ON THE NUMBER OF BOUND STATES FOR
SCHRODINGER OPERATORS WITH OPERATOR-VALUED
POTENTIALS

DIRK HUNDERTMARK

ABSTRACT. Cwikel’s bound is extended to an operator-valued setting.
One application of this result is a semi-classical bound for the number
of negative bound states for Schrédinger operators with operator-valued
potentials. We recover Cwikel’s bound for the Lieb Thirring constant Lo 3
which is far worse than the best available by Lieb (for scalar potentials).
However, it leads to a uniform bound (in the dimension d > 3) for the
quotient Lo g /Lg{d, where Lg{d is the so-called classical constant. This
gives some improvement in large dimensions.

1. INTRODUCTION

The Lieb-Thirring inequalities bound certain moments of the negative eigen-
values of a one-particle Schrodinger operator by the corresponding classical
phase space moment. More precisely, for “nice enough” potentials one has

o [[ stz (@ vy (1)
RARA

Here and in the following, (z)- = %(|z| — ) is the negative part of a real
number or a self-adjoint operator. Doing the £ integration explicitly with the
help of scaling the above inequality is equivalent to its more often used form

tI‘LQ(Rd)(—A + V)z S L%d/ d.’L' V(CU)Z_Fd/Q, (2)
Rd

trLQ(Rd)(—A + V)L <

where the Lieb-Thirring constant L. 4 is given by L, 4 = C'%dL%1 g with the
classical Lieb-Thirring constant

1= g [ b0 =11 )

This integral is, of course, explicitly given by a quotient of Gamma functions,
but we will have no need for this. The Lieb-Thirring inequalities are valid as
soon as the potential V is in L7T%/2(R%).
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These inequalities are important tools in the spectral theory of Schrédinger
operators and they are known to hold if and only if v > % ifd=1,v>0
ifd =2, and v > 0 if d > 3. The bound for the critical case v = 0, that is,
the bound for the number of negative eigenvalues of a Schrédinger operator
in three or more dimensions is the celebrated Cwikel-Lieb-Rozenblum bound
[6, 17, 21]. Later, different proofs for this were given by Conlon and Li and
Yau [5, 16]. The remaining case v = 1 in d = 1 was settled in [29]. The
well-known Weyl asymptotic formula

lim tr(—A + AV)? = Lfyld / dz V(x)z+d/2
A—00 ’

immediately gives the lower bound C., 4 > 1. There are certain refined lower
bounds [20, 9] for small values of . In particular, one always has C, 4 > 1
for v < 1; see [9]. In one dimension this even happens for v < 3/2, and in two
dimensions, one always has C7 2 > 1 [20].

Depending on the dimension there are certain conjectures for the optimal
value of the constants in these inequalities [19, 20]. One part of the conjectures
on the Lieb-Thirring constants is that, indeed, Cy 4 = 1 for d > 3 and moments
~ > 1. For the physically most important case v = 1, d = 3 this would imply,
via a duality argument, that the kinetic energy of fermions is bounded below
by the Thomas-Fermi ansatz for the kinetic energy, which in turn has certain
consequences for the energy of large quantum Coulomb systems [17, 19].

Laptev and Weidl [14] realized that a, at first glance, purely technical exten-
sion of the Lieb-Thirring inequality from scalar to operator-valued potentials
already suggested in [12] is a key in proving at least a part of the Lieb-Thirring
conjecture. It allowed them to show that C, 4 = 1 for all d € N as long as
v > 3/2. To prove this they considered Schrodinger operators of the form
—A ® 1g + V on the Hilbert space L?(R% G) where V now is an operator-
valued potential with values V(x) in the bounded self-adjoint operators on
the auxiliary Hilbert space G. In this case the Lieb-Thirring inequalities (1)
and (2) are modified to

C

trpamag)(-A® 1+ V)T < I [ dvtoerg vy, @
RARd

or, again doing the £ integral explicitly with the help of the spectral theorem

and scaling

trpapag(A® 1+ V)L < Ly [ dotig(V@™. )
R

Here we abused the notation slightly in using the same symbol for the con-
stants as in the scalar case. But in the following, we will only consider the
operator-valued case anyway. Laptev and Weidl realized that this extension
of the Lieb-Thirring inequality gives rise to the possibility of an inductive
proof for U35 4 =1 as long as one has the a priori information C3/5; =1 for
operator-valued potentials. This idea together with ideas in [11] was then later
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used in [10] to prove improved bounds on C, 4 in the range 1/2 <~y < 3/2;in
particular, it was shown that C 4 < 2 uniformly in d € N.

