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Abstract: We prove several results related to a question of Steinhaus: is there a set
E C R? such that the image of £ under each rigid motion of R? contains exactly one lattice
point? Assuming measurability we answer the analogous question in higher dimensions
in the negative, and we improve on the known partial results in the two dimensional case.
We also consider a related problem involving finite sets of rotations.

The following question was raised by Steinhaus in 1957 and has been the subject of
several recent papers.

Does there exist a set E C R? such that every rotation and translation of E contains
exactly one integer lattice point?

By a rotation and translation of a set £ C R? we mean of course a set of the form pE+x
for some p € SO(d) and = € R%. It is natural to consider Steinhaus’ question separately
for measurable and nonmeasurable sets. Both the measurable and nonmeasurable cases
are presently open, but this paper will be concerned only with the measurable case,
which leads to some attractive questions in harmonic analysis. Accordingly we define a
Steinhaus set to be a measurable set E C R? with the property that every rigid motion
pE + x contains exactly one lattice point. Croft [3] showed that a Steinhaus set cannot
be bounded and Beck [1] gave a Fourier analysis proof of this result. One of the present
authors showed in [9] that if F is a Steinhaus set (in R?), then [, |[z|* = oo for all a > 2.
The case of closed sets has also been considered in the literature; see [4]. Some further
references may be found for example in [10].

For a given lattice A, the condition that every translate of E contain exactly one point
of A is equivalent to requiring that the translates of E under the elements of A form a
tiling. Note in particular that a Steinhaus set must have measure 1. More generally, one
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can consider tilings by functions instead of sets; we will say that an L' function f tiles
with a lattice A if
Z f(x —v) is constant a.e.(dx)

veA

One purpose of this paper is to solve the higher dimensional analogue of the (measur-
able) Steinhaus problem:

Theorem 1 Suppose that d > 3 and that f : R? — R is an L' function which tiles with
every rotation of Z¢, i.e.
> flx—pv)

veZ4

is constant a.e. for each p € SO(d). Then f agrees a.e. with a continuous function.

In particular this means that f cannot be the indicator function of a set with positive
measure, SO we obtain

Corollary There are no Steinhaus sets in three or more dimensions.

We have been unable to prove a similar result in R? but we will improve on the bound
in [9] in the following way:

Theorem 2 Assume a bound of the form
n(r) = 7w + O(r’g) (1)

where n(r) = card((Z*\{0}) N D(0,7)). Then any Steinhaus set £ C R® must satisfy

/E |z|*dz = oo (2)

for all o > 2

1-3°

Thus the result of [7] (3 = 22 + €) implies that if E is Steinhaus then (2) holds for all
a > g—g; this is the best that we know unconditionally. The conjectured result (8 = % + €,
see e.g. [8] or [11]) on (1) would imply (2) for all & > 1. This same range a > 1 also
arises in another way - see the remark after the proof of Corollary 2.3.

Property (2) with a = 2 can be proved by an argument similar to [9] but based
on L? — L? instead of L' — L* estimates. We give this argument in Corollary 2.3
below. The relevant L? estimate, Corollary 2.2(b), is quite simple and may be of some
independent interest. Theorem 1 is proved in section 1 and Theorem 2 (in the case o < 2)
is proved in section 3. Both proofs use bounds for exponential sums, although not very
sophisticated ones.

We also consider a related problem for finite sets of rotations. It is natural to ask
whether there are sets E which have the Steinhaus property relative to a large finite set
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of rotations {p;}, i.e., whether it is possible to have 3 _»ixp(z — piv) = 1 for each i.
This question was answered in the affirmative in [10] - see section 4 for a more precise
statement. We will prove an analogue of the Croft-Beck unboundedness result in this
context and more generally for images of Z¢ under linear maps with determinant 1 rather
than just rotations:

Theorem 3 There is a constant B = B(d) making the following true. Suppose that
the lattices A;, ¢ = 1,...,n, have volume 1 and that

Let f € L'(R?) be a function which tiles with all the A;, and assume that f(0) # 0. Then
the diameter of the support of f is at least Bni.

The proof will be given in section 4. It is based on uniform distribution modulo 1
and a theorem of Ronkin [12] and Berndtsson [2] on the real zeros of entire functions of
exponential type in C¢.

We remark that Theorem 2 and the corollary to Theorem 1 remain valid, with the
same proofs, if one adopts a somewhat more general definition of Steinhaus set as is
sometimes done in the literature. For example, one could define a Steinhaus set to be a
measurable set E such that, for some fixed k € Z*, and almost every (p, z) € SO(d) x R?,
the image pE + = contains exactly £ lattice points.

A word about notation: we will use x < y to mean “z < Cy for a suitable fixed
constant C”.

Added November 30, 1998: we understand that S. Jackson and D. Mauldin have recently
solved the nonmeasurable Steinhaus problem, i.e. have shown that there are (nonmeasur-
able) sets in R? intersecting every isometric image of the integer lattice exactly once.

1. The higher dimensional Steinhaus problem

In this section we prove Theorem 1. The argument is Fourier analytic and is based
on the following observation: let f be a function satisfying the hypotheses of Theorem 1.
Then f vanishes identically on any sphere centered at the origin which contains a point
of Z%. When d = 2, this observation was made in [1] (and used also in [9]) and the proof
extends immediately to higher dimensions. Since every integer is the sum of four squares
and every integer congruent to 1 mod 8 is the sum of three squares, we see that it suffices
to prove the following:

Theorem 1’ Assume that d > 3 and let a and b be positive real numbers. Let f : R —
C be an L' function such that f vanishes identically on the sphere centered at the origin
with radius vam + b for every positive integer m. Then f is continuous.



We let o be the surface measure on the sphere in R? of radius ¢, and will normalize the
Fourier transform via f(¢) = [ f(z)e >"#¢dzr. We note also that a “Schwarz function”
will mean a function belonging to the Schwarz space as defined (say) in [6], p. 160,
Definition 7.1.2.

Lemma 1.1 Assume d > 2. Let ¢ : R — R be a C§° function supported in [ ,2], and
let b € (0, 1]. Define Ky : R* - C

0 =Y =

Then for large N there is an estimate

| K (2)] S{ (-

Proof This will follow from the asymptotics for the Fourier transform of surface mea-
sure and a simple form of the vander Corput method for estimating exponential sums. We
remark that if |z| > N with @ > 1 then the bound can be improved by using exponent
pairs, but Lemma 1.1 as stated is enough for the proof of Theorem 1.

