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The Bolyai Prize

Winning the 2015 Bolyai Prize is a great honor, in part,
because of the distinguished company I join. I’d like to
thank the Hungarian Academy and especially the members
of the Prize Committee.

But there is a special thrill in the
Prize being from the Hungarian Academy because as I’ve
learned in the past twenty years, the theory of orthogonal
polynomials (OPs) is definitely a Hungarian sport. I have in
mind not only the leaders of the current generation
including Paul Nevai and Vilmos Totik but the previous
generation (Erdős, Turán and Freud), and of course, the
founder of the modern theory, Gábor Szegő.
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OPUC

Orthogonal Polynomials on the Real Line (OPRL) have
roots in the work of French mathematicians in the late 18th

century with key developments by Jacobi, Hermite and the
Russian school in the 19th. But Orthogonal Polynomials on
the Unit Circle (OPUC) are the invention of Szegő,
especially in a two part paper of 1920-21.

The books cited
for the prize, published in 2005, are two volumes totaling
1050 pages on OPUC. They have at least had the impact of
introducing the abbreviations/names OPRL, OPUC, CMV
Matrix and Verblunsky coefficients. In early 2001, I’d not
even heard of OPUC, so I thought, an appropriate
acceptance talk would explain how I went from a novice to
something of an “expert” and how I managed to find a
cornucopia of new results.
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Schrödinger Operators

While a substantial focus of my research in the period
1970-1985 concerned mathematical problems in Statistical
Mechanics and Quantum Field Theory, my initial and
continuing love was the study of mathematical problems
connected with non–relativistic quantum mechanics
(NRQM)

– my thesis on quadratic form methods, and my
first big paper on eigenvalue perturbation theory for the
anharmonic oscillator were both in that area.

In some ways, the study of NRQM is understanding the
Schrödinger operator, −∆ + V . In the 1970’s I looked at
multiparticle systems and sometimes one particle systems
on R3 or Rν .
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Schrödinger Operators

One issue that often came up was proving that these
operators had only absolutely continuous spectrum (which
could be viewed as scattering states) and discrete point
spectrum (bound states). The issue was to show that there
was no singular continuous spectrum – what my advisor,
Arthur Wightman, called the "no goo hypothesis".

Because one can say much more about ODEs than PDEs, I
occasionally focused on one dimension.

In 1977-78, two breakthroughs changed the focus of my
research. The physicist, Phil Anderson had found in 1958,
unexpected localization of electrons in one–dimensional
random systems.



A Hungarian
Sport

Spectral Theory

Denisov and
Killip–Simon

Good Day, OPUC

From A Short
Article to Two
Long Books

Verblunsky

CMV

Schrödinger Operators

One issue that often came up was proving that these
operators had only absolutely continuous spectrum (which
could be viewed as scattering states) and discrete point
spectrum (bound states). The issue was to show that there
was no singular continuous spectrum – what my advisor,
Arthur Wightman, called the "no goo hypothesis".

Because one can say much more about ODEs than PDEs, I
occasionally focused on one dimension.

In 1977-78, two breakthroughs changed the focus of my
research. The physicist, Phil Anderson had found in 1958,
unexpected localization of electrons in one–dimensional
random systems.



A Hungarian
Sport

Spectral Theory

Denisov and
Killip–Simon

Good Day, OPUC

From A Short
Article to Two
Long Books

Verblunsky

CMV

Schrödinger Operators

One issue that often came up was proving that these
operators had only absolutely continuous spectrum (which
could be viewed as scattering states) and discrete point
spectrum (bound states). The issue was to show that there
was no singular continuous spectrum – what my advisor,
Arthur Wightman, called the "no goo hypothesis".

Because one can say much more about ODEs than PDEs, I
occasionally focused on one dimension.

In 1977-78, two breakthroughs changed the focus of my
research. The physicist, Phil Anderson had found in 1958,
unexpected localization of electrons in one–dimensional
random systems.



