A. Bovier, J.-M. Ghez, Spectral properties of one-dimensional Schrödinger operators with potentials generated by substitutions, Commun. Math. Phys. 158 (1993), 45–66; Erratum: Commun. Math. Phys. 166 (1994), 431–432 [7] R. Carmona, J. Lacroix, Spectral Theory of Random Schrödinger Operators, Birkhäuser, Boston (1990) [8] D. Damanik, α-continuity properties of one-dimensional quasicrystals, Commun. Math. Phys.

192 (1998), 169–182 [9] D. Damanik, Singular continuous spectrum for a class of substitution Hamiltonians, Lett.

Math. Phys. 46 (1998), 303–311 [10] D. Damanik, Singular continuous spectrum for a class of substitution Hamiltonians II., Lett.

Math. Phys. 54 (2000), 25–31 [11] D. Damanik, Gordon-type arguments in the spectral theory of one-dimensional quasicrystals, in [2], 277–305 [12] D. Damanik, R. Killip, D. Lenz, Uniform spectral properties of one-dimensional quasicrystals, III. α-continuity, Commun. Math. Phys. 212 (2000), 191–204 [13] D. Damanik, D. Lenz, Uniform spectral properties of one-dimensional quasicrystals, I. Absence of eigenvalues, Commun. Math. Phys. 207 (1999), 687–696 [14] D. Damanik, D. Lenz, Uniform spectral properties of one-dimensional quasicrystals, II. The Lyapunov exponent, Lett. Math. Phys. 50 (1999), 245–257 [15] D. Damanik, D. Lenz, Uniform spectral properties of one-dimensional quasicrystals, IV. Quasi-Sturmian potentials, to appear in J. d’Analyse Math.

[16] F. Delyon and D. Petritis, Absence of localization in a class of Schrödinger operators with quasiperiodic potential, Commun. Math. Phys. 103 (1986), 441–444 [17] F. Durand, A characterization of substitutive sequences using return words, Discrete Math.

179 (1998), 89–101 [18] F. Durand, Linearly recurrent subshifts have a finite number of non-periodic subshift factors, Ergod. Th. & Dynam. Sys. 20 (2000), 1061–1078 [19] F. Durand, F. Host, C. Skau, Substitution dynamical systems, Bratteli diagrams and dimension groups, Ergod. Th. & Dynam. Sys. 19 (1999), 953–993 [20] S. Ferenczi, C. Mauduit, Transcendence of numbers with a low complexity expansion, J.

Number Theory 67 (1997), 146–161 [21] A. Gordon, The point spectrum of the one-dimensional Schrödinger operator (Russian), Uspekhi Mat. Nauk 31 (1976), 257–258 [22] A. Hof, O. Knill, B. Simon, Singular continuous spectrum for palindromic Schrödinger operators, Commun. Math. Phys. 174 (1995), 149–159 [23] C. Janot, Quasicrystals, A Primer, Monographs on the Physics and Chemistry of Materials, Oxford University Press, Oxford (1992) [24] M. Kaminaga, Absence of point spectrum for a class of discrete Schrödinger operators with quasiperiodic potential, Forum Math. 8 (1996), 63–69 [25] S. Kotani, Jacobi matrices with random potentials taking finitely many values, Rev. Math.

Phys. 1 (1989), 129–133 [26] J. C. Lagarias, P. A. B. Pleasants, Repetitive Delone sets and quasicrystals, to appear in Ergod. Th. & Dynam. Sys.

[27] Y. Last, B. Simon, Eigenfunctions, transfer matrices, and absolutely continuous spectrum for one-dimensional Schrödinger operators, Invent. Math. 135 (1999), 329–367

[28] D. Lenz, Uniform ergodic theorems on subshifts over a finite alphabet, Ergod. Th. & Dynam.

Sys. 22 (2002), 245–255 [29] D. Lenz, Singular continuous spectrum of Lebesgue measure zero for one-dimensional quasicrystals, Commun. Math. Phys. 227 (2002), 119–130 [30] Q.-H. Liu, B. Tan, Z-X. Wen, J. Wu, Measure zero spectrum of a class of Schrödinger operators, J. Statist. Phys. 106 (2002), 681–691 [31] M. Lothaire, Combinatorics on Words, Cambridge University Press, Cambridge (1997) [32] M. Lothaire, Algebraic Combinatorics on Words, Cambridge University Press, Cambridge (2002) [33] K. Mahler, Arithmetische Eigenschaften der Lösungen einer Klasse von Funktionalgleichungen, Math. Ann. 101 (1929), 342–366; Corrigendum 103 (1930), 532 [34] B. Mossé, Puissances de mots et reconnaissabilité des points fixes d’une substitution, Theor.

Comput. Sci. 99 (1992), 327–334 [35] C. R. de Oliveira, M. Lima, Singular continuous spectrum for a class of nonprimitive substitution Schrödinger operators, Proc. Amer. Math. Soc. 130 (2002), 145–156 [36] M. Queffélec, Substitution Dynamical Systems - Spectral Analysis, Lecture Notes in Mathematics 1284, Springer, Berlin, Heidelberg, New York (1987) [37] D. Shechtman, I. Blech, D. Gratias, J. V. Cahn, Metallic phase with long-range orientational order and no translational symmetry, Phys. Rev. Lett. 53 (1984), 1951–1953 [38] M. Senechal, Quasicrystals and Geometry, Cambridge University Press, Cambridge (1995) [39] B. Solomyak, Nonperiodicity implies unique composition for self-similar translationally finite tilings, Discr. Comput. Geom 20 (1998), 265–279 [40] A. Sütő, The spectrum of a quasiperiodic Schrödinger operator, Commun. Math. Phys. 111 (1987), 409–415 [41] A. Sütő, Schrödinger difference equation with deterministic ergodic potentials, in Beyond quasicrystals (Les Houches, 1994 ), Springer, Berlin (1995), 481–549