Unlike the scalar case, however, the range of parameters v and d for which
(4) or equivalently (5) holds is not known. The results in [10] only show
that these inequalities are true for v > 1/2 and all d € N. This shortcoming
has to do with the way the Lieb-Thirring estimates are proven for operator-
valued potentials: First, the estimate is shown to hold in one dimension.
Then a suitable induction proof, using the one-dimensional result, is set up to
prove the full result in all dimensions. This turns out to give good estimates
for the coefficients C, 4 in the Lieb-Thirring inequality, for example, they
are independend of the dimension. However, moments below 1/2 cannot be
addressed with this method, since the a priori estimate fails already for scalar
potentials.

This led Ari Laptev [13], see also [15], to ask the question whether, in par-
ticular, the Cwikel-Lieb-Rozenblum estimate holds for Schrédinger operators
with operator-valued potentials. In this note we answer his question affirma-
tively, that is, the Lieb-Thirring inequalities for operator-valued potentials are
shown to hold also for v = 0 as long as d > 3 and then, by a monotonicity ar-
gument also for all v > 0. More precisely, we want to show that Cwikel’s proof
of the Cwikel-Lieb-Rozenblum bound can be adapted to the operator-valued
setting. However, the bound for Cy 4 is far from being optimal since we use
Cwikel’s approach. But, nevertheless, reasoning similar to Laptev and Weidl,
any a priori bound on Cp 3 implies the bound Cy 4 < Cpy3 for d > 3, thus
giving a uniform bound in the dimension, whereas the best available bound
in the scalar case due to Lieb [17] grows like v/7d, see [20].

2. STATEMENT OF THE RESULTS

Let G be a (separable) Hilbert space with norm ||.||5, scalar product (., .)g,
and let 1g be the identity operator on G. We follow the convention that
scalar products are linear in the second component. Furthermore, B(G) is the
Banach space of bounded operators equipped with the operator norm ||.| B(G)
and KC(G) the (separable) ideal of the compact operators on G. For a compact
operator A € K(G), the singular values pu,(A), n € N are the eigenvalues of
|A| := (A*A)'/2 arranged in decreasing order counting multiplicity. A* is the
adjoint of A. S9(G) denotes the ideal of compact operators A € K(G) whose
singular values are g-summable, that is, >°, 1, (A4)? < cco. In particular, S*(G)
and 82(9) are the trace class and Hilbert-Schmidt operators on G. We will
often write B, IC, and S7 if there is no ambiguity. Of course, A € S7 if and
only if trg(|A|7) = trg((A*A)%/2) < oo, where trg is the trace on G.

The Hilbert space L2(R?,G) is the space of all measurable functions ¢ :
R? — G such that

912 gy = [, do [¥@ < oc
Rd
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and the Sobolev space H'(RY, G) consists of all functions ¢ € L?(R?, G) with
finite norm

||¢||H1(Rdg Znaﬂ/’Hm(Rdg + ||¢||L2(Rd G)-

As in the scalar case, the quadratic form

d
)= 101122 g g
=1

is closed in L?(R% G) on the domain H'(RY, G). Naturally, this form corre-
sponds to the Laplacian —A ® 1g on L%(R%, G).