It is well known (e.g. [13] p. 50) that 71(z) = re(B(|z|)) where B(r) = a(r)e*™", with
a(r) being a complex valued function satisfying estimates

k d—1
T g ()
Hence also G3(z) = re(t?!B(t|z|)). Define t, = max(¢,0), and let 7 = |z|. In the
calculation below, we use that ¢(f) = 0 when ¢ < %; this implies that various integrals
may be taken interchangeably over R and over (0,00). We have

Ejgﬂjﬂvgj%w%IMHBvﬁﬂE)

D RIS e A ma LS PV e Ea

nel
b)+ A A
= Z/ Y+ b d_ y + / y + b) ) 27rzr\/(y+b)+€—27rwydy
VEZ

— Z/ NZ d— 2 (T’NZ) 27rier€—27riy(N222—b)d(N2Z2 o b)

_ Z/ ¢ 27rerz —27rzy(N2 )dZ (5)
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where ¢(z) = 2241 (rN)T a(rNz ) ( ). We used the Poisson summation formula and
then the change of variables z = . We note that the estimate (4) implies that the
functions ¢ = ¢y, belong to a compact subset of C§°; this means that the estimates
below are uniform in r» and N.

We rewrite the sum (5) isolating the ¥ = 0 term and making some algebraic manipu-
lations:

(5) = r_d_TlN%—l/ B(2)e*™N=dy

Z e27rz(Vb—|— / ¢ —27rwN (z— 2Nu) dz (6)

veZ\{0}

d—1

The first term in (6) is equal to r~ 2 N5 ¢(—Nr), hence < r== N5 (Nr)~* for any
k. In particular, it is < (N7)7'1% if » > 1. The terms in the sum in (6) may be evaluated
via the asymptotics for Gaussian Fourier transforms ([6], Lemma 7.7.3); the vth term is
equal to

m—1
S ch vN?) 3 (1) + O(vN?) ™5 (7)

for any m; here ¢, are ﬁxed constants and the ¢, are certain derivatives of ¢. All the

terms in the sum over k vanish if v ¢ [;5, &] so that

(7)<

~Y

{ (vN?)~2 if v € [
(VN2 if v ¢ [

)=
22
2l 2l

Accordingly the sum in (6) is

Scard(Z N [— r

Lo TDEN)E o (rN)

Taking m sufficiently large we obtain

(6) < TN card(Z N [

DN e <

The lemma follows since K is the real part of the quantity (6). O

We need one more lemma, an easy consequence of the Poisson summation formula.

Lemma 1.2 Let £ > 2 be an integer, let ¢ be a fixed C§° function supported in [ ,2],
let b € [0,1) and let h = h(t) be a function on the line satisfying the following estimate:
20 <
dti ' —



when 0 < j < k and ¥ 705 <t < 100N. Then for large N

vn+b

where the implicit constant depends on ¢ only.

)MVn+@—%/ﬂ%MﬁMﬂ§RN4“” (8)

Proof Set g(x) = h(\/_v;—:—) and a(z) = q(¥&2). Then a is supported in z ~ N? and

derivatives of a satisfy
|dja
dxi
since the functions ¢(vz + bN~2) belong to a compact subset of C§° and a(z) is obtained
from q(vx + bN—2) by dilating by N2. When x ~ N2, derivatives of ¢ satisfy

[SN7¥ (9)

y y < RN-049) (10)
when j < k. Namely, it is easy to show by induction on j that the jth derivative of g
is a sum of finitely many terms each of which has the form ]’EZ)(T w where h() = ith

derivative of h, with i < j and ¢ > j + 1. Estimate (10) is then obvious.
The left side of (8) is (make the change of variables t = /& + b) equal to

S aln)gln) - / a(x)g(x)dx]

By Poisson summation this is
1> ag(v)| (11)
v#0
and if we integrate by parts k times and use (9) and (10), we bound the vth term in the

sum (11) by
dk 2N?
o [0 5t [ RN
0

S ’l/’_kRN_(k_l)
Hence (11)< RN~*=1 and the proof is complete. O

Proof of Theorem 1’ We may clearly assume that a =1 and b < 1.

We let ¢ € C§°(R) be supported in [5, 2] and such that the functions {g.;}>°, form
a partition of unity on (0,00); here we have defined goi(x) = ¢(55). We define K as in
Lemma 1.1 using this q.

Fix a ball D with radius 1; we will show that f is continuous on D. Let D be the

concentric ball with radius 2, and let f; = xpf and f, = XR% 5 f where y g is the indicator




function of the set E. By assumption, a\//n:%* f vanishes identically for any positive integer
n and therefore Ky * f vanishes identically for any V.

Claim Suppose 1 > 0 is given. Then, provided k is large enough, we have

ST 1Ky + fily) < (12)

izk

for all y € D.

Namely, by the preceding remarks it suffices to prove this with f; replaced by f,. If
ly — z| > 1, then Lemma 1.1 implies that

S-S Y @l e Y (2

§>0 §:29 >2|y—2]| J:29<2]y—2|

Since d > 3, it follows easily that for a suitable constant Cj

S Ky — 2)] < Co (13)

J=0

forall y € D and z € Rd\[). Now fix a number R > 2 which is large enough that

Ui
fl <=+
/IRd\DR” 2C,

where Dp is the ball concentric with D and with radius R. Then, using Lemma 1.1 as in
the proof of (13), if k is sufficiently large then

o Ui
Z’Km(y Z)’ < 2HfH1

izk

for all y € D and z € Dg\D. It follows that

S 1 )] < /D\ Sl = =+ [ 3 Kty =2l 172l

ji>k ji>k R >k

A+ Co-

2HfH1 C0

as claimed.

