DETERMINATION OF MODULAR FORMS BY TWISTS OF CRITICAL L-VALUES

Wenzhi Luo and Dinakar Ramakrishnan

Contents

0 Introduction 1 1 Preliminaries 4 2 p-power twists 7 3 Quadratic twists 13 4 Generation of coefficient fields by ratios of L-values 20 5 p-adic L-functions 22 6 Forms of half integral weight 25 Bibliography 28

0 Introduction

Let f be a normalized holomorphic newform (defined on the upper half plane H) of level N, weight 2k and trivial character. It is given by a Fourier expansion f(z) = ∑ n≥1 a_ne^{2πinz}, z ∈ H, with a_1 = 1. For every primitive Dirichlet character χ of conductor M_χ, we have the associated L-series L(f, χ, s) = ∑ n≥1 a_nχ(n)n^{−s}, which has an Euler product expansion in {s ∈ | Re(s) > k +^1_2 }, and admits a meromorphic continuation to the whole s-plane with a functional equation relating the values at s and 2k − s. Let X denote the set of primitive Dirichlet characters with (M_χ, N) = 1. Our first result is that the knowledge of the set of special values {L(f, χ, k)|χ ∈ X}, up to a constant, is sufficient to determine f. We go further and in fact prove a much stronger result, namely that this assertion holds if X is replaced by the subset X_{quad} of quadratic characters (Theorem B, Sec. 3), or by the subset X(p^∞) consisting of those χ whose conductor and order are powers of a fixed odd prime p not dividing N (Theorem A, Sec. 2).

Our main idea is to analyze (variants of) the following twisted average for each integer m ≥ 1: Y_m(T ) = 1 T ∑ χ∈X_0 Mχ≤T L(f, χ, k)χ(m)

where X_0 denotes a relevant subset of X. If we take m to be 1, we get the usual untwisted average Y (T ), whose behavior as T → ∞ has been well understood; see Iwaniec [Iw], Murty [Mu] for X_0 = X_{quad}, and Rohrlich [Ro1] for X_0 = X. The subject matter of [Iw] was, to be precise, the average values of L^′(f, χ, k), leading to a non-vanishing result, established earlier and independently by Murty-Murty [MM] and Bump-Friedberg-Hoffstein [BFH], needed to complement Kolyvagin’s work on modular elliptic curves. Of relevance to us is also a form of the approximate functional equation, as in the paper of Luo-Rudnick-Sarnak [LRS]. We begin by describing the analogous asymptotic behavior of Y_m(T ), relying on the method of Iwaniec for X = X_{quad}.

In the case of p-power twists, our theorem gives a finer result and works at any real point s = t. The proof relies on the known properties of Kloosterman sums over /p^m. The assertion at the points to the left of center is not a consequence of the functional equation of L(f, χ, s) as the value of χ at the conductor appears. This necessitates the use of Y_{m/r}(p^n), for all integers m, r. But the key new ingredient in the proof of Theorem A is its reduction to Proposition 2.2, and not the verification of the proposition, the details of which are given for the convenience of the reader. An intriguing consequence of the result is the recovery of the fundamental periods c^±(f) from the limits, as j → ∞, of averages of algebraic special values {A(f, χ, m)|χ ∈ X(p^j )^ϵ}, at critical integers m, for an appropriate parity ϵ. (See Corollary 2.5 for a precise statement.) Our theorem should also extend to Maass waveforms on GL(2), but we have chosen not to do it in this paper, mainly to avoid lengthening the argument, and because all the applications we have in mind deal only with holomorphic forms.

The proof of our theorem is quite delicate in the case of quadratic twists, where the key step is the expression, for almost all m, of the ratio of the dominant terms of Y_m(T ) and Y (T ), as a well behaved rational function of the normalized coefficient ã_m = a_mm^{(1−2k)/2}. To be precise, we show that this function H_m(t) ∈ [ √ m](t) has no poles in the interval [−2, 2], and has a positive derivative there. Recall that, for any good prime ℓ, ã_ℓ lies in this interval by Deligne’s proof of the Ramanujan conjecture. Thus H_m(ã_ℓ) determines ã_ℓ (for almost all ℓ), allowing us to appeal to the strong multiplicity one theorem. Our method also works for Maass waveforms which are tempered.

We give three applications of our main result. The first one (Theorem C, Sec. 4) shows that the field K_f generated over by the coefficients {a_n} can also be generated by the set of ratios of the form A(f, χ, χ_0) := g(χ_0)g(χ)^{−1}L(f, χ, k)/L(f, χ_0, k), where χ_0 is a fixed quadratic character such that L(f, χ_0, k) ≠ 0, and χ runs over quadratic characters of the same parity as χ_0. (For any character ν, we denote by g(ν) the associated Gauss sum.) It was known earlier that these numbers A(f, χ, χ_0) were in K_f for all χ ∈ X_{quad}. We establish our assertion by combining our main result (Theorem B) with Shimura’s reciprocity law ([Sh]) describing the action of Aut on {A(f, χ, χ_0)}. At the end of Sec. 4, we raise an analogous question for general critical motives M over with End (M) ⊗ a field.

Our second application (Theorem D, Sec. 5 ) shows that, for any odd prime p not dividing the level N of the newform f, and for any finite order p−adic character η of tame type i, for any i ∈ [0, 2k −2], the knowledge (up to a non-zero algebraic multiple) of the associated (one variable) p-adic L-function L_p(f, η, s) ([MTT]) determines f uniquely. (One says that η has tame type i if it is of the form ω^iν, for a wild character ν, with ω denoting the Teichmüller character.) It should be pointed that the (weaker) fact that the collection {L_p(f, η, s)} determines f has been known for some time, as it has been kindly explained to us by H.Hida (whose method uses the work of Rohrlich [Ro1]). It is useful to note that when p is supersingular for f, the definition of L_p(f, η, s) depends on the choice of a root α of the p−Hecke polynomial x^2 − a_px + p^{2k−1}, and our theorem works for either choice (if ord_p(α) < 2k − 1). The proof combines Theorem A with some results on modular symbols ([MTT]) and p−adic analytic functions with logarithmic growth ([V]). Specializing to the weight 2 case, we deduce that a modular elliptic curve E over is determined up to - isogeny by L_p(E, s), for any p not dividing 2N; this may be thought of as an analog of the classical isogeny conjecture. In particular, each L_p(E, s) is non-zero, but this is already known by the work of Rohrlich [Ro2]. Our method gives the slightly finer statement that for all but a finite number of positive integers n not divisible by p, we have L_p(E, n) ≠ 0.

After we communicated our results to H. Stark, he showed by using transcendence arguments ([St]) that a modular elliptic curve E over is in fact determined (up to -isogeny) just by L(E, 1) if it is non-zero. However, his beautiful argument does not seem to work for forms of higher weight as one does not have analogous transcendence results for the periods. Also, given some E with L(E, 1) = 0, one can find a quadratic character χ such that L(E, χ, 1) ≠ 0, but this χ will depend on E. It should be stressed that in our approach, it suffices to give the (set of) special values up to a scalar multiple (in ), and so our results are geared more towards giving information about the algebraic parts, not about the periods.

The third (and final) application (Theorem E, Sec. 6) answers a (stronger form of the original) question raised by W. Kohnen [K1]. Solving this problem was the original motivation for this paper. Fix k ≥ 1, and denote, for every odd square free integer

N ≥ 1, by S_{k+} 1_2 (4N) the space of cusp forms of weight k +^1_2 , level 4N and trivial character, and by S^+_{k+} 1_2 (4N) the Kohnen subspace. The span of ”newforms” in this space is isomorphic, as a Hecke module, to S_{2k}(N)^{new} by the Shimura correspondence ([W2]). (The orthogonal complement of S^+_{k+ 12} (4N) is well understood.) We show that if g_1, g_2 are two newforms in S^+_{k+ 12} with Fourier coefficients b_1(n), b_2(n) respectively, and b^2_1(|D|) = b^2(|D|)

for almost all fundamental discriminants with (−1)^kD > 0, then g_1 = ±g_2. In other words, our result says that given a newform g in S^+_{k+ 12} (4N), k ≥ 1 and N odd, squarefree, one cannot simply change the signs of some of the coefficients b(|D|) and obtain a new eigenform. Before this paper, the best known result, due to Kohnen [K1], was that if b_1(|D|) = b_2(|D|), N = 1, and if g_1 and g_2 have the same eigenvalues relative to the Hecke operator T^+_{k+ 12} (4), then g_1 = g_2. The proof of our result uses Theorem B in conjunction with Waldspurger’s formula relating the square of b_j(|D|) to (a suitable multiple of) L(f_j, χ_D, k), where f_j is the eigenform in S_{2k}(N) corresponding to g_j. A crudely stated consequence is that a form in Kohnen’s space is determined by the square-free coefficients. It may be helpful to note this space does not contain theta series such as ∑ n e^{πin2z}, z ∈ H, which has weight 1/2, and ∑ n nχ(n)e^{πin2z}, χ(−1) = −1, which has weight 3/2, but has non-square-free level and non-trivial character.