LY(R% B(G)) is the space of operator-valued functions f: R? — B(G) with
finite norm

11 = W uqueion = [, 42 1£@ )

and L9(R9, S™(G)) the space of operator-valued functions f whose norm

1 = 1y 5y = [, Aot

is finite. A potential is a function V € LY(R% B(G)) such that V(z) is a
symmetric operator for almost every z € R%. If

g>1lford=1, ¢g>1ford=2, andgq>d/2ford>3 (6)

one sees, using Sobolev embedding theorems as in the scalar case, that the
real-valued quadratic form

ol = [ do (o). Vep (o)
is infinitesimally form-bounded with respect to hy. Hence the form sum

h[¢7 qvb] = h0[¢7 ¢] + U[¢a M

is closed and semi-bounded from below on H'(R?, G) and thus generates the
self-adjoint operator

HZ*A®1g+V

on L?(R%, G) by the KLMN theorem [23]. It is easy to see that any potential
V € LY(RY, B(G)) satisfying (6) for which V(z) € K(G) for almost every z €
R? is relatively form compact with respect to hg. Hence by Weyl’s theorem for
such potentials, the negative eigenvalues Fy < F; < E3 <--- <0 are at most
a countable set with accumulation point zero and their eigenspaces are finite-
dimensional. In particular, this is the case for potentials V € LI(R%, S"(G)).

Our first result is a generalized version of a basic observation of Laptev and
Weidl: The two versions (4) and (5) of the Lieb-Thirring inequality give rise
to two different monotonicity properties of C, 4 in d.
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Theorem 2.1 (Sub-multiplicativity of C,q). If, for dimensionsn and d—n,
the Lieb-Thirring inequality holds for operator-valued potentials then it also
holds in dimension d. Moreover,

Cya < C,n0 400 and (7)
C’Y:d < C’YanC"/—l-n/Q,d—n' (8)

Remarks 2.2. i) In the scalar case Aizenman and Lieb [1] showed that the
map v — Cyqg= Lya/ Lgl g4 18 decreasing. This monotonicity holds also in the
general case, so, in fact, (8) implies (7). The monotonicity in 7 is most easily
seen in the phase space picture: By scaling one has, for v > 9 > 0,

oo
/ (S-*—t)zo t’Y—’YO—ldt: (S)ZB(’Y_’YO)/YO_*—I):
0

where B(a, 3) = fol t*~1(1 — t)%~1dt is the Beta function. In other words,
for each choice of v > vy > 0 there exists a positive measure g on Ry with
(s)) = fR+ (s+1)7 du(t). Using this, the functional calculus, and the Fubini-
Tonelli theorem, we immediately get

trL2(Rd’g)(A + V )Z = /(; tI'L2(Rd7g)(A + V + t)zo d,u(t)
Cyod [
< 0 2 "0
< (27r)d/0 du(t) //dfda: trg(& + V(x) + )™

- % // dédz /0°° du(t) trg (6% + V (z) + 1)

_ (C;;;fji / / dedz trg (€2 + V().

ii) Theorem 2.1 is a slight extension of a very nice observation of Laptev and
Weidl [12, 14]. They used it to show C, 4 =1 as long as v > 3/2. Basically
this follows immediately by induction and the above monotonicity from (7)
for n =1 once one knows that C'3/5; = 1. The beauty of this observation is
that this bound is well-known in the scalar case [20] and Laptev and Weidl
gave a proof for it in the general case. See also [2] for an elegant alternative
proof which avoids the proof of Buslaev-Fadeev-Zhakarov type sum rules for
matrix-valued potentials.

iii) Using Cy,4 = 1 for v > 3/2 and (8), we get the bound
ny,d < 07,3

ind > 3 for ally > 0. In particular, this implies a uniform bound (in d) for the
constant in the Cwikel-Lieb-Rozenblum bound as soon as such an estimate is
established in dimension three for operator-valued potentials. Below we will
recover Cwikel’s bound Cpz < 3* = 81, see Corollary 2.4. It is, already
for scalar potentials, known, that Cpz > 8/v/3 > 4.6188, [7] [20, eq. (4.24)]
(see also the discussion in [28, page 96 97]); in fact, it is conjectured to be the
correct value [7, 20, 27]. In the scalar case Lieb’s proof [17] of the CLR-bound
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gives by far the best estimate, C(S)‘fglar < 6.87. However, Lieb’s estimate grows

like v/7rd for large dimensions [20, eq. (5.5)]. While we get a quite large bound
on Cp 3 this at least furnishes the uniform bound Cp 4 < 81 for all d > 3. It
would be nice to extend Lieb’s or even Conlon’s proof [5] of the CLR-bound
to operator-valued potentials.