We now fix y € D and define
)™ [ i@ = [ [ sz
§l=1JD
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The estimates below will be uniform in y € D. Using Fourier inversion, we have

Ky fily) = Zw%q( T / T Fi€)do i (€)

L Vb
2 TN

V(v + D)

If y € D, then the second form of the definition of h shows that h and all its derivatives are
O(N4=') when r € [$5, 100N]. Accordingly, Lemma 1.2 with a large value of k implies

/ M(t)alo)dt = 3 K » fiy) + O(N~'™) (14)

Now define ¥y : R — R via
NGRS

Then, using Fourier inversion and the definition of h, we have
TIY- 5 n
ety = [emrsalhiiee

- / h(t)a(; )

On the other hand ¢y belongs to the Schwarz space, and ZJZNZQ\]-(&) = 1 when [¢] is
large. Accordingly, the function ¢, defined via

() =1 Uni(¢)

izk

belongs to the Schwarz space. We have

fily) = bor * fily) = >t * fily)

by (14). We conclude using (12) that

i) = dor = i)l S D Koy = fily)| + 2710

izk

2n

AN
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for any given n provided k is sufficiently large. Hence, on D, f is the uniform limit of the
continuous functions ¢,k * f; and therefore continuous. O

Remark When d = 2, we do not know whether Theorem 1’ remains true as stated,
since one can no longer conclude (12). The above argument shows though that it is true
if one assumes in addition that fRz ||| f(x)] < oo for some € > 0. Of course, when d = 2
Theorem 1’ is no longer closely related to the Steinhaus problem, since the set of integers
which are sums of two squares does not contain any arithmetic progression.

2. Sobolev properties of indicator functions

If F is a nice enough set in R? then it is well known that the indicator function XE
1 . . —
cannot belong to the Sobolev space W3z, i.e. the integral fRd €] |1XE(E)]2d¢ must be
infinite. In fact, there is an asymptotic expression which implies in particular that

4 P~ R (15)

as R — oo. This is often used in connection with irregularities of distribution; see e.g.
[11].

We will not use (15) in this paper, but we will need to know that the lower bound in
(15) is valid without any regularity assumptions on the set E. This is not difficult but
does not seem to be in the literature, so we prove it in Corollary 2.2 below.

Let ¢ be a Schwarz class function in R? with é(O) = 1; ¢ will be kept fixed for
the rest of this section. Let ¢¢ be the corresponding approximate identity defined by

de(x) = e (e ).

Lemma 2.1 Suppose that E is a set in R? with |E| = 1 and |EN D] > 0 for a certain
ball D with radius 1. Let D be the concentric ball with radius Cy. Then

-1 3
provided that € is sufficiently small; the implicit constants may depend on F.

Proof We will use the following well-known fact:

IV (de* xE)lloo S € (16)

To prove (16), let 1) = V¢, let C = ||¢||; and define ve(z) = e %)(e~'z). Differentiation
under the integral sign leads toV (¢e*xr) = € '9exxp. On the other hand, for any x € RY,
we have |ve *x xg(2)] < ||YellillxEllwo = |11, which proves that |V (de * Xg)||oo < Ce™?,
as claimed.

It follows by the mean value theorem that if ¢e * x (7o) = 1, then ¢e * xg(z) € [1, 2]
for all z € D(z9,C7'e). We let o be surface measure on S9°'; here we take it to be
normalized so that o(S5%71) = 1. We also let E¢ be the complement of the set F.
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Choose once and for all a point of density of £ N D, which we may assume to be the
origin. Let A be the set of all w € S9! such that the ray {rw : 1 < 7 < Cy} contains
a point of density of E°. Since E has measure 1 it is clear that A must have measure
> % provided Cjy is large enough. If w € A then we let p, = r,w be the corresponding
point of density of F°. In a similar way we can choose a small sphere centered at 0,
r={pw:w € S91} where p < 1 in such a way that q, = pw is a point of density of E
for all w € B where B C S%! is a set of measure > %.

By Egoroff’s theorem, we can find subsets A* C A with measure > % and B* C B
with measure > % and a number ¢; such that if € < ¢y then

END
£ Dlpo; )| <107° for all w € A* (17)
|D(p, )]
and A
| (90N 1076 for all w € B (18)
|D(gu, €)]

Note |[A* N B*| > 1.
Now fix € < €p, let w € A*N B* and consider ¢¢ * xg as a function on the line segment
{tw: p <t <r,}. Its value at p is > 1 — 107% and its value at r, is < 1075. Accordingly,

there must be a value of ¢, € (p,r.,) where ¢¢ * xp(tuw) = 3. Then by the remarks
at the beginning of the proof, ¢¢ * xg(tw) € (3,3) for all w € A* N B* and all ¢ in the

interval centered at ¢, with length C'~te. Using polar coordinates it now follows that the
set {z : ¢e * xp(x) € (1, 3)} has measure > € where the constant is independent of €
provided € is small. O

Corollary 2.2 If E C R? is a set with finite nonzero measure and if Oe¢ is as in Lemma
2.1 then

(a) |lpe * xE — XE|2 > Cgle% for small e.

(b) f|§|>R IXE|? > (CeR)™! for a certain constant C'z depending on E and all suffi-

ciently large R. In particular, xp ¢ Ws.

< ¢e * xp(r) < 2 implies

Proof Part (a) is immediate from Lemma 2.1, since .

1
|¢e * xE(x) — xp(z)| > 1. Part (b) follows easily from (a). By (a) we have

[ IROPISR) — 1P = (Com) 19

uniformly in R, and if ¢ has been chosen to be nonnegative, then |¢(R~1¢) — 1| is bounded
away from zero when |£| > R. O

. From Corollary 2.2 we can obtain a form of Theorem 2 where a = 2:

Corollary 2.3 If E C R? is Steinhaus then [, |z|*dz = cc.
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Proof As was done in [9], we use the elementary estimate (which is also the only known
estimate) for the maximum gap between sums of two squares:

(G): If r € [1,00) then for a suitable fixed constant C) there is v € Z? such that
Ir— |v|| < Cyre.

We also use the following form of the Poincare inequality, which is well-known.

(PI): Let @ be a square in the plane with side r and let v be a Jordan arc contained
in @, such that the distance between the endpoints of v is > C;'r. Let f be a function

which vanishes on 7. Then
[ie < e [ vse
Q Q

Fix a large number N and define Ay et {€ € R*: N < [£] < 2N}. Let C be a large

enough constant and cover Ay with nonoverlapping squares ) of side CN ~3. If E is
Steinhaus, f = Xg, then (G) implies that each square will satisfy the hypothesis of (PI).