A good part of the work on this paper was done at the MSRI (Berkeley) during 1994-95, and the research there was supported in part by NSF grant DMS-9022140. The subsequent work, done during 1995-96, was supported by the NSF grant DMS- 9501151. We would like to thank D. Blasius, J. Coates, R. Greenberg, H. Hida, J. Hoffstein, W. Kohnen, H. Iwaniec, D. Rohrlich, P. Sarnak, J.-P. Serre and H. Stark for their interest and/or comments. We are very grateful to Barry Mazur for his perceptive criticisms and suggestions concerning sections 2 and 5 (of an earlier version), which in fact led to an improved result. Finally, we would like to thank Jackie Cassidy (Caltech) for a careful typing of the manuscript.

1 Preliminaries

Let N ≥ 1. For any r ∈^1_2 , let S_r(N) denote the space of holomorphic cusp forms of weight r, level N and trivial character. Every f ∈ S_r(N) admits a Fourier expansion:

(1.1) f(z) = ∑ n≥1 a_nq^n, for z ∈ H, with q = e^{2πiz}.

Suppose r is a (positive) integer. Recall that a newform (of weight r) is a Hecke eigenform f in S_r(N), for some N, orthogonal to the “old” forms coming from lower levels, such that a_1 = 1 (cf. [Li]). For such a form f, one has T_pf = a_pf, for all primes p not dividing N, where T_p denotes as usual thee p-th Hecke operator. For every primitive Dirichlet character χ of conductor M = M_χ with (M, N) = 1, one has the associated L-function: (1.2) L(f, χ, s) = ∑ n≥1 a_nχ(n)n^{−s}, which converges absolutely in Re(s) > (r + 1)/2, and admits an analytic continuation to the whole s-plane with a functional equation. Note that the triviality of the character of f forces its weight r to be even. Write r = 2k . Some times it will be convenient to use the associated (unitary) cuspidal automorphic representation π = π_∞ ⊗ π_0 of GL_2( ) = GL_2( ) × GL_2(_0) ([Ge]), where = ×_0 denotes the adele ring of , with_0 ≃ ^ ⊗ being the ring of finite adeles. Viewing Dirichlet characters χ as idele class characters of , we have the associated representations π ⊗ χ defined by g → π(g)χ(det(g)), for all g ∈ GL_2( ). One has (1.3) L(π ⊗ χ, s) = L(π_∞ ⊗ χ_∞, s)L(π_0 ⊗ χ_0, s), with L(π_0 ⊗ χ_0, s) = L(f, χ, s + k − 1 2 ) and L(π_∞ ⊗ χ_∞, s) = Γ (s + k − 1 2 ), where Γ (s) = (2π)^{−s}Γ(s). The functional equation reads (1.4) L(π ⊗ χ, s) = χ(N)W (π)W (χ)^2(NM^2)^{12 −s}L(π ⊗ χ, 1 − s), where W (π), W (χ) are the root numbers of π, χ respectively. Note that π is self dual, hence isomorphic to the complex conjugate representation π by unitarity, since f has trivial character, consequently, W (π) = ±1. Moreover, if we define the Gauss sum of χ by the formula

(1.5) g(χ) = ∑ a mod M χ(a)e^{2πia/q}, then W (χ) = (−i)^δg(χ)/ √ q, where δ is 0 (resp. 1) when χ is even (resp. odd).

Auxiliary functions

For any function φ ∈ C^∞_c (^∗_+)_s with ∫_∞ 0 φ(y)^{dy}_y = 1, set:

(1.6) κ(s) = ∫_∞ 0 φ(y)y^s dy y ,

F_1(x) = 1 2πi ∫ (2) κ(s)x^{−s} ds s , and F_2(x) = 1 2πi ∫ (2) κ(−s) L(π_∞, 1 − t + s) L(π_∞, t − s) x^{−s} ds s . Here we follow the (standard) convention that, for any real number a, ∫ (a) denotes the integral over the vertical line ℜ(s) = a in .

By a standard argument, by appropriately shifting the vertical line of integration (see [LRS], for example), we get (1.7)

(i) F_1(x) and F_2(x) are both rapidly decreasing as x → ∞, (ii) F_1(x) = 1 + O(x^n), for all n ≥ 1, as x → 0, and (iii) F_2(x) << 1, for x > 0.

Characters

Throughout this paper, χ will denote a primitive Dirichlet character of conductor M = M_χ.

For every integer N ≥ 1, we set (1.8) X = X(N) = {χ|(M_χ, N) = 1}, and X_{quad} = X_{quad}(N) = {χ ∈ X(N)|χ^2 = 1}.

If p is a prime not dividing N, we put (1.9) X_{(p)} = X_{(p)}(N) = {χ ∈ X(N)|M_χ = p^j , for some j}, and X^w_{(p)} = {χ ∈ X_{(p)}|χ has p − power order}.

The elements of the group X^w_{(p)} are called wild characters at p. Note that an element of X_{(p)} belongs to X^w_{(p)} iff it is trivial on all the elements of order p − 1. There is a direct product decomposition (1.10) X_{(p)} = X^w_{(p)} × Hom(( /p)^∗,^∗).

For every j ≥ 1, write X^w_j for the subgroup of wild characters of conductor dividing p^j . We will write ∑_∗ χ mod p^j to denote the summation over the primitive wild characters

of conductor p^j .

2 p-power twists

Fix an odd prime p, and a Dirichlet character η of conductor R, possibly divisible by p. The object of this section is to prove the following.

Theorem A Let f, g be newforms in S_{2k}(N), S_{2k}′ (N^′) respectively, with (p, NN^′) = (R, NN^′) = 1, and let t be a real number. Suppose there exist non-zero constants B, C ∈ such that L(f, ηχ, t + k − 1 2 ) = B^jCL(g, ηχ, t + k^′ − 1 2 ), for every χ in X^w_j , for all but a finite number of j. Then k = k^′, N = N^′ and f = g.

The key point of the proof is to first define an appropriate twisted average depending on p^j, and reduce the theorem to a statement about its limit as j → ∞ (Proposition 2.2 below). The Proposition is later established by appealing to a well known method, and the details are given for the convenience of the reader.

Let m, r denote integers ≥ 1, which are not divisible by p. For every new form f ∈ S_{2k}(N) and t ∈ (0, 1), and for all j ≥ 1), we set

(2.1) Y_{m/r}(p^j, f; t) = p^{−j} ∗∑ χ mod p^j χ(m)χ(r)L(f, ηχ, t + k − 1 2 ). (See the end of section 1 for a meaning of the ∗ over the summation.) Our aim is to somehow recover the (m/r)−th Hecke eigenvalue a_{m/r} (of f) from this sum when r|m. We will let a_{m/r} denote 0 if r does not divide m. Proposition 2.2 Let t ≥^1_2 . Then we have lim_{j→∞} Y_{m/r}(p^j , f; t) = 1 p ( 1 − 1 p ) η(m/r)(m/r)^{−(k− 12 +t)}a_{m/r}.

Proposition 2.2 ⇒ Theorem A Let f, g be as in the theorem with eigenvalues a_m, b_m respectively. First consider the case when t ≥^1_2 . Applying the Proposition with m = r = 1, we get, since a_1 = b_1 = 1, ( lim_{j→∞} B^j)C = 1, which forces B = C = 1. Next apply the Proposition with m being any prime ℓ not dividing pNR, and r = 1, to obtain the identity ã_ℓ = b̃_ℓ (normalized Hecke eigenvalues). Then by the strong multiplicity one theorem, we must have f = g, k = r and N = N^′.