To state our second result, Cwikel’s bound in the operator-valued case, we
need some more notation: L{,(RY B(G)), the analog of the weak L9-space
LL(R%), is given by all operator-valued functions g: R — B(G) for which

1905, = 9122 e 5(0)) = sup (tH{llg() g > ) < oc.

Here | B| is the d-dimensional Lebesgue measure of a Borel set B C R%. Note
that H||:;w is not a norm since it fails to obey the triangle inequality already
for scalar g. But, as in the scalar case, one can give a norm on L% (R%; B(G))
which is equivalent to ||'H7:<1(Rd;3(g))- However, we will not need this.

With p we abbreviate the operator —:V and similarly to the scalar case we

define the operator f(x)g(p) to be
¥ = @a)i(e) = 1) s [ a0 de

that is, f(2)g(p) = MyF 1MyF with My, M, the “multiplication” operators
by f(z) and g(§) and F the Fourier transform. A priori, f(z)g(p) is well-
defined only for simple functions, but it will turn out to be a compact operator
for rather general “functions” f and g. The extension of Cwikel’s bound to
the operator-valued case is

Theorem 2.3 (Cwikel’s bound, operator-valued case). Let f and g be operator-
valued functions on an auziliary Hilbert space G. Assume that f € L9(R% S9(G))
and g € LL(RY, B(G)) for some ¢ > 2. Then f(x)g(p) is a compact operator
on L2(R% G). In fact, it is in the weak operator ideal Si,(L*(R%,G)) and,

moreover,

1f(@)gP) g = sup n 9 (F(2)g(p) < Ko £ 1lq llall; . (9)

where the constant K, is given by

8 1-2/q 2 1/q
Kq = (QW)_d/qg (m) (1 + m) .

As in the scalar case Theorem 2.3 gives a bound for the number of negative
eigenvalues of Schrodinger operators with operator-valued potentials.

Corollary 2.4. Let G be some auxiliary Hilbert space and V' a potential in
LY2(R4,8Y2(G)). Then the operator —A ® 1g +V has a finite number N of
negative eigenvalues. Furthermore, we have the bound

d
N < Log / trg(V(2)¥?) da
R
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with
that is, Co.q < (2m Kq)°.
Proof. For completeness we explicitly derive the estimate for the number of
negative eigenvalues of —A ® 1g + V from Theorem 2.3. Replacing V' with
—(V')_ if necessary and using the min max principle, we can assume V' to be
non-positive. Let N be the number of negative eigenvalues of —A ® +V and
put Y := V|2 (|p| '®1g). By the Birman-Schwinger principle [3, 25, 4, 26,
24] one has
1 < pn(Y).
But ¢ — [¢] 7 1®1g has weak L(R%, B(G))-norm Ti/d, T4 being the volume of
the unit ball in R?. With Theorem 2.3 we arrive at
d _
1< Ky “IVIY2laaN =4,

that is,
N < Kdrall[VIY2)194 = (27TKd)dL81,d/trg(lV(x)ld/Q) dz,

since Lg{d =14/(27)% |

Remark 2.5. Corollary 2.4 gives the a priori bound Cpq < (27 Kg)¢ for
d > 3. Using Theorem 2.1 and the fact that C, 4 = 1 if v > 3/2, [14],
we know that Cpg < min,—3 . 4Con,. Since the a priori bound given in
Corollary 2.4 increases rather fast in the dimension, the best we can conclude
is Coa < (27 K3)3 = 3* = 81.

3. PROOF OF THE SUB-MULTIPLICATIVITY OF THE LIEB-THIRRING
CONSTANTS

We proceed very similarly to [14], but freeze the first n < d variables. Let
Te=(T1,...,Tp) T> = (Tpy1,...,2q) and E<, & similarly defined. Put
W($<) = (_A> + V($<a '))*7

where A is the Laplacian in the z~ variables. Clearly, by assumption on V/,
W is a non-negative compact operator on L2(R9™, G) for almost all z. € R"
and, moreover,

tI‘LQ(Rd’g)(—A + V)Z S trL2(R",L2(Rd*n,g))(_A< — W)l

Cym
< Gy // dE i < 112 (zimn g (€2 — W(z2))2. (10)
RnR™
Since (t — (s)—)— = (t + s)_ for t > 0, s € R, the spectral theorem gives

trp2(ra-n g)) (€2 — W(22))] = trpega-ng)) (2 — As + V(ze, )Y

Cy.d—n
G J] dedraig€ + & +Viaea).