We conclude that
| sn [ v
Q Q

/ GP<Nt [ vGP
Ay A%

where Cy depends on C only.

for each () and therefore

where A% is the union of the squares and is contained in {£ € R* : N—1 < |¢] < 2N +1}.
Consequently

/ G () Pde < / VP
An A%

N
If we now sum over dyadic values of N and use that no point belongs to more than two
NS, we obtain

[ NeIRE©Rs £ [ 1VTeRde 1
R R
Hence by Corollary 2.2(b), [p2 |[VX5|* = 00, Le. [, ]z[*dzx = cc. O

Remarks 1. In [9] the estimate (G) was used to prove that [, |z|*dz = oo and then
the exponent 4 was lowered to % 4 € via a deep result of Hooley [5] regarding the ¢*
averages of the gap lengths. However, it does not appear that [5] can be used in a similar
way in connection with the argument in the proof of Corollary 2.3, since it is difficult to
estimate the contribution from the large gaps, even though by Hooley’s theorem there are
comparatively few of them. Instead, in section 3 we will improve on the exponent 2 using
a different argument and the known results on the circle problem (1), as discussed in the
introduction.
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On the other hand, assume for a moment that (G) holds with the exponent 1 replaced
by 1 — € (i.e. assume that the maximum gap between numbers which are sums of two
squares is O(N€)). Then it would follow easily by an argument like the proof of Corollary
2.3 (using fractional integration instead of the Poincare inequality) that any Steinhaus
set E satisfies [, |z|* = oo for all @ > 1 - the same range of exponents that would follow
from the conjectured result on the circle problem via Theorem 2.

2. The last statement in Corollary 2.2 is also valid in LP norms. If 1 < p < oo and
a > 0, then we let WP be the LP Sobolev space with « derivatives. If E is any set with
positive measure, then xg cannot belong to W? ». This is because Lemma 2.1 implies
that [[xg — ¢e * xElp, 2 e%, which implies that xg cannot belong to any Besov space

ALY with ¢ < co. Since ALY contains WP» when q > max(p, 2) it follows that yg cannot
P P

belong to WP,

3. We note that Croft’s proof [3] that Steinhaus sets are unbounded was based on
considering points which are density points neither of E nor of its complement. Corollary
2.2 is basically a quantitative version of existence of such points.

We now prove a further technical result, which we will need in the next section for the
proof of Theorem 2. It says roughly that the lower bounds on ||¢¢ * X g — X r||2 obtained (as
above) by considering large values are always sharp. If £ C R is a set of finite measure,
then we define

Ae(E) = H¢e *XE — XEH1
Be(E) = ||¢e * x5 — x&ll3

Ce(B) = [{z € B [pe » xu(x) — xp(2)] > 7)1

It is easy to see that
Ce(E) S Be(E) S Ae(E) (20)

for any F and e.

Lemma 2.4 For any given set £ C R? with |E| < oo there is a sequence ¢; = 2% — 0
such that A¢, (£) < C¢, (£); the constants here (and in (20)) depend only on d and ¢.

Remark The proof of Lemma 2.4 is somewhat shorter when ¢ has compact support,
but we did not want to assume this since in section 3 it will be convenient to assume
instead that ¢ has compact support.

Proof We may assume that |E| = 1. If D = D(xz,p) is the ball with center z and

radius p then we define
a(D) = min(|E N D|, |E°N D))

12



B(D) = Z 971041 (27 D)

Here we have used the notation E¢ = R*\ E and rD(z, p) = D(z,rp).
Let Cy be a large constant. If D is any ball of radius Cj'e then we claim that the
following are valid:

L [|¢e * xg — xEllL1(0) S B(D)
IL [{z € D :|¢e * xe(z) — xp(z)| > 1} > a(D).

In fact, II follows easily from (16). Namely, if Cj is large then (16) implies via the
mean value theorem that the difference between the maximum and minimum values of
¢e * xg on the ball D is less than % It follows that one of the following must hold

(i) ¢e * x(z) < 3 for allz € D, or
(ii) ¢e * x(x) > 1 for all z € D.

> |END| > a(D) and in

In case (i) we have [{z € D : |¢e *x xg(z) — x&( ]
|[E°N D| > «(D), i.e. II holds

case (ii) we have |[{z € D : |¢pe * xp(x) — xe(z)| >
in either case.
To prove I, we express ¢ as a synthesis of C3° functions, say

6=> a¢
=0

where suppg? C D(0, (2Co)27), ;(0) = 1, [|¢;]1 < C and a; < €274 Let ¢i(z) =
€¢I (e71z). Tt follows by Minkowski’s inequality and the support properties that

6% % x& — xellp) S |EN(2D)]
and therefore also ‘ ‘
|9¢ * xE — xBllL1(D) S (2’ D)

since the left side is unchanged when E' is replaced by E°. I now follows by summing over

j.
Let I(e) = [pa a(D(z,Cire))dx, J(e) = Jre B(D(z,Cyte))dx. Integrating I and II

over R? we get
€ I(e) S Ce(E) S Ae(B) S e J(e) (21)

Let k be a large positive integer and consider the sums

o0

T =Y 27°"I1(2"7)

=0
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jk — Z 2—5d€J(2€—k)

=0
For any k, we have

jk _ Z Z 2—d(5€+10j)1(2€+j—k>
=0 j=0

S Z 2—5dm1(2m—k>

m=0

= 1

On the next to last line, we set m = j + ¢ and used that )3, , 2~ d(56+10j) < 9=5dm.

Now observe that J(e) = e?*1 for small €, e.g. by (21) and Corollary 2.2(a), and that
I(€) < € for any € (even when e > 1), e.g. by (21). It follows that Jj, > 27(@*1k and that
> pok 2754 is small compared with 27(**D* Accordingly

Z 9754 J(2=k) < Z 2754l (267F)

k k
<3 <3

which implies there is a value 2% < v/2-% with J(2¢%) < I(2°%). This and (21) prove
the lemma. ]

In the rest of this section we assume that the Schwarz function ¢ satisfies the following

conditions: .

We set 1h(z) = ¢(x) —2%(2x); thus 1) is a Schwarz function with suppty) € D(0,2)\D(0, D).
We define ¢e(x) = e %p(e71x), so that Z?io Vo-je ¥ [ = ¢e x f — f for any f and e, as
may be seen by taking Fourier transforms. Property (22) implies that no point belongs to

the support of @; for more that three values of j, so it follows by the Plancherel theorem
that

D a-se x flI3 2 I1f = dex 13 (23)
=0
Furthermore,

[Vo-ie * flly S If = de x fla (24)
Namely, the support property (22) makes it possible to represent ¢p-; = g; * (§ — ¢) with
llgjlli < C (here ¢ is the Dirac delta function). Indeed if j > 1 then sy and ¢ have
disjoint support so we can take g; = 1¢)5-;, and when j = 0, 122: = 1& is obtained from 1—@
by multiplication by the C§° function m defined via m(§) = —1 when |¢| < 1 and ﬁ when
|€] > 1. It follows using dilations that ¢s-i¢ = gje * (0 — ¢pe) where ||gjell1 = [|g;]1 < C.
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Accordingly [[1s-se * fl1 = [|gje * (6 — ) * fll1 = [|gj.e * (f — pe* )l < Ol f — be * fl1
which is (24).