It is left to consider when t <^1_2 . In this case, applying the functional equation (1.4), the self-duality of f and the evenness of χ, we get, for every χ ∈ X^w_{(p)} of conductor p^j, χ(N)L(f, ηχ, 1 − t + k − 1 2 ) = B^jC_1χ(N^′)L(g, ηχ, 1 − t + k^′ − 1 2 ), where C_1 = Cη(N/N^′)(N^′/N)^12^{−t}. Multiplying both sides by χ(Nr)χ(m), for any m ≥ 1, and averaging over (wild) χ of conductor p^j , we get the identity Y_{m/r}(p^j , f; 1 − t) = B^jC_1Y_{mN} ′_{/rN} (p^j , g; 1 − t), for all m, r ≥ 1. We will apply the Proposition, permissible since 1 − t >^1_2 , to both sides of this identity (with j → ∞), for suitable choices of (m, r). First we claim that |B| ≤ 1. Suppose not. Then, applying the Proposition with m = N, r = N^′, we get a_{N/N} ′ = ( lim_{j→∞} B^j)C_2, for a non-zero constant C_2, which is impossible if |B| > 1. Hence the claim. Next we let m = r = 1. If N does not divide N^′ or if |B| < 1, we see that the right hand side (of the identity above) goes to zero, while the left hand side goes to p^{−1}(1 −^1_p ), leading to a contradiction. So we must have N^′ = NN^{′′}, for some integer N^{′′} ≥ 1, |B| = 1. In fact. B must be 1, for otherwise the right hand side has no limit as j → ∞. We also deduce from the identity (with m = r = 1 and N = N^′N^{′′}) that 1 = C_1η(N^{′′})b_N ′′ . Finally, we take m to be any prime ℓ not dividing pN = pN^′N^{′′} and r = 1 to conclude, since b_{ℓN} ′′ = b_ℓb_N ′′, that ã_ℓ = b̃_ℓ. Once again, the theorem follows by applying the strong multiplicity one theorem.

Remark 2.3 Let f be a newform in S_{2k}(N), p a prime not dividing 2N, and β > 0 any real number. Denote by ω the Teichmüller character, which is a generator of the character group of ( /p)^∗. By using Proposition 2.2 and some ideas from [Ro2], one can easily establish the following mild variant of a basic theorem of Rohrlich ([Ro2], [Ro3]). Fix any integer i. Then there exist infinitely many primitive, wild characters χ at p such that L(f, ω^iχ, β) ≠ 0. Moreover, if β is a critical integer, then all but finitely many of these twisted L−values are non-zero.

We would also like to point out an intriguing consequence of Proposition 2.2 concerning the periods of a newform f of weight 2k and trivial character. Recall that there exist numbers c^±(f) ∈^∗, well defined up to elements in^∗_K, which arise by comparing the integral singular and de Rham structures associated to f. For each Dirichlet character χ, define A(f, χ) by the formula (2.4) L(f, χ, k) = A(f, χ)c^ϵ(f), where ϵ is the sign of (−1)^{k+1} (resp. (−1)^k) when χ is even (resp. odd). Then one knows that the numbers A(f, χ) are in . To elaborate, if M(f) denotes the corresponding rank 2 motive over with coefficients in K ([Sch],[De]), normalized so that s = 0 is the critical point in question, then our c^±(f) is Deligne’s c^±(M(f)(k)), which equals, by the self-duality of f, (2πi)^kc^∓(M(f)).

Corollary 2.5 Let f be a newform of weight 2k, level N and trivial character. Then for every odd prime p not dividing N, we have

(i) c^{(−1)k+i} (f)^{−1} = lim_{j→∞} |P^w_j |^{−1} ∑ χ∈P^w_j A(f, ω^iχ), for all i ∈ [0, p − 2]. Moreover, for every odd Dirichlet character ν of conductor prime to Np, and for every m with a_m ≠ 0, we have (ii) c^+(f) c^−(f) = ν(m) lim_{j→∞} ∑ χ∈P^w_j A(f, νω kχ)χ(m) ∑ χ∈P^w_j A(f, ω kχ)χ(m) .

Recall that P^w_j is the set of primitive wild characters of conductor p^j . The proof is immediate from Proposition 2.2, with η being ω^i (resp. ω^k) for part (i) (resp. part (ii)), and (2.4). Evidently, we can also deduce such results at the other critical integers.

Proof of Proposition 2.2. We will first treat the case, i.e., when t ∈ [^1_2 , 1]. Since this is outside the range of absolute convergence, we need to make use of the approximate functional equation.

Denote by π = π_∞ ⊗π_0 the cuspidal automorphic representation of GL_2( ) defined by f, and let κ, F_1, F_2 be as in (1.6). Let t be a real number in [^1_2 , 1). Then it is easy to see that (for any μ ∈ X(N)) 1 2πi ∫ (2) κ(s)L(π_0 ⊗ μ, s + t)y^s ds s = ∞∑ n=1 ã_nμ(n) n^t F_1 ( n y ) . (See the definition of ∫ (a) right before (1.6).) Moving the line of integration to s = −2,

we see that the left hand side equals L(π_0 ⊗ μ, t) + 1 2πi ∫ (−2) κ(s)L(π_0 ⊗ μ, s + t)y^s ds s . On applying the functional equation (1.4), and changing s to −s, we obtain (in the usual way) the following approximate functional equation:

(2.6) L(π_0 ⊗μ, t) = ∞∑ n=1 ã_nμ(n) n^t F_1 ( n y ) +μ(N)W (π)W (μ)^2(Np^{2j} )^{12 −t} ∞∑ n=1 ã_nμ(n) n^{1−t} F_2 ( ny NM^2 ) , where M is the conductor of μ.

Since we are interested in the limit of Y_{m/r}(p^j , f; t) as j → ∞, we may restrict our attention to large j. We will take j to be larger than ord_p(R), so that ηχ will be primitive mod p^j if χ is. We may then use (2.6) with μ = χη, and write Y_{m/r}(p^j, f; t) as a sum Y_{1,m/r}(p^j , t) + Y_{2,m/r}(p^j , t), with

(2.7) Y_{1,m/r}(p^j, t) = p^{−j} ∗∑ χ mod p^j ∞∑ n=1 ã_nη(n)χ(nrm^′) n^t F_1 ( n y ) , where m^′ denotes the inverse of m mod p^j . Each wild character mod p^j is a character of G(p^j ) := Ker(( /p^j )^∗ → ( /p)^∗), and the non-primitive ones are precisely those characters which are trivial on the subgroup K := ker(G(p^j ) → G(p^{j−1}). Recall that a character of ( /p^j )^∗ defines a wild character iff it is trivial on the set S_j of integers (mod p^j ) of order (p − 1). Using the orthogonality of characters, we then see that

(2.8) ∗∑ χ mod p^j χ = |G(p^j )|δ_{Sj} − |G(p^{j−1})|δ_K,

where δ_S denotes, for any subset S of G(p^j ), the characteristic function of S. Note that |G(p^j )| = p^{j−1} (for j ≥ 1). So (2.8) allows us to write (2.9) Y_{1,m/r}(p^j , t) = 1 p [ Φ_{m/r}(p^j , t) − p^{−1}Φ_{m/r}(p^{j−1}, t) ] , where Φ_{m/r}(p^j , t) = ∑ b∈S_j ∑ rn≡bm (modpj) n≥1 ã_nη(n) n^t F_1( n y ).

This sum has a distiguished term corresponding to b = 1, n = m/r when r|m, signifying the unique solution in positive integers n of the congruences rn ≡ bm mod p^j for all j. This allows us to decompose Φ_{m/r}(p^j , t) as

(2.10)

Φ_{m/r}(p^j , t) = ( ã_{m/r}η(m/r) (m/r)^t ) F_1 ( m ry ) + ∑ rn≡bm (mod pj) n≥1,n≠m/r ã_nη(n) n^t F_1 ( n y )

= I + II, say.