A Hungarian
Sport

Spectral Theory

Denisov and
Killip–Simon

Good Day, OPUC

From A Short
Article to Two
Long Books

Verblunsky

CMV

Schrödinger Operators

I remember discussing this with David Ruelle in the early
1970’s who thought that perhaps, there was singular
continuous spectrum in such systems but, in fact,
Goldsheid, Molchanov and Pastur, in 1977 were able to
prove a particular model of − d2

dx2
+ V with random V had

dense point spectrum. This has since become such an
industry that, for example, last year, the Newton Institute
had a 6–month program on random (and almost periodic)
Schrödinger operators.

The other development was the discovery of Pearson in
1978 that sparse, slowly decaying, one dimensional systems
had singular continuous spectrum – the dividing line was L2

decay vs. slower.
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Schrödinger Operators

To jump ahead in my story, a major focus of my research
ten years later was proving that slow decay “generically” lead
to singular continuous spectrum.

I’ve joked that I spent the
first part of my career proving that singular continuous
spectrum doesn’t occur and the second part proving it does!

One thing that was realized is the usefulness of following
Mark Kac’s dictum: “Be wise! Discretize” so that the
operator − d2

dx2
+V was replaced by the discrete Schrödinger

difference equation u 7→ un+1 + un−1 + V (n)un. In the
early 1980’s, I visited Arizona State and met Mourad Ismail
who told me this was a special case of OPRL and I should
really look at its literature. Alas, it was fifteen years before I
followed this advice!
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Slowly Decaying Potentials

The Anderson model is exactly the above discrete difference
operator with V (n) = ωn, iidrv (independent, identically
distributed random variables). One now considers many
distributions, but the original model had ω uniformly
distributed in an interval.

In 1982, Delyon–Kunz–Souillard,
proved Anderson location (i.e. for a.e. choice of ω, there is
a complete set of exponentially localized eigenfunctions
whose eigenvalues are dense in an interval) for this model. I
realized that one could still prove dense point spectrum, if
decay was added to the model – i.e. one considered
V (n) = n−αωn where the ω are still iidrv. What I found,
also in 1982, is that for 0 < α < 1/2, one still had this
dense point spectrum. Later others proved in this random
case, that if α > 1/2, one has purely a.c. spectrum in
[−2, 2].
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Slowly Decaying Potentials

In the 1990’s motivated by work of Gordon and del Rio, I
was able to prove that if V decays slower than
n−α;α < 1/2, then generically the spectrum is actually
singular continuous!

It has been known for many years (for
the analog − d2

dx2
+ V since the 1940s) that if V ∈ `1, then

the spectrum on (−2, 2) is purely absolutely continuous
with only discrete spectrum outside [−2, 2]. In terms of
power decay, this means that |V (n)| < Cn−α;α > 1. That
left open what happens in general if 1 ≥ α ≥ 1/2 and in
about 1995, I realized this was a natural and very
interesting question.
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Slowly Decaying Potentials

I’ve been blessed with lots of fine graduate students during
my career and, fortunately, two of the best I’ve had showed
up in Pasadena about that time – Sasha Kiselev, who’d been
an undergrad in St. Petersburg, and two years later, Rowan
Killip from New Zealand.

Interestingly enough, both were
sent to work with me by the same person - Boris Pavlov,
who moved from the FSU to New Zealand in between!

I gave Kiselev the question of seeing if there was always a.c.
spectrum when |V (n)| < Cn−α;α ∈ [1, 1/2) and he
originally settled the problem positively for α ∈ [1, 2/3) and
eventually, the whole interval.
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Slowly Decaying Potentials

While I tended to state hypotheses in the form
|V (n)| < Cn−α, it is often useful to instead state a
condition in terms of `p. By Pearson’s results and also my
power decay, one knows as soon as p > 2, one can lose all
a.c. spectrum, so there was a natural conjecture floating
around Caltech that one could exactly capture the
borderline with a result that there is always a.c. spectrum
on [−2, 2] if V ∈ `2.
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Slowly Decaying Potentials

Percy Deift (who’d been my student at Princeton around
1975) visited Caltech. As soon as Rowan Killip mentioned
to him the L2 conjecture for the − d2

dx2
+ V analog, Percy,

who’d become an expert on completely integrable systems,
commented that there was a KdV sum rule with a term∫
|V (x)|2 dx term and that might be relevant.