Corollary 2.5 Assume that ¢ satisfies (22) and define ¢ as above. If E is a set of
finite measure then there is a sequence ¢; — 0 such that, for each j, (i) ||ve, * xe|1 S

(log & )?l1vbe, * x5 and (ii) [[ve, * xEl3 2 €;-
J

Proof Let € be such that A¢(E) < Be(E). If ny = 27%¢ then |9, * &l S Ae(E) by
(24) and Y7, [|¥on, * x£ll3 2 Be(E) by (23). Hence, for some k we must have

max((k + 1)~ |[voy, * xpll, (k+1)7*Be(E)) < llvog, * x5

Also Be(E) 2 € by Corollary 2.2(a), so (k+ 1)"2Be(FE) 2 n, and (k+1)72 = (log é)_Q.
We conclude that

I
max((log ") o, * xpll ) S 1, * xell3

i.e. that there are arbitrarily small numbers ¢; such that (i) and (ii) hold. O

3. Proof of Theorem 2
The following fact will be used repeatedly below, so we formulate it as a lemma.

Lemma 3.1 If N > 1 then for any ¢ > 0 and r > 0

> (14 Nl = [l < CeNmax( 1, 1)
V€Z2

Proof Because of the rapid decay of (14 Nt)~'% when ¢ > <, it is easy to show that
it suffices to prove the following estimate for all r:

1
n(r + N) —n(r) < N€ max(%,l) (25)
where n(r) is as in (1). To prove (25), consider two cases.
(i) r < N3. The number of lattice points on a circle is bounded by any given power of

the radius, hence a circle of radius p € (r, 7+ %) contains rs < N€ lattice points. There
are < max(:, 1) values of p for which it contains some lattice point and (25) follows.
2

(ii) » > N®. In this case we use (1) with the classical exponent 3 = 2. Thus

n(r—i—%)—n(r)ﬁ%—l—r%%# O
The proof of Theorem 2 will be like the proof of Theorem 1 insofar as it is also based

on using an appropriate “fundamental solution”. However, we must replace the kernel in
Lemma 1.1 by an analogous one involving a sum only over circles which contain lattice
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points. We will use the obvious choice where one counts each circle according to the
number of lattice points it contains.

Let p be a nonnegative C'*° function of one variable supported in ¢ < 1 and with
p(t) =1 when t < 1. Define

Kata) = ¥ Samy)
VET? w0
where r = |z|.
Lemma 3.2 Assume the bound (1). Then
[Kn ()] S N[~ (26)

if || > N > 1.

The proof of this lemma is routine but a bit long, so to avoid loss of continuity we
postpone it to the appendix, and will now continue with the proof of Theorem 2.

We will use complex notation when convenient and define operators T, on L?(R?) via
T,f(x) = [ f(x+ pe?)2L ie. T,f is the circular mean over the circle of radius p.

217

~ Lemma 3.3 Let F' C R? be a Steinhaus set and let ¢ be a Schwarz function in R? with
¥(0) = 0. Let f = xg. Then

b flz)=— > Ty*f)

VEZQ,V7£O

Proof The Steinhaus property gives after convolving with 1 that
vrfl)== > vxflr+ey)
VEZQ,wéO

for all 8 and x. The lemma follows by integrating with respect to 6. OJ

Proof of Theorem 2 We let 3 be such that (1) is true and assume toward a contradic-
tion that E is Steinhaus and [, |z|* < oo for some o > %

Fix a Schwarz function ¢ satisfying (22) and set )(x) = ¢(x) —4¢(22). Thus suppe) C
D(0,2)\D(0, 3). Let ¢p(z) = R*¥(Rz). Also fix a function p as in Lemma 3.2. Applying

Lemma 3.3 with ¢ g, we get for any M

Yr* X = —AM(r * XE) — Bu(Yr * XE) (27)

16



where the operators Ay; and B), are defined by

v
Am = ZP(M)TM
v#0

v
By =31 -,

Note that A, and Bj; are convolution operators and the convolution kernel of A, is

supported in |z| < M.

The strategy of the proof is to show that the right side of (27) is too small to be equal
to the left side, and we start by making appropriate L? — L? and L' — L* estimates for
the operators Ay, and Bj; respectively. We state the estimates in a “localized” form for
the sake of the application below.

Claim 1 Assume that M < R and that supp(g) C D(0,2R)\D(0, £). Then, given (1),
there is an estimate

| Ang| L2 (D)) S MR~(-5 91l 22(D(a,1000)) + R7g|l2

for any a € R%

Namely, let J§* and J% be the annuli {¢ : £ < |¢| < 3R} and {¢ : £ < |¢| < 4R}
respectively. The estimate

suppg C J7 = [[Anglla S MRV g (28)

is immediate from Lemma 3.2: Aj; is a convolution operator, and the corresponding
multiplier is the function K7, whose L norm on D(0,4R)\D(0, £) is < MR-(-5) by
Lemma 3.2.

The localized form follows in a standard way using that the convolution kernel of Ay,
is supported in |z| < M: we may suppose a = 0, and we let p € C§° be such that p = 1 on
D(0,10). Define p,,(z) = p(M~'z). Let x be a Schwarz function whose Fourier transform
is supported in J! and equal to 1 on J} and define xg(x) = R*x(Rz).

The support property of the convolution kernel implies that Ayg(z) = Anm(gpu)(2)
when z € D(0, M). Accordingly

< (Am(xr * (goar)ll2 + [[Ase(goar — Xr * (900)) ]2
< MR gpylle + M2 gpa — xr * (900) 2 (29)

where we used (28), that || xz|l1 = |||l < C, and the trivial estimate || Anf|l2 < M2 f]l2
(since Ay is convolution with a sum of O(M?) probability measures) in the second term.
On taking Fourier transforms we see that ||gpy — X&r * (goa)ll2 = |(1 — X&) Par * 9ll2 S

| par * QHLQ(RQ\JR) < (MR)™'9?||g|l2, where the last inequality follows since § is supported
0

1 Arg|l L2 (0,00

17



in £ <[¢] < 2R and |py;(n)| S M*(M|n|)~2°. Claim 1 follows by substituting this bound
into (29).