Again, ã_{m/r} denotes the normalized coefficient if r|m, and zero otherwise. Write y = p^{jγ} for a positive γ to be chosen below. Then we have by (1.7) (ii), that for j → ∞,

(2.11) I = ã_{m/r}η(m/r) (m/r)^t + 0( 1 y ).

For n ≥ 1, j ≥ 1, put b_{n,j} = { 1, if rn = bm + ap^j, a ∈ 0, otherwise.

Then we have II = ∑ 1≤n≤y ã_nη(n)b_{n,j} n^t F_1 ( n y )

+ ∑ y<n<∞ ã_nη(n)b_{n,j} n^t F_1 (n y )

= II_1 + II_2, say.

Recall that by Deligne’s proof of the Ramanujan conjecture, we have |ã_n| << n^ϵ, for any ϵ > 0. Using this and Abel’s lemma, we see that II_2 is bounded in absolute value by p^{−j} y^{1−t+ϵ}. Choose y = p^{jγ} such that 1 2t < γ < 1 1 − t , which makes sense as t ∈ [^1_2 , 1). Then γ(1 − t) < 1, and hence y^{1−t+ϵ} = p^{jγ(1−t)+jγϵ} is o(p^j ) for a small enough ϵ, so that that II_2 goes to 0 as j → ∞.

Similarly,

(2.12) II_1 = ∑ n≤y ã_nη(n)b_{n,j} n^t F_1 ( n y ) << ∑ n≤y b_{n,j} n^{t−ϵ} | | | |F_1 ( n y )| | | << p^{−j} y^{1−t+ϵ}.

By our choice of γ above, II_1 also goes to zero as j goes to infinity. Thus we have, by putting together (2.9) through (2.12),

(2.13) lim_{j→∞} Y_{1,m/r}(p^j ) =

(p − 1) p^2 ã_{m/r} (m/r)^t . We next analyze (2.14) Y_{2,m/r}(p^j ) = W (π)N^{12 −t}p^{−2jt} ∗∑ χ mod p^j W (χη)^2 ∑ n≥1 (n,p)=1 ã_nχ(nNrm^′) n^{1−t} F_2 ( ny Np^{2j} ) .

Lemma 2.15 For any integer b with (b, p) = 1, we have ∗∑ χ mod p^j χ(b)W (χη)^2 << p^{j/2}.

Proof. We may assume that (b, p) = 1. Let b^′ be the inverse of b mod p^j , and denote exp(2πit) by e(t). Then we have ∗∑ χ mod p^j

χ(b)W (χη)^2 = 1 p^j ∗∑ χ χ(b) ( ∑ amodp^j χ(a)η(a)e ( a p^j ))_2

= 1 p^j ∑ a_1,a_2 mod p^j

η(a_1a_2)e

( a_1 + a_2 p^j )_∗∑ χ χ(a_1a_2b^′).

Appealing to (2.8), we get (2.16)_∗ ∑ χ mod p^j χ(b)W (χ)^2 =

(p − 1) 2p η(b)S(1, b; p^j) − (p − 1) 2p^2 η(b) p−1∑ i=0 S(1, b + ip^{j−1}; p^j ), where S(u, v; p^j) = ∑ a mod pj (a,p)=1 e (ua + ua^′ p^j ) .

By a theorem of Salié (for j ≥ 2) (see [S], [W]), one knows that each of these Kloosterman sums is bounded by 2p^{j/2}. The lemma follows.

Applying Lemma 2.11 with b = nNrm^′ in (2.10), and the bound |ã_n| ≤ n^ϵ, we get |Y_{2,m/r}(p^j , t)| ≤ N^{12 −t}p^{−2jt+j/2} ∞∑ n=1 1 n^{1−t−ϵ} |F_2 ( ny Np^{2j} ) | = N^{12 −t}p^{−2jt+j/2} [ ∑ n≤^{Np2j}_y 1 n^{1−t−ϵ} |F_2 ( ny Np^{2j} ) | ] + U(p^j , t),

with |U(p^j , t)| << p^{j/2+2jϵ}y^{−t−ϵ}. The partial sum within [ ] can easily be seen to be bounded by a constant times y^{−t−ϵ}p^{2j(t+ϵ)}. So we get:

(2.17) | | | |Y_{2,m/r}(p^j , t) | | | | << p^{j/2+2jϵ}y^{−t−ϵ}. We choose y = p^{jγ} , with^1_{2t} < γ < 2. Then, for small enough ϵ,

(2.18) lim_{j→∞} Y_{2,m/r}(p^j, t) = 0.

For the same reason, U(p^j , t) also goes to zero. Putting all this together with (2.13), we get the Proposition (and Theorem A) for t in [^1_2 , 1].

For completeness, we will now consider the remaining (easy) situation when t > 1. Since the L−series is absolutely convergent in this range, we can directly write

(2.19) Y_{m/r}(p^j , t) = 1 p [ Ψ_{m/r}(p^j , t) − p^{−1}Ψ_{m/r}(p^{j−1}, t) ] , where

(2.20) Ψ_{m/r}(p^j , t) = ã_{m/r}η(m/r) (m/r)^t + ∑ rn≡bm (mod pj) n≥1,n≠m/r ã_nη(n) n^t .

Compare (2.7) through (2.10). The second term on the right (of (2.2)) is easily seen to go to zero as j goes to ∞. The rest follows. Q.E.D.

3 Quadratic twists

In Section 2, we considered twisting by arbitrary (primitive) characters of p-power conductor, while in this section we will consider twists by (primitive) quadratic characters χ_d = ( d · ) , with d running over fundamental discriminants. This variant is subtle and useful for applications to forms of half integral weight (see Sec. 6). Theorem B Let f, g be normalized newforms in S_{2k}(N), S_{2m}(N^′) respectively. Suppose there is a constant C such that L(f, χ_d, k) = CL(g, χ_d, m) for almost all primitive quadratic charcaters χ_d of conductor d prime to NN^′. Then k = m, N = N^′ and f = g.

Proof. For χ = χ_d, the functional equation (1.4) becomes

(3.1) ( |d| √ N 2π )s Γ(s)L(f, χ_d, s) = wχ_d(−N) (|d| √ N 2π )_2k_−s Γ(2k − s)L(f, χ_d, 2k − s), where w = W (π) = ±1. Fix a multiple M of N and set

(3.2) D^w = { d ∈ |wd > 0, d ≡ ν^2(mod 4M), for some ν coprime to 4M } .

Then we have (3.3) wχ_d(−N) = 1, ∀d ∈ D^w.

Fix a smooth function F , compactly supported on_+, with positive mean value. Put (3.4) B = ∫ + F (t)dt.

Let ℓ be either 1 or a prime not dividing 4M. We will use the following variant of the twisted sum partly to be consistent with [Iw].

(3.5) S_ℓ(T ) = S_{f,ℓ}(T ) = ′∑ d∈D^w L(f, χ_d, k)F (|d| T ) χ_d(ℓ), where the prime indicates that the summation is only over square free numbers d. In [Iw], H. Iwaniec essentially proved an asymptotic formula for S_{f,1}(T ). (He actually established a mean value theorem with a very sharp error term for the derivatives of the L-function at the center of the critical strip.) The main new idea here is to consider the sum weighted by χ_d(ℓ). We will apply his method to establish an asymptotic formula for S_{f,ℓ}(T ). Proposition 3.6 We have S_{f,ℓ}(T ) = BC_0L_{f,ℓ}(k)T + O(T^{1314 +ϵ}), where C_0 = 3γ(4M) Mπ^2 ∏ p|4M ( 1 − 1 p^2 )_{−1} , γ(4M) = #{d (mod 4M), d ≡ ν^2 (mod 4M), (ν, 4M) = 1}

L_{f,ℓ}(s) = L_ℓ(s) = ∑ n=kj^2 ℓ a_n ∏ p|n,(p, 4M )=1 ( 1 + 1 p )_{−1} n^{−s}, and for ℓ > 1, L_ℓ(s) = L_1(s) ∑_∞ i=0 a_ℓ2i+1 ℓ^{−(2i+1)s} 1 ℓ + ∑_∞ i=0 a_ℓ2i ℓ^{−2is} , where ℜs > k −^1_4 , k | (4M)^∞, (j, 4M) = 1.