Rd—nRd—n

<
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This together with (10) and the Fubini-Tonelli theorem shows (7).

For the other inequality we use the more usual form (5) of the Lieb-Thirring
inequality. Again, freezing the first n coordinates and proceeding as before,
we immediately get

L'y,d < L'y,any+n/2,dfna (11)

where L. /2 4—n enters now because in the first application of the Lieb-
Thirring inequality (5) the exponent is raised from 7 to v + n/2. Using the
definition (3) for the classical Lieb-Thirring constant together with the Fubini-
Tonelli theorem and scaling, one easily sees

L, = / dp (Il — 1)"
Rd
_ / dp< (Ip<l> — 1)7 / dps (ps[2 — 1)1/
Rn R(d—n)

_gcl cl
- Lv,nL'y+n/2,d—n'

This together with (11) proves (8) and thus Theorem 2.1.

4. PROOF OF CWIKEL'S BOUND

The proof of Theorem 2.3 follows closely Cwikel’s original proof. We first
need a criterion for f(z)g(p) to be a Hilbert-Schmidt operator.

Lemma 4.1. Let f € L?(R9,8%(G)) and assume g obeys l9()ll5g) € L?(RY).
Then the operator f(x)g(p) is Hilbert-Schmidt and we have the estimate

1£ (@) s = (2m)~ / / trglg"(€)f (2)" f(x)g (€)) dude
< (2m)~¢ / trgl|f (2)?] da / 19113 de.

Proof. In the scalar case this is well-known and is usually shown by noting
that in this case f(x)g(p) is a convolution operator. Another proof is by
changing the basis: Let F be the Fourier transform on L?(R%, G), that is,

Fu(§) := (277)_d/2/ e~y (z) da.

Rd
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Then the Hilbert-Schmidt norms of f(z)g(p) and MyF M, are equal. The
operator My F 1M, has “kernel” (2m)~%2ei€ f(2)g(¢) and thus by [22, The-
orem VI1.23] or [8, Section I11.9]

1 (@)g() 35 = |[£(2)F 19(6) |31
= (2m) ¢ / / trg(g(€)* F ()" (x)g(£)) dude

= (2m) ¢ / / trg (| () [2lg(€)" ?) dude

(2m)~ / / trg(1£(@)[?) 9(6)|2) dude

— 2 [ g1 (2) ) d / lg(€)I%) d

The first step rests on splitting the operator f(z)g(p) (which is a priori
only defined on simple functions) into manageable pieces. Fix ¢>0, r>1 and
assume that f and g are non-negative, in particular, self-adjoint, operator-
valued functions. For a Borel subset B of R let xp(f(z)) and xp(g(§)) be the
spectral projection operators of f(x) and g(&), respectively. By the functional

calculus we have
= f@)xup1(F(2) =) filx)

IEZ leZ

g X(rl 1 rl] gl
=29 =

leZ leZ

(12)

where f; (resp., g,,) are mutually orthogonal operators. We use this decom-
position of f and g to split the operator f(x)g(p) into

f(X)g(P) = By + H, (13)

with By := 3,1 fi(2)gm(p), He := 31, sy fi(2)gm(p). Note that this
decomposition of f(z)g(p) is slightly different from the one used by Cwikel.

We have

Lemma 4.2. Let f and g be non-negative operator-valued functions. If ¢ > 2
and € LI(RY, SU(G)), g€ LY (R, B(G)) with || f],, =1 and |lg|ls,, = 1 then
a) By is a bounded operator with operator norm bounded by
r
| Bell p2(re,gy < T

b) Hy is a Hilbert-Schmidt operator with Hilbert-Schmidt norm bounded by
2
|Helhs < @m) =02 (14 —5).
q J—

Remarks 4.3. i) Due to our choice of B, H; the bound in Lemma 4.2.b) is
independent of r and in a) it easy to see that the choice r=2 is optimal.
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ii) This lemma also shows that f(z)g(p) is a compact operator since it is the
norm limit for ¢ — 0 of the Hilbert-Schmidt operators Hy.