Claim 2 If M < R, suppg C D(0,2R) then for any € > 0,

R _
[Brg(@)] S B 29l pi, 2000 + B llglh

For this, we fix a Schwarz function p such that p = 1 on D(0,2) and define pg(x) =
R%p(Rz). Then g = pp * g, 80
vl

Bug = ) (1= p(5 ) Ti(pr *9)

v

= o) o) % (30)

v

where o, is arclength measure on the circle centered at 0 with radius |v|. We let H be
the convolution kernel in (30), i.e. H(z) =) (1 —p(%))]yl_lpR * oy ().
Uniformly in v we have

|pr * o (@)] S R(1+ Rlly| = |2f[)~™" (31)

This is well known and is easy to prove using that o),/(D(a,t)) < ¢ uniformly in v, a
and ¢. We now sum over v and use that p(t) = 1 when ¢ < 3. Thus

R _
Hy)I S Y — (L4 Ry = |yl)~"
< |V
|V|23
It is clear that
R _ R _ _
> m(l + Rl = yl)7 < 7’(311/!) LS R
iz >4
v~ lyl|> 155
Accordingly,
_ R _
Hy) SR+ ) W(HRHV! — [yl))~" (32)
>4
vyl < &b
If |y| < % then the sum in (32) is empty, so
|H(y)| < R (33)

18



If [y| > &, then we observe that |v| > %' for all v in the sum (32), and then apply Lemma
3.1 with r = |y| and N = R obtaining

- R -
[H(y)l < R 1°°+m2(1+RHV!—!yH) 0

R |y
— . R max 1
S S
R
< R¢ - 4
< R (34)

Claim 2 follows from formula (30) and the estimates (33), (34) for the convolution kernel
H.

We now continue with the main proof. By Corollary 2.5, we can find arbitrarily large
numbers R such that ||¢r* xEg||5 > (log R)?||[¢r* x£|1 and also ||[Yr*xEe||5 = R™'. In the
subsequent argument R is taken to be a sufficiently large number with these properties.

We fix v with 1 — 3 >~ > F’ and define

M=R (35)
To ease the notation we also define

g =1YRr*XE

Note that supp(g) C D(0,2R)\D(0, &); this fact will be used without mention below.
We subdivide R? in squares @ of side 107°M taking one of them to be centered at
the origin. We will denote the square centered at the origin by Qo. Let @ be the disc

concentric with ) with radius M and Q the concentric disc with radius M. Define a

square ) to be good if HgHLg(Q (log R)~ 4H9HL1(5)) and bad otherwise. The reason for

making this definition is as follows:

Claim 3 If @ is a good square and h : @) — C is a function on @ such that ||h. <
Z(log R)™* then
2 1 -
lg + Pllz2g) 2 (og )9l 7. 4,
Namely, let Y = {y € Q : |g(y)| > 2||h[|s}- Then

g/l o=@ llgll vy
2|l llgll 1 @)
2(log R)*||hllcllgllZ2 ()

HgH%Q(Q\Y)

VANVARRVAN

IN

1
1Bz g
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s0 that HgHiz(y > éHgHiz(Q If y € Y, then [g(y) + h(y)| = 3l9(y)|, so we have |g +
h”L?(Y = 4H9HL2(Y = 8H9HL2(Q Claim 3 now follows since H9HL2(Q (log R)~ 4H9HL1(52) 2

1 R —4 2
(log B)~*llgll” -

Next we have

Claim 4 There is a good square ) with the following two additional properties:

191l 1 (0¢) S (log R)' M~

lgllLrq) = R

(36)

(37)

For this, we let G and B be the unions of the good and bad squares respectively and

let B be the union of the Q’s corresponding to bad Q’s. We note that any given point y

belongs to @ for only a bounded number of Q’s. We have

19ll1

(log R)*[lgll3

(log R)*|IglZ2g) + (log R)*[l9l1 7 s,
< (log BYllgllixe) + (og Rl g,

lgll 22y + gl 1 )

Il 2N A

so that ||g|| < (log R)?||gll 11 (g) and therefore

LY(B) ~

lgll: < (log R)*[lgll12(g)

(38)

Next define G, to be the union of all good squares () which have property (36). We will

show that
91l 1. Z (log R)~2|lglly

Namely, our decay assumption on the set ' implies that
lgllzrg < M~

Now consider two cases:

—_

(D) 191110 < 5(log B) M~

—_

(ii) lgll 2 (@0 > 5 (log R)™M ™

DO |

(39)

(40)

In case (i), (40) implies that all squares @ satisfy (36) so (39) follows tautologically from

(38). In case (ii), (40) implies that

gl @z S (log R) ' Pllgll 11 (qo)

20
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If Qo were bad, then (41) would imply that ||g]|z1g) S (log R)™'||gl1, contradicting
(38) if R is large enough. So Qo must be good, and therefore contained in G, by (40).
Accordingly (|9 r1g.) = |9ll210) 2 %Hg“l, where the last inequality follows from
(41). This is stronger than (39), which has therefore been proved in both cases (i) and
(ii).

Now let X be the union of all squares @ such that ||g 1) < R™®. Then, taking
(say) T'= R,

lgllixy < lgllerxnpomy) + [19llo (xnpo,r)e)
T
< R_50 T \2 T
s roode s
< R—IO
S R7|gll

This and (39) imply that G. cannot be contained in X, which gives Claim 4.

Let @ be the square in Claim 4. If z € @, then D(z, ) is disjoint from Q. Accord-
ingly, by Claim 2 and then (36) and (35), for any € > 0

R _
1Bu(@)lle@ < B 7llgllige + B llglh
S Rl—'y—i—e A (lOg R)lOOM—a
— (lOg R)IOORI—'y—"/OH—E

If € is small, then the exponent of R here is negative. It follows by Claim 3 that

lg+ Bar(9)l72) 2 (log B)~*llgll ., 5, (42)
On the other hand,
lg +Bu(9llizg) = Il = Au(9)lizq)
< (MR-0-9 ~200
< (MR ODR, o+ R
< n —200 4
< Rl + R (43)
where n = 2(1 — 3 —+) > 0. We used Claim 1 and (35). Combining (42) and (43) we get
1 —4 R i ~200
(05 B) gl 5y < B0l ) + R

and therefore [|g||7,) < 7' Since Q is good it follows that [|g||z1(@) < R, which
contradicts (37) so the proof of Theorem 2 is complete. O
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4. A lower bound for the diameter of the support of multi-lattice tiles

Before proving Theorem 3 we will make some further remarks about the question. If
A C R%is a lattice then let A* = {£ € R : -2 € Z Va € A} be the dual lattice. We note
that a function f tiles with the lattice A precisely when f vanishes on A*\{0}.