The function L_1(s) occurs in [Iw] for k = 2 (as L(s)), but the discussion goes through for higher weights as well. Moreover, one has L_1(k) ≠ 0 (cf. loc. cit.). (Note that there is a misprint on page 373 of [Iw]; (1 +^1_p ) should be (1 +^1_p)^{−1}.) We also note that L_ℓ(s), which is initially defined as a Dirichlet series convergent in a right half plane, can be analytically continued to at least {ℜ(s) > k −^1_4 }, since L_1(s) can be. The proof of this proposition requires only minor modifications at different places of the method developed by Iwaniec in [Iw] to analyze the untwisted sum. So we will assume the truth of the proposition for the moment and indicate how to proceed from there to the proof of the theorem. First we need the following crucial Lemma 3.7 Let ℓ be a prime with (ℓ, 2N) = 1. Then ∃ a rational function H_ℓ(t) ∈ (t), which is regular on [−2, 2] with a non-vanising derivative in that interval, such that L_ℓ(k) = H_ℓ(ã_ℓ)L_1(k).

Indeed, by the multiplicativity of the Hecke eigenvalues, we have a_ℓ ∞∑ m=0 a^{2m}_ℓ ℓ^{−2mk} = (ℓ^k + ℓ^{k−1}) ∞∑ m=0 a_ℓ2m+1 ℓ^{−(2m+1)k}.

This gives

(3.9) ∑ m≥0 a_ℓ2m+1 ℓ^{−(2m+1)k} ℓ^{−1} + ∑ m≥0 a_ℓ2m ℓ^{−2mk} = 1 ℓ^12 + ℓ^{− 1}2 ( ã_ℓ − ã_ℓ 1 + ℓ ∑ m≥0 a_ℓ2m ℓ^{−2mk} ) . But ∑ m≥o a_ℓ2m ℓ^{−2mk} = 1 + ℓ^{−1} (1 + ℓ^{−1})^2 − ã^2_ℓ ℓ^{−1} . Since the left hand expression in (3.9) gives, by Proposition 3.6, the ratio L_ℓ(s)/L_1(s) at s = k, we get L_ℓ(k) = H_ℓ(ã_ℓ)L_1(k) with

(3.10) H_ℓ(t) = ℓ^{52} t (ℓ + 1)(ℓ^2 + ℓ + 1) − ℓt^2 .

Clearly, this rational function has no singularities in [−2, 2] (for any prime ℓ). Moreover, H^′_ℓ(t) is easily seen to be > 0 in [−2, 2]. Hence the lemma.

Now let f, g be as in Theorem B, so that L(f, χ_d, k) = CL(g, χ_d, m) for |d| large. Choose M to be the least common multiple of N and N^′. First note that the constant C cannot be zero as we know that L(f, χ_d, k) ≠ 0 for some d. Moreover, we may assume that the signs of the functional equations, w(f) and w(g) say, must be equal. Indeed, if it were otherwise, up to replacing f and g if necessary, we would have ′∑ d∈D^{w(f)} L(f, χ_d, k)F (|d| T ) = 0, leading to a contradiction. Then by the proposition and lemma, we get

(3.11) L_{f,1}(k) = CL_{g,1}(m) and L_{f,1}(k)H_ℓ(ã_ℓ) = CL_{g,1}(m)H_ℓ(b̃_ℓ), for every prime ℓ with (ℓ, 2NN^′) = 1, where ã_ℓ and b̃_ℓ denote the normalized ℓ-th Hecke eigenvalues of f, g respectively. Then the rational function H_ℓ takes the same values on ã_ℓ and b̃_ℓ. Moreover, by the Ramanujan conjecture proved by Deligne, we know that ã_ℓ, b̃_ℓ both lie in the interval [−2, 2]. Since by the lemma, H_ℓ is well defined with a positive derivative on [−2, 2], it is injective there and we may conclude that ã_ℓ = b̃_ℓ. Since this holds for all primes ℓ with (ℓ, 2NR) = 1, we get the assertion of Theorem B by the strong multiplicity one theorem.

It is left to prove the proposition. We will assume familiarity with [Iw] and simply indicate the necessary changes which must be made to obtain our assertion.

We have the general bounds

(3.12) ∑ m≤M a_me(αm) << M^k log M, ∑ m≤M |a_m|^2 << M^{2k}, and |a_m| ≤ m^{2k−12} τ (m).

In Lemma I of [Iw], we need only replace M by M^k in the right hand side to cover the general case. Set (3.13)

V (x) = 1 2πi ∫ (4/5)

Γ(k + s) Γ(k) x^{−s} ds s = 1 Γ(k) ∫_∞ x e^{−ξ}ξ^{k−1}dξ = (1 + x + · · ·+ x^{k−1} (k − 1)! )e^{−x}, and A(X, χ_d) = 1 2πi ∫ (4/5) L(f, χ_d, k + s) Γ(k + s)

Γ(k) (2π X )_−s ds s

= ∞∑ n=1 a_nn^{−k}χ_d(n)V (2πn X ) . Then we have L(f, χ_d, k) = 2A(|d| √ N, χ_d), and L(f, χ_d, k) = A(X, χ_d) + O(|d|X^{− 12} ).

The same argument (as in section 5 of [Iw]) leads to ∑ d∈D,|d|≤Y ′|L(f, χ_d, k)|^4 ≪ Y^{2+ϵ}. We have

(3.14) S_ℓ(T ) = 2 ′∑ d∈D A(|d| √ N, χ_d)F ( |d| T ) χ_d(ℓ) = S + R, where S = 2 ∑ a≤A,(a,4M )=1 μ(a) ∑ d∈D A(a^2|d| √ N, χ_a2_d)F ( a^2|d| T ) χ_a2_d(ℓ)

= 2 ∑ a≤A,(a,4ℓM )=1 μ(a) ∑ d∈D A(a^2|d| √ N, χ_a2_d)F ( a^2|d| T ) χ_d(ℓ), and R = 2 ∑ (b,4M )=1 ( ∑ a|b,a>A μ(a)) ∑ d∈D ′A(b^2|d| √ N, χ_b2_d)F ( b^2|d| T ) χ_b2_d(ℓ)

= 2 ∑ (b,4ℓM )=1 ( ∑ a|b,a>A μ(a)) ∑ d∈D ′A(b^2|d| √ N, χ_b2_d)F ( b^2|d| T ) χ_d(ℓ). Just as in section 6 of [Iw], we have

(3.15) R ≪ (A^{− 32} T^{54} + A^{−3}T^{32} )T^ϵ.

It remains to evaluate S. For (a, 4M) = 1 and d ∈ D we have A(a^2|d| √ N, χ_a2_d) = ∑ (n, a)=1 a_nn^{−k}χ_d(n)V ( 2πn a^2|d| √ N ) . Here we write every n uniquely as the product n = rj^2m, where r has prime factors in 4M, jm is coprime to 4M and m is squarefree. Hence

S = 2 ∑ a≤A,(a,4ℓM )=1 μ(a) ∑ n=rj^2 m,(n,a)=1 a_nn^{−k} ∑ q|j μ(q)

× ∑ dq∈D χ_{dq}(mℓ)F ( a^2|d|q T ) V ( 2πn a^2|d|q √ N ) . Now we split the sum S, according to whether ℓ divides m or not,as

S = S^1 + S^2, where S^1 = 2 ∑ a≤A,(a,4ℓM )=1 μ(a) ∑ n=rj^2mℓ,(n,a)=1,(m,ℓ)=1 a_nn^{−k} ∑ q|jℓ μ(q)

× ∑ dq∈D χ_{dq}(m)F ( a^2|d|q T ) V ( 2πn a^2|d|q √ N ) ,

S^2 = 2 ∑ a≤A,(a,4ℓM )=1 μ(a) ∑ n=rj^2 m,(n,a)=1,(m,ℓ)=1 a_nn^{−k} ∑ q|j μ(q)

× ∑ dq∈D χ_{dq}(mℓ)F ( a^2|d|q T ) V ( 2πn a^2|d|q √ N ) . We note that the expression for S^1 above is derived by first going back to the initial coprimality condition (j, d) = 1, and then by using the Mobius function to detect the new condition (jℓ, d) = 1. We then write