Proof. Part a) follows completely Cwikel’s original proof: Since the f; (resp.,
gm) are orthogonal operators for different indices we get, for simple functions

1 and ¢, say,

[(W.B) < > e @), e am (09,

I+m<1
<SS I fa (@), g (0)
s<1 meN
1/2 1/2
S (S saent) (S aael)
s<1 meN meN

_ er Z T—(S—m)fsfm(a;)¢H2H Z T_mgm(p)ﬁbHQ
s<1  meN meN

<r(L—r )7 llyll el

since > ;v lfi(x) < tlg and Y, r "¢, (€) < 1g. Thus B; extends to a
bounded operator on L?(R%, G) with the given bound for its norm.

To prove part b) observe that by Lemma 4.1 and the cyclicity of the trace, we
have

s = 3 [ [ trolfte)an(€)? At dod

I+m>1

Assume for z, £ € R? the operator inequality

Z J1(@)gm(€)* filz) < (||g(f)||f(x)X(t,oo)(Hg(f)Hf(fﬂ))>2
l+m>1 (14)

=: h(z,€)?

on the Hilbert space G. Note that the projection operator X .o)([l9(§)|l f(z))
(on G) commutes with f(z) for all z,& € R% Let A\j(z) be the j* ordered
eigenvalue of f(z), and Ej(a) := {|lg(.)[|A;(.) > a}. Each E; has 2d dimen-
sional Lebesgue measure

1500 = / {90 > o/A(@)}adz < a0 / \j(z)dz,
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since | g||;,, = 1 by assumption. Thus we see
Il < (2m)" [ [ trglh(o. &7 dud
(27) dz / (max(a, t))]2ga da

= / |E;(t |2dada+z / a)lega da
< (2m) "%~ (q2(1+2/q7 Z/ x)?dx

= 2m) P (1+2/(q - 2)),

since JAj(@)idz = ||f||], = 1 by assumption. It remains to prove (14):
Again, let s = [ + m and note that the g,,(§) = g(§)x(m-1,m)(9(§) are
orthogonal operators for different indices. As operators on G,

S A@gn(©2i(@) = S5 fil@)gs (&) filx)

I+m>1 I€Z s>2
=A@ (D 9519 filw) =D filx)g(€)*xr1-1,00) (9(E) fil)
IEZ §>2 lEZ
<A@ 1918 X(ri-t,00) (19O D fil)
IEZ

1lglig D Xeri-1,00) g )N xert1,00(f(2)

IeZ ~~
X(t,00) UGS (@) Xy p1—1 1y (F (@)

< F(@) 19(EIG X0y N F (@) D X(ri-1, (f (@)

lEZ

= (@) 19(E X(t.00) (9 ()] (),

which proves (14) and hence the lemma. ]

Given the above bounds the proof of Theorem 2.3 is by now a standard inter-
polation argument. We give this argument for the sake of completeness:

Proof of Theorem 2.3. First, without loss of generality assume that f and g
are non-negative operator-valued functions. Indeed, let F be the Fourier trans-
form and My and M, the operators of “multiplication” by f and g and note
that f(z)g(p) and MsF 1M, have the same singular values. With the polar
decompositions f(z) = Ui(z)|f(z)| and g(§) = |¢*(&)|U5(§) in the Hilbert

space G we have

MF My = Uy My F ' M Us,
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where Uj, j € {1,2} are fibered partial isometries in the space L2(R?, G), for
example, (U1¢)(x) = Ui(x)y(z) . Hence the singular values of f(x)g(p) are
bounded by the singular values of M F ="M,z and |[|g*|[I7 , = [lg]} .-
By one of the consequences of Ky Fan’s inequality [8] we have

1
pn(f(2)g(p)) = pin (B + Hy) < p1(Bt) + pn(Hy) < || B + N I Htll g5
_r —d/2—(-2)/2(1 o 2 /2 L

<
<Sto—— + (2m) % (1+q_2) 7

using Lemma 4.2. Choosing ¢t and r (= 2) optimal gives

pn(f(2)g(p)) < (27T)’d/qg (q%) o (1 + q%)l/q n-1/a

which proves Theorem 2.3. [ |
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