The Steinhaus problem asks for a subset of R? that tiles with all rotations of the
lattice Z%. It seems reasonable instead to ask for a set £ C R? that tiles with a given
finite collection of lattices, say Aq,...,A,. For lattices with volume 1 and with no non-
trivial relation of the type

M4+ A=0, \eEA

it is shown in [10] that measurable such sets exist. The existence question is of course very
easy if instead of trying to tile with a subset of R? we try to find a function f € Ll(Rd)
that tiles simultaneously with a given collection of lattices, that is

Z f(z —\) = Consty, for a.e. z € R? (44)

AEA

and for all lattices A in the collection under consideration. Indeed, say we are dealing
with the finite collection Ay, ..., A,, assume that D; is a fundamental parallelepiped for
the lattice A;, and write

J =Xp, * % XD, (45)

Since tiling with a lattice A is equivalent with the vanishing of the Fourier Transform on
A*\ {0}, and since it is clear that xp, tiles with the lattice A;, it follows that the function
f defined in (45) tiles with all A;, i = 1,...,n.

The problem becomes nontrivial if we try to find such a function f that tiles with
A1, ..., A, which has small support. It is easy to see that, whenever the A; have volume
1, no matter what the choice of the D;, the function f defined in (45) necessarily has
support of diameter at least Cn, where C' depends only on the dimension.

Theorem 3 gives a lower bound for the diameter of the support of a function f € L*(R%)
that tiles with a given finite number of trivially intersecting unimodular lattices.

Proof of Theorem 3

All constants below may depend only on the dimension d. We note that AN Ay = {0}
implies that the lattice A} is uniformly distributed mod Aj. This can be proved using
Weyl’s lemma-see for example [10].

We shall make use of a theorem of Ronkin [12] and Berndtsson [2] which concerns the
zero set on the real plane of an entire function of several complex variables which is of
exponential type. We formulate it as a lemma:

Lemma 4.1([12],[2]) Assume that E C R? is a countable set with any two points having
distance at least h and let
g = i |EN D0, )]
g = limsup ————+
r—oo | D(0,7)]

22



be its “upper density”. Assume that g : C¢ — C is an entire function vanishing on E
which is of exponential type
o < A(d)hdp.

Then g is identically 0. (Here A(d) is an explicit function of the dimension d)

When d =1 this is classical and follows from Jensen’s formula.
Assume that f: R? — C is as in Theorem 3. Then f vanishes on (U;A})\{0}. Write

« = diam supp f

We may assume that suppf is contained in a disc of radius < « centered at the origin,
since the assumptions are unaffected by a translation of coordinates. Then f can be
extended to C? as an entire function of exponential type Ca, in fact

’f(x + zy)‘ < CpeMl ) for o + iy € CY.

Furthermore, f vanishes on
Z = J A\ {o}.
i=1

Observe that, since every lattice A} is uniformly distributed mod every A}, j # i, the
density of points in each A} which are also in some A} is 0 and therefore the density of
the set Z is n.

In order to use Lemma 4.1 we have to select a large (in terms of upper density),
well-separated subset of Z. Notice first that we can assume that for each ¢ all points
of A} are at least distance n~a apart. For if u,v € Af have |u —v| < n~4 then for a
suitable constant ¢, the one-dimensional version of Lemma 4.1 implies that the function
fon the subspace E = C(u —v) cannot be of exponential type < cnd. Note also that the
assumption f (0) # 0 precludes f vanishing identically on this subspace. But f restricted
to E is the Fourier transform of fz : E — C defined by fg(z) = [ f(y) dy (here E*

z+E+
is the orthogonal complement of £ N R"™ in R"). Hence o > diam supp fg > Cni, which
is what we want to conclude about a.

Suppose now that we want to extract a subset of Z whose elements are at least h
distance apart, for some h > 0 to be determined later. We shall say that point x of lattice
A} is killed by point y of lattice A} if [x —y| < h. Then, we define the subset Z’ of Z as
those points of Z which are not killed by any point of the other lattices. This set clearly
has all its points at distance at least h apart, provided that
u—v| < Cn™i, (46)

h < — min

1
2 u,vEAT

so that no point of a lattice may kill a point of the same lattice. Let us see how many
points of A} are killed by some point of A]. We use the uniform distribution of A} mod
A7

23



Fix a fundamental parallelepiped D; of Aj. It is clear that only a fraction p(h) < C'h?
of D; = R%/A* has distance from 0 that is less than h (this distance is measured on the
torus Dy). As A} is uniformly distributed mod A} the subset of points of A} which are
killed by some point of A} has density p(h). Hence the density of those points of A} that
are killed by any other lattice is at most (n— 1)p(h) < Ch®n. We deduce that the density
of Z'is at least (1 — Cnh?)n. We now choose h = cn‘i, for a sufficiently small constant
¢, to ensure that the density of Z’ is at least C'n. Applying Lemma 4.1 with g = f and
E =7" we get

a>CARTn > Cn.

O

Remark The assumption f (0) # 0 was used only in connection with the possibility that
some A} contains two points at distance < n~d. Hence it can be dropped if we assume
that this does not occur - e.g. if we assume that the lattices A; are rotations of Z%.
However, in the general case Theorem 3 is false without this assumption. Namely, note
first that for any e > 0 there is a function f : R*> — R which tiles for Z* and is supported
in [—¢, €] x [—2,2]. For this, take f(z,y) = a(z)b(y) where b: R — R is a fixed function
with support in [—2, 2] and orthogonal to e?™*¥ for integer k, and a : R — R is supported
in [—¢, €] and is otherwise arbitrary. Next, by change of variable (z,y) — (%,y\/g) it
follows that for any e there is a function supported in D(0,3/€) € R? which tiles for
some unimodular lattice. We may then convolve n rotations of this function to obtain a
function supported in D(0, 3n+/€) which tiles for n unimodular lattices. Here n and € run
independently so we're done.