χ_d(m) = ϵ_mm^{−1/2} ∑ 2|b|<m χ_{Mb}(m)e ( 4M bd m ) ,

where ϵ_m equals 1 if m ≡ 1 (mod 4), and equals i if m ≡ −1 (mod 4) and 4M4M ≡ 1 (mod m). Thus

S^1 = 2 ∑ a≤A,(a,4ℓM )=1 μ(a) ∑ n=rj^2mℓ,(n,a)=1,(m,ℓ)=1 a_nn^{−k}ϵ_mm^{−1/2} ∑ q|jℓ μ(q)

× ∑ 2|b|<m χ_{Mbq}(m) ∑ dq∈D F ( a^2|d|q T ) V ( 2πn a^2|d|q √ N ) e ( 4M bd m ) , and S^2 = 2 ∑ a≤A,(a,4ℓM )=1 μ(a) ∑ n=rj^2m,(n,a)=1,(m,ℓ)=1 a_nn^{−k}ϵ_{mℓ}(mℓ)^{−1/2} ∑ q|j μ(q)

× ∑ 2|b|<mℓ χ_{Mbq}(mℓ) ∑ dq∈D F ( a^2|d|q T ) V ( 2πn a^2|d|q √ N ) e ( 4Mbd mℓ ) .

Set Δ = min (^1_2 , a^2qT^{ϵ−1}), and then split the sum S^i, i = 1, 2, as

S^i = S^i_0 + S^i_1 + S^i_2,

defined by the respective conditions (1) b = 0, (2) 0 < |bℓ^{1−i}| < Δm, and (3) Δm < |bℓ^{1−i}| < m/2. Note that S^2_0 = 0. We will show that S^1_0 gives the main term. Arguing exactly as in [Iw], we infer that

|S^2| + |S^1_1 | + |S^1_2 | ≪ A^2T^{12 +ϵ}.

It remains to evaluate S^1_0 . We have b = 0, so χ_{Mbq}(m) = 0 unless m = 1. Thus

S^1_0 = 2 ∑ a≤A,(a,4ℓM )=1 μ(a) ∑ n=rj^2 ℓ,(n,a)=1 a_nn^{−k} ∑ q|jℓ μ(q) × ∑ dq∈D F ( a^2|d|q T ) V ( 2πn a^2|d|q √ N )

By Euler-Maclaurin formula, the inner sum is γ(4M)T 4Ma^2q ∫ F (t)V ( 2πn T √ Nt ) dt + O( (( 1 + n T )_−e) , for all e ≥ 1. Thus we have (with ϕ(n) denoting the Euler ϕ−function)

S^1_0 = γ(4M)T ∑ n=rj^2ℓ a_nϕ(jℓ) 2Mjℓn^k ∑ a≤A,(a,4Mjℓ)=1 μ(a) a^2 ∫ F (t)V ( 2πn T √ Nt ) dt + O(AT^{12 +ϵ})

= CT ∫ ∑ n=rj^2ℓ a_n n^k ∏ p|ℓj ( 1 + 1 p )_{−1} V ( 2πn t √ NT ) F (t)dt + O(AT^{12 +ϵ} + A^{−1}T^{1+ϵ}).

But the inner sum, by the definition of V (x) and by shifting the line of integration to (^{−1}_5 ), can be evaluated as L_{f,ℓ}(k) + O(T^{− 15} ).

Therefore, we conclude that

S(T ) = BCL_ℓ (k) T + O((T^{45} + AT^{12} + A^{−1}T + A^2T^{12} + A^{− 32} T^{54} + A^{−3}T^{32} (T^ϵ)).

Choosing A = T^314 , we obtain Proposition 3.6. Q.E.D. Remark 3.16 In our statement of Theorem B, we required that L(f, χ_d, k) = CL(g, χ_d, m) for all χ_d with (d, NR) = 1, with at most a finite number of exceptions. But in fact, our proof together with the convexity bound shows that for all d with |d| << T , if the exceptional d’s are at most O(T^12^{−ϵ}), then the theorem still holds.

4 Generation of coefficient fields by ratios of Lvalues

Let f be a normalized newform in S_{2k}(N), for some k, N ≥ 1. Put (4.1) K_f = ({a_n|(n, N) = 1}) where a_n = a_n(f) is the n-th Hecke eigenvalue of f.

Fix a quadratic Dirichlet character χ_0 such that (4.2) L(f, χ_0, k) ≠ 0.

Set, for every χ ∈ Xquad,

(4.3) A(f, χ, χ_0) = g(χ)^{−1}L(f, χ, k) g(χ_0)^{−1}L(f, χ_0, k) . Then one knows ([Sh]) that these numbers lie in K_f if χ and χ_0 have the same parity.

Theorem C. K_f = ({A(f, χ, χ_0)|χχ_0 even, quadratic}).

Proof. Let M_f denote the field on the right hand side of the theorem. Since we know that M_f is contained in K_f , we are left to prove the reverse inclusion. For this it suffices to prove the following.

Claim 4.4 Every σ ∈ Aut ( /M_f ) acts as the identity on K_f ..

Fix any such automorphism σ of fixing M_f . By Shimura ([Sh]) we have (4.5) A(f, χ, χ_0)^σ = A(f^σ, χ^σ, χ^σ_0 ).

Since χ, χ_0 are quadratic, (4.6) χ^σ = χ, and χ^σ_0 = χ_0. Since σ fixes M_f , we get (4.7) A(f, χ, χ_0) = A(f^σ, χ, χ_0). which yields (4.8) L(f, χ, k) = CL(f^σ, χ, k), with C = C(f, σ, χ_0) = L(f, χ_0, k) L(f^σ, χ_0, k) . The key point is that C is independent of χ. So we may apply Theorem B with g = f^σ and get f = f^σ. Since the coefficients of f^σ are the σ-conjugates of those of f, we get a_n = a^σ_n, ∀n. In other words, σ fixes K_f . This proves the claim and the theorem.

Now fix an odd prime p not dividing N, and consider the field_∞ = (μ_p∞ ) generated by (all the) p-power roots of unity. Fix a Dirichlet character χ_0, wild at p, of conductor p^{m0} such that (4.9) L(f, χ_0, k) ≠ 0, which is possible to do by our Theorem A. For all wild characters χ of conductor p^m, we may define A(f, χ, χ_0, k) as before (cf. (4.3)). These numbers lie in the compositum K_∞ = K_{f ∞}. By using the Shimura reciprocity law ([Sh]) and arguing as in the quadratic case, we then get the following variant of Theorem C.

Theorem C^′

K_∞ =_∞({A(f, χ, χ_0)|χ wild of conductor p^m}).

Don Blasius has pointed out the following consequence of this theorem. Choose any pair of primes (p, q), and pick wild characters χ_0, μ_0 of p−power and q−power conductors respectively such that L(f, χ_0, k) ≠ 0 ≠ L(f, μ_0, k). Denote by L^{(p)}_∞ (resp. L^{(q)}_∞ ) th field generated over (μ_p∞ ) (resp. (μ_q∞ )) by the numbers A(f, χ, χ_0) (resp. A(f, μ, μ_0)) as χ (resp. μ) runs over even characters of conductor a power of p (resp. q). Then we have

(4.10) K_f = L^{(p)}_∞ ∩ L^{(q)}_∞ .

We conclude this section with a question about motives M/ of pure weight with a critical point s = m for L(M, s). Suppose that End(M)⊗ is a field, and moreover, when M is self-dual and m central, assume that for some quadratic twist M ⊗ χ_1, the sign W (M ⊗ χ_1) is +1. We will assume, as expected under the assumption on the sign, that there exists a quadratic character χ_0 such that L(M ⊗ χ_0, m) ≠ 0. One can then define the numbers A(M, χ, χ_0) appropriately, and these numbers are expected by Deligne’s conjectures to belong to the field K of coefficients.

Question 4.11 Is K generated by {A(M, χ, χ_0)|χχ_0 even quadratic}?

Of course Theorem C gives an affirmative answer for motives M attached to even weight modular forms at the critical center. It may also be useful to note that the answer is in the affirmative for motives M = [ν] attached to Dirichlet characters ν at any critical point s = m, the reason being that the A([ν], χ, χ_0) supply a full set of character values at this point.