They figured
out how to make that work and even did the Jacobi matrix
analog using a sum rule of the physicist, Ken Case. They
used the sum rule only for V ’s of compact support, avoiding
technical issues, and then took limits.
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Mixed Spectral Types

Because of the Kiselev and Deift-Killip results,
|V (n)| < Cn−α, looked similar for α > 1 and for
1/2 < α ≤ 1 in that both have a.c. spectrum on all of
[−2, 2].

But I knew there was at least one difference. When
α > 1, one knew there was no other spectrum in (−2, 2),
while going back to the 1920’s there was an example of von
Neumann–Wigner of a continuum potential
V (r) ∼ Cr−1 sin(2r) + O(r−2) so that − d2

dx2
+ V had a

single embedded eigenvalue. In the 1980’s, Naboko and I
independently modified their idea to construct examples
with α < 1 but arbitrarily close, with a countable infinity of
embedded point spectrum. So it seemed likely one could
have embedded point spectrum when α < 1.
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Mixed Spectral Types

I raised the question of whether there are examples with
|V (n)| < Cn−α, α > 1/2 with embedded singular
continuous spectrum inside the a.c. spectrum.

I made some
propaganda for the problem and included it in the list open
problems that I included in a contribution to the 2000
ICMP (these “Simon problems” included three about the
almost Matthieu operator that Avila obtained some fame for
solving). By officially stating it in terms of powers rather
than `p, the problem was not solved by the work of Denisov
and Killip–Simon that I’ll turn to shortly but some later
work of Kiselev which had a clever construction but probably
only produced singular continuous spectrum of Hausdorff
dimension 0. The examples of Denisov and Killip–Simon are
much vaster (any Hausdorff dimension can occur) but don’t
have power decay bounds but only L2. I continue to think
that the problem was essentially solved by Denisov.
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Krein Systems

At the start of 2001, as part of an application for a postdoc,
I received a preprint of Sergei Denisov, then a finishing grad
student in Moscow, that claimed to construct some one
dimensional Schrödinger operators with L2 potential and
mixed singular continuous spectrum.

(The historical record
is confused because Denisov only completed and submitted
the paper over a year later when he was at Caltech. By
then, Killip and I had done our work which he mentions
although our work was motivated by his earlier draft.)
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Krein Systems

He used some kind of factorization into Dirac equations
which he wrote in terms of Krein systems which he said
were continuum analogs of something called orthogonal
polynomials on the unit circle.

I couldn’t understand the details, but Nick Makarov
convinced me that Denisov knew what he was talking about
and was talented, so we invited him to be a postdoc at
Caltech starting in October, 2001.

I didn’t realize until several years later, but the analog of my
2000 open problem for OPUC had been solved by
Verblunsky in 1936!
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Killip–Simon

Killip was by then a postdoc at Penn (where Deift was) but
we’d stayed in touch and discussed the Denisov paper by
email.

We didn’t understand what Krein systems were and
couldn’t find a clear reference on them. But after studying
what we could understand about his paper, we realized that
the key was some kind of sum rule – not just for finite
system, but in the limit. We decided that the discrete case
would be technically easier, so we’d focus on that.

I invited Killip to visit Caltech for the summer of 2001 and
he came prepared with a number of relevant papers. First,
Case not only had the sum rule that Deift–Killip used but
an infinite family of them. He only gave formal proofs and
didn’t write them explicitly for larger values of n (we
eventually did using Chebyshev polynomials).
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Killip also had a review article of Paul Nevai (whose name I
knew, but not his work). He focused on a mapping of
OPUC to OPRL and the induced form of Szegő’s Theorem.
The resulting OPRL systems were very special – originally
the spectrum was in [−2, 2] with no eigenvalues outside,
although due to work of Nevai, it was known how to allow a
finite number of eigenvalues outside [−2, 2].