Appendix: Proof of Lemma 3.2
We first let ¢ be a nonnegative C§° function supported in the interval [%, 2] and define
a kernel Jy analogously to Ky replacing p by ¢:

Z 0|u| ] ) (47)

VEZQ

Lemma A.1 With notation as above there is a Schwarz function 1, such that 1& vanishes
in a neighborhood of the origin, and making the following true. Let r = |z|. If (say) r > %
and N > % then

In(@)=Nr72 > p[TE(N(y] =) + O(N"O=9r Tt p N2pTE) (48)
veZ? v#0

for any € > 0.

Remarks In fact 1& could be given quite explicitly as a linear combination of ¢(z) and
¢(—x) - this can be seen from the calculations below, but it is irrelevant for our purposes.
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Note that the right side of (48) is rather large if r is small compared with N and r
is close to |v| for some v € Z?. This contrasts with the situation in Lemma 1.1 where

Ky(z) was negligibly small if [z| < Z.

Proof of Lemma A.1 First let ¢ : R — R be any C§° function supported in the interval

[3,2]. Define

27 o0
I(T, ﬂ) _ /0 /0 ¢(7’)€_2mTT(“_Cose)de9

We will show that there is a Schwarz function y such that x vanishes in a neighborhood

of 0 and such that, for g > 0 and T > 1,

LT, p) = T73x(T (= 1)) + O(T 5 (1 + Tl — 1))

To prove (49), note first of all that ¢ is an entire function and satisfies
Oz +iy)| S (1+[a])~*Pe™

when y < 0. Making a change of variable and using contour integration,

(T, p) = / (T (p — cos 0))do

ds
= I+II
where ”
I=2i ¢( (u+1—1it)) NS EEE
, dt
B _22/ T =1 i) 1—(1+it)

Using that p > 0, we have

RN d
1< 2 T - i)
dt

(1+T<1+M))_200/ €—7th_
Vi
S T4 T+ )™ ST 31+ Tl — 1)~

IN

On the other hand,

II = ,¢2

= = [ =) T O 1T 1= i) Vd

(49)

(50)



since | \/2::1+W ] V/t. The second term in (50) satisfies

/ (T (p— 1 —it))|Vidt < (1+T]p—1|)‘100/ e dt
t t=0

=0
~ T (14 Tlp— 1)

The first term in (50) is by change of variable t — Tt equal to T2 x (T (1 — 1)) where

-2 [ o dt
X(l’) = \/—_Z o ¢(3§' - Zt)ﬁ

X is a Schwarz function, and the support of its inverse Fourier transform is contained in

the support of ¢ - in fact x(y) is a constant multiple of ‘b\(/y_ This proves (49).

To prove Lemma A.1 we use the first term in the asymptotic expansion of 77: let
r = |z|. Then

Gi(z) = 2v/27mr % cos(2mr — %) +O(r?)

See e.g. [6], Theorem 7.7.14 or [14], Lemma IV.3.11 and the preceding discussion relating
Bessel functions to ;. It follows that

7 63(r) = 2V (rul)~ cos(2erly] — T) + O((rl) ) (51)
Substituting (51) into the definition of Jy we find that

VIR (a) = 3 (v Heostzerl = Dath + 00 3 alkhem)
vel, veli\{0}
The second term here is < N2r~2 since there are O(N?) lattice points v with L < <
2N. We rewrite the first term using the Poisson summation formula, obtaining

2V2r) Yy(z) = rz Z re(e'’ /RQ e2mvy|y |~z el (%)dy)—i—(’)(]\fw ?)

V€Z2
= VBT re(e [ O tg(y)ay) + O
V€Z2 R
= N2y 2 Z re(e' / / p(t)e ZNMET =0 gragy + O(Nzy—?2)
V#O —T 0

where ¢(t) = t2q(t). Here the second line followed by change of variables y — Ny,
and on the last line we introduced polar coordinates with 0 = Zv0y, and used that the
contribution from v = 0 is equal to re(e’s N2r~2¢(Nr)) and therefore O((Nr)~1%). Now

26



we apply (49) to the terms in the sum, with 7" = N|v|, = 7. Letting ¢(t) = re(e'Tx(t))
we conclude that

(2V2r) " n(z) = N 2 ) (N|y|) (N (v —r))
v#0
+O(N2r=2 Y (N|p|)"2(1+ Nlv| — r[)71%) + O(N2r7%)
v#0

The second term is < r >N€max(,1), since the contibution to the sum from terms
with |v| < £ is clearly very small and the contribution from |v| >  can be estimated by

Lemma 3.1. (48) follows from this on replacing ¢ by 2v/2m. O

Proof of Lemma 3.2 We first prove the estimate (26) with Ky replaced by Jy. We
define f(t) = ¢t~ 2¢p(N(t — r)), with ¢ as in Lemma A.1. Since ¢ is in the Schwarz space
it is easily seen using the product rule that for any fixed 5 > 0,

/wtﬁ!f'(t)!dtﬁrﬂ‘% (52)
t=1

uniformly in N > 1 and r > 1. Now consider the quantity (r > 1, N > 1)

S N - = [ rdn)

VETZ2 0 t=0

— /too 2t f(t)dt + /Oo fB)d(n(t) — mt?)

=0 t=0
= / 27rtf(t)dt+/ (n(t) — wt?) f'(t)dt (53)
t=0 t=0
The first term in (53) is easily seen to be very small:
| / omtf(t)dt| = 2r| (t + r) 2 (Nt)dt|
t=0 t=—r

= 27ry/_oo (t+7)2p(Nt)dt| + O((rN) 1)

S b [ el )
t

=—00

Here the second line followed since v is in the Schwarz space and the third line followed
since (r+1)2 = rz+O(r~2|t]) and ¢)(0) = 0. The second term in (53) is < S 01 f ()] dt+
ftlzo 2| f/(t)|dt < 7P~2 by (52) and an obvious estimate for the contribution from ¢ < 1.
Now we use (48). Let r = |z|. We've assumed that » > N, so the error term in (48) is
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ST

1 Hence

L _1 _
n@)| S Nroel Yo RN (| =)+
veZ? v#0
< Nro3.pP~2 4 Np=2 .p 3 N2 4 1
~ N/r’_(l_ﬁ)

When ¢ > 0 we can express p in the form p(t) = ijo q(27t) where ¢ is supported

in [1,2]. Observe that if &> < 1 then the sum defining Jx is empty. Hence |Ky(z)] <
27
S0 1 x ()] S 325 95|27 < N[~ and the proof is complete. O
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