5 p-adic L-functions

Let f be a normalized newform in S_{2k}(N). It is well known that f is determined by its complex L-function L(f, s). One way to deduce this is to invert the Mellin transform expression

(5.1) (2π)^{−s}Γ(s)L(f, s) = ∫ ∗ + f(iy)y^s dy y , determining f(z) on the half line {z ∈ H| Re(z) = 0}, and hence everywhere since f is holomorphic. A natural question which arises is whether f is also determined by (any of the) p−adic cousins L_p(f, s).

Let L_f denote the -module in generated by the periods of the differential of degree 2k − 1 defined by f over the integral (relative) homology classes defined by modular symbols (see [MTT], Chap. I, Sec. 2). For any (odd) prime p, fix an embedding of in_p, the completion of an algebraic closure of_p. Then one has a p-adic L-function L_p(f, s) ∈_p ⊗ L_f , for s ∈_p, attached to f by Mazur, Swinnerton-Dyer, Manin, Amice, Vélu, Vishik and Haran (see [MTT], Chap. I, for details). The definition depends on the choice of a root α of the Hecke polynomial x^2 − a_px + p^{2k−1} with ord_p(α) < 2k − 1. Our result below works for either choice. If η denotes a p−adic character, i.e., a continuous homomorphism^∗_p →^∗_p, we may consider also the twisted L−function L_p(f, η, s). There is a Mazur-Mellin transform

expression L_p(f, η, s) = ∫ ∗ p η(x) < x >^s dμ_f , for a measure μ_f = μ_{f,α} on^∗_p.

We will fix algebraic closures_p and of_p and respectively, and also an embedding of in_p. As usual, we will denote by_p the completion of_p relative to (an extension of) the p−adic absolute value on_p. We will again denote by |.|_p the extension of the absolute value to_p.

When a p−adic character η has finite order, it can be identified with a primitive Dirichlet character of p−power conductor, and can morover be written uniquely as a product ω^iχ, 0 ≤ i ≤ p − 2, where χ is a wild character and ω the Teichmüller character; in this case, we say that η is of tame type i. The main aim of this section is to establish the following.

Theorem D. Let f be a normalized newform in S_{2k}(N), p an odd prime with (p, N) = 1, and η a finite order p−adic character of tame type i (mod (p − 1)), with 0 ≤ i ≤ 2k − 2. Then f is determined by L_p(f, η, s). More explicitly, let g be a new form in S_{2k}(N^′) with (p, N^′) = 1 such that, for an infinite number of positive integers n prime to p, we have L_p(f, η, n) = CL_p(g, η, n) ∈_p ⊗ W, for a -subspace W of containing L_f , L_g, with C ∈ . Then N = N^′ and f = g.

An immediate consequence of the Theorem is the following, which is known for the p−adic L−functions attached to abelian characters χ of with (χ) real.

Corollary 5.2. Let f be a newform of weight 2k and trivial character. Then, for any finite order p−adic character η of tame type i, 0 ≤ i ≤ 2k − 2, we have L_p(f, η, n) ≠ 0, for all but a finite number of positive integers n prime to p.

The fact that L_p(f, s) is not identically zero has been known for some time by the elegant work of Rohrlich ([Ro2], [Ro3]). To prove this corollary, pick any newform g ≠ f of weight 2k and trivial character. Suppose L_p(f, η, n) = 0 for an infinite number of n prime to p. Then the hypothesis of Theorem D holds with C = 0, leading to the absurd conclusion f = g. Done. Note that, for any quadratic character χ cutting out a real quadratic field of , the associated abelian p−adic L−function L_p(χ, s)has only a finite number of zeros, because it is represented by a (non-zero) Iwasawa power series. The situation is the same for f in the ordinary case (using only that the L−function is not identicaly zero). But L_p(f, η, s) could have infinitely many zeros in the supersingular case, where one has to use unbounded measures, though they are not too bad as shown by Vishik.

Proof of Theorem D. Recall that every x ∈^∗_p can be uniquely decomposed as ⟨x⟩ω(x), with ω(x) a (p − 1)−th root of unity and ⟨x⟩ ∈ 1 + p_p. For any new form f of weight 2k, one fixes a root α = α(f) of X^2 − a_pX + p^{2k−1} with minimal p-adic valuation. (α is the unique unit root when p is ordinary for f). By Deligne, α has archimedean absolute value p^{(2k−1)/2} and is non-zero (since p does not divide N).

In view of Theorem A, the assertion of Theorem D is a consequence of the following.

Proposition 5.3. Let f (resp. g) be a newform in S_{2k}(N) such that L_p(f, η, n) = CL_p(g, η, n) for an infinite number of positive integers n prime to p, where C is in . Then the following identity of complex L-values holds for every primitive character χ mod p^m, for all m large enough: (∗) α(f)^{−m}L(f, χη, k) = C^′α(g)^{−m}L(g, χη, k), for some non-zero constant C^′ ∈ .

In order to prove this Proposition, we need the following Lemma 5.4. Let f, g be as in Proposition 5.3. Then we have, for every finite order wild p−adic character χ, the following identity: L_p(f, χη, s) = CL_p(g, χη, s), for all s ∈_p.

Proof of Lemma. By a result of Vishik ([V], Theorem 3.3), we know that the function λ → L_p(f, ηλ) is analytic with logarithmic growth on the group X of continuous homomorphisms of (_p)^∗ into^∗_p. To be precise, one fixes an integer h such that ord_p(α) < h ≤ 2k − 1. Then for an anlytic function F to have logarithmic growth (in Vishik’s sense) is to obey the condtion sup_{|u−1|p<r}||F (u)|| = o(sup_{|u−1|p<r}|log^h_p (u)| as r → 1^−. To elucidate, let us review the topology on X. It is firstly a product of the finite group X(( /p)^∗ with the group X_0 of wild p−adic characters. Secondly, there is a natural identification of X_0 with the p−adic disk T := {u ∈^∗_p||u − 1| < 1} (cf. [V], sec. 2.1), given by sending ν to ν(1 + p). One transports the topology of the disk to X_0.

Now write F (ν) = L_p(f, ην) − CL_p(g, ην), for every ν ∈ X_0. Then by our hypothesis, there exists an infinite set Y of positive integers n prime to p such that F vanishes on the subset X_1 := {α_n|n ∈ Y }. The lemma is equivalent to saying that the analytic function F (with logarithmic growth) is identically zero on X_0. Put T_1 = {(1 + p)^n|n ∈ Y } ⊂ T. We will view F as an analytic function of T vanishing on T_1. Let |.|_p denote the absolute value on_p extending the one on_p. Now, by the discussion in section 2.5 of [V], we see that for any r, the number of zeros ρ of a non-zero analytic function (with logarithmic growth) such that |ρ − 1| = r is finite. To be precise, Vishik shows that this number is the difference between the successive slopes of a piecewise linear function. (The zeros occur precisely at the break points of this function.) So our lemma will be proved if we show for our F, that for some r, the set of zeros ρ of F such that |ρ − 1| = r is infinite. But for all n in Y, ρ_n := (1 + p)^n belongs to T_1 and is hence a zero of F. On the other hand, |(1 + p)^n − 1|_p equals | ∑n j=1 ( n j ) p^j |_p, which is 1/p as n is not divisible by p. Since Y is an infinite set, we get what we want by setting r = 1/p. Done.

Proof of Proposition 5.3. Write η = νw^j, i ∈ [0, 2k − 2] for a wild character ν of finite order. Then, for any wild character χ of conductor p^m, m ≥ 1, we may consider the character x → χη(x) < x >^j = χ(x)ν(x)ω^j(x) < x >^j, which is a special character in the sense of [MTT], sec. 13. Then, by applying the Proposition of sec. 14 of [MTT], we get the following identity: L_p(f, ηχ, j) = (p^{(j+1)m}j! α^mg(χν)(−2πi)^j L(f, χν, j + 1), where g(μ) denotes, for any μ, the Gauss sum attached to μ. The Proposition now follows by applying Lemma 5.4.

Remark 5.5. As mentioned in the introduction, H. Hida has remarked to us that the fact that f is determined by the collection of twisted p−adic L−functions {L_p(f, χ, s)|χ of finite order } has been known to him for some time as a consequence of Rohrlich’s work giving the non-vanishing of L(f, χ, k) for some finite order character χ.

6 Forms of half integral weight

Let k, N be integers ≥ 1, with N odd and square-free. Let S^+_{k+} 1_2 (4N) denote the subspace of S_{k+} 1_2 (4N) consisting of cusp forms g(z) = ∑ n≥1 b(n)e^{2πinz}, z ∈ H, with b(n) being zero unless (−1)^kn ≡ 0, 1 (mod 4). Then it is known (cf. [W1], [K1] that the subspace S^+_{k+} 1_2 (N)^{new} spanned by ”newforms” (in the sense of Kohnen) in S^+_{k+} 1_2 (N) is isomorphic to S_{2k}(N)^{new} (as Hecke modules) under the Shimura correspondence. The object of this section is to establish the following.

Theorem E. Let g_1, g_2 be Hecke eigenforms in S^+_{k+} 1_2 (4N)^{new}, with coefficients b_1(n), b_2(n) respectively. Suppose b_1(|D|) = ±b_2(|D|), for all (but a finite number of) fundamental discriminants D with (−1)^kD > 0. Then g_1 = ±g_2.

This gives an affirmative answer to (a stronger form of) a question of Kohnen. He asked (in ([K2]) if g_1 = g_2 under the assumption b_1(|D|) = b_2(|D|), for all D as above. He himself settled his question in the special case N = 1 under the additional hypothesis that g_1 and g_2 have the same eigenvalue under the Hecke operator T^+_4 . Our approach is totally different and uses Theorem B.

Proof of Theorem. For i = 1, 2, let f_i ∈ S_{2k}(N) denote the newform associated to g_i by the Shimura correspondence. A well known formula of Waldspurger ([W2]) express b_i(|D|)^2 in terms of L(f_i, χ_D, k). We state it below in the explicit form derived by Kohnen [K1] (see Corollary 1 on p. 242), generalizing earlier work of Kohnen-Zagier for N = 1:

Let D be a discriminant such that

(C1) (−1)^kD > 0, and (C2-i) ( D ℓ ) = w_ℓ(f_i), ∀ℓ|N, where w_ℓ(f_i) denotes the eigenvalue under the Atkin-Lehner involution. Then

(6.1) |b_i(|D|)|^2 ⟨g_i, g_i⟩ = 2^{ν(N )}

(k − 1)! π^k |D|^{k− 12} L(f_i, χ_D, k) ⟨f_i, f_i⟩ , where ν(N) denotes the number of prime divisors of N, and ⟨, ⟩ denotes the Petersson inner product.

Let us now fix a D_0 prime to N satisfying (C1), (C2-i) above (for both i). Such a D_0 certainly exists. We know from the proof of Proposition 3.6 that there are infinitely many D of this type for which L(f_1, χ_D, k) ≠ 0, hence b_1(|D|) ≠ 0. For any such D, b_2(|D|) is also non-zero, as b_1(|D|)^2 = b_2(|D|)^2 by hypothesis. This implies, by the Remark on p.243 of [K1], that

(6.2) w_ℓ(f_1) = w_ℓ(f_2) = ( D ℓ ) , for all such D.

Put (for i = 1, 2)

(6.3) φ_i = f_i ⊗ χ_{D0} .

Then φ_i is an eigenform in S_{2k}(ND^2_0 ), in fact a newform as (N, D_0) = 1.

We also set D = { d > 0|μ(d) ≠ 0, d ≡ ν^2(mod 4ND_0), for some ν coprime to 4ND_0 } . Note that for every D ∈ D, DD_0 satisfies conditions (C1) and (C2-i) above (for each i)..

The hypothesis of Theorem E implies, thanks to (6.1) and (6.2), the identity (6.4) L(φ_1, χ_D, k) = CL(φ_2, χ_D, k), with C = ⟨f_1, f_1⟩ ⟨g_2, g_2⟩ ⟨f_2, f_2⟩ ⟨g_1, g_1⟩ ∈^∗, for all D belonging to the set

Applying Theorem B we conclude that φ_1 = φ_2, which implies f_1 = f_2 after untwisting by χ_{D0}.

Appealing to the bijection of the Shimura correspondence, we see that g_1 must be a scalar multiple of g_2. We may write g_1 = ag_2, for some a ∈ . But then, from (6.1) we deduce that ⟨g_1, g_1⟩ = ⟨g_2, g_2⟩. This forces a^2 to be 1, and so g_1 = ±g_2. QED

Bibliography

[BFH] D. Bump, S.Friedberg and J. Hoffstein, Non-vanishing theorems for L−functions of modular forms and their derivatives, Inventiones Mathematicae 102, (1990) 543-618.

[De] P. Deligne, Valeurs de fonctions L et périodes d’intégrales, Proc. Symp. Pure Math. 33 (1979), part 2, pp. 313-346.

[Ge] S. Gelbart, “Automorphic forms on adele groups”, Ann. Math. Studies 83, Princeton (1975).

[IW] H. Iwaniec, On the order of vanishing of modular L- functions at the critical point, Séminaire de Théorie des Nombres, Bordeaux 2 (1990), 365–376.

[K1] W. Kohnen, Fourier coefficients of modular forms of half- integral weight, Math.

Annalen 271 (1985), 237–268.

[K2] W. Kohnen, On Hecke eigenforms of half-integral weight, Math. Annalen 293 (1992), 427–431.

[LRS] W. Luo, Z. Rudnick and P. Sarnak, On Selberg’s eigenvalue conjecture, Geometric and Functional Analysis 5, No. 2 (1995), 387-401.

[Li] W. Li, Newforms and functional equations, Math. Annalen 212 (1975), 285-315.

[MSw] B. Mazur and P. Swinnerton-Dyer, Arithmetic of Weil curves, Inventiones Math. 25 (1974), 1–61.

[MTT] B. Mazur, J. Teitelbaum and J. Tate, On the p-adic analogous of the conjectures of Birch and Swinnerton-Dyer, Inventiones Math. 84 (1986), 1–48.

[Mu] V. K. Murty, Non-vanishing of L-functions and their derivatives, Univ. of Toronto, preprint (1990).

[MM] V. K. Murty and M.R. Murty, Mean values of derivatives of modular L−series, Annals of Math. 133 (1991), 447-475.

[Ro1] D. Rohrlich, Non-vanishing of L-functions of GL(2), Inventiones Math. 97 (1989), 381–403.

[Ro2] D. Rohrlich, On L−functions of elliptic curves and cyclotomic towers, Inventiones Mathematicae 75 (1984), 409-423.

[Ro3] D. Rohrlich, L−functions and division towers, Math. Annalen 281 (1988), 611-632.

[Sa] H. Salié, Über die Kloostermanschen Summen S(u, v; q), Math. Zeitschrift 34 (1931), 91–109.

[Sch] A. J. Scholl, Motives for modular forms, Inventiones Mathematicae 100 (1990), 419-430.

[Sh] G. Shimura, The special values of zeta functions associated with cusp forms, Comm. Pure Appl. Math. 29 (1976), 783–804.

[St] H. Stark, On the determination of an L−function from one value, Proccedings of a conference in honor of H. Halberstam, Progress in Math. 138 , 737-743, Birkhäuser, Boston (1996).

[V] M. M. Vishik, Non-archimedean measures connected with Dirichlet series, Math.

USSR Sbornik 28 (1976), no.2 (English translation), 216-228.

[W1] J.-L. Waldspurger, Correspondances de Shimura et Shintani, J. Math. Pures Appl. 59 (1980), 1–133.

[W2] J.-L. Waldspurger, Sur les coefficients de Fourier des formes modulaires de poids demi-entier, J. Math. Pures Appl. 60 (1981), 375– 484.

[Wh] A. L. Whiteman, A note on Kloosterman sums, Bulletin AMS 51 (1945), 373–377.

Wenzhi Luo Dinakar Ramakrishnan Department of Mathematics Department of Mathematics Princeton University California Institute of Technology Princeton, NJ 08544 Pasadena, CA 91125