The transfer to
OPRL of the famous finiteness condition of Szegő was that
the spectral measure for H: dµ = ρ(x)dx+ dµs obeyed∫ 2
−2(4− x

2)−1/2(log(ρ(x))dx > −∞. Following Nevai, we
called this the Szegő condition, although, at the time we
didn’t know the connection to Szegő’s famous (but at that
point, not to us) theorem.
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Nevai also had a lovely conjecture that in terms of the
Jacobi parameters of a Jacobi matrix,∑
|an − 1|+ |bn| <∞⇒ Szegő condition.

Since Denisov only mentioned OPUC in passing, we didn’t
pay attention to it. Interestingly enough, I’d had an
interaction with Nevai and OPUC earlier in 2001. I was the
editor for “Schrödinger operators and atomic physics” for
Communications in Mathematical Physics, the premier
math physics journal from about 1980 until last year,
handling about 50 papers a year. In February, 2001, Nevai
and Golinskii submitted a paper on OPUC to CMP. While
OPUC was a subject we hadn’t covered, it was clearly a
paper on spectral theory, a subject we did. So I sent to a
referee whom I trusted and acted on his positive
recommendation. By the summer, I’d had a memory of a
polite exchange with Paul but not OPUC!
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Killip and I realized that to get an equivalence, we wanted a
sum rule – an equality with coefficient information on one
side and spectral information on the other. We’d prove one
side was finite if and only if the other was. But to get
information out only from finiteness, one needed the terms
in the sum rule to all be positive.

None of the Case sum
rules, Cn had this property but we discovered that
C2 + 1

2C0 (the sum rules each had a natural normalization).
We didn’t understand why this is so but discovered it by
trial and error (to get way ahead of our story, in the
summer of 2014, three probabilists found a new proof of our
sum rule using large deviations – their method generated
positive sum rules and gave the right combination from the
underlying theory without the need for a lucky guess!).
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rules, Cn had this property but we discovered that
C2 + 1

2C0 (the sum rules each had a natural normalization).
We didn’t understand why this is so but discovered it by
trial and error

(to get way ahead of our story, in the
summer of 2014, three probabilists found a new proof of our
sum rule using large deviations – their method generated
positive sum rules and gave the right combination from the
underlying theory without the need for a lucky guess!).
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Killip–Simon Theorem

We realized that if we could prove the sum rule, we’d get
the following lovely Theorem:

Killip–Simon Theorem Let {an, bn} be a set of Jacobi
parameters for a half line Jacobi matrix, J . Let J0 be the
“free” Jacobi matrix (an ≡ 1; bn ≡ 0). Then the following
are equivalent ((1) ⇐⇒ (2a)− (2c))

(1) J − J0 is Hilbert–Schmidt, i.e.∑∞
n=1 |an − 1|2 + b2n <∞

(2a) (Blumenthal-Weyl) ess spec(J) = [−2, 2]
(2b) (Quasi–Szegő)

∫ 2
−2(4− x

2)1/2(log(ρ(x)))dx > −∞
(2c) (Lieb–Thirring)

∑
(|En| − 2)3/2 <∞ where {En} are

the eigenvalues of J outside [−2, 2]
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We added “quasi” to Szegő because the power on 4− x2
changed from −1/2 to 1/2 – a weaker condition.

The name
Lieb-Thirring came from the analogous celebrated bounds
for Schrödinger operators which in one dimension say that∑

|En|p ≤ Cp
∫ ∞
−∞
|V (x)|p+

1
2 p ≥ 1

2

This theorem proves the existence of lots of Jacobi matrices
with `2 decay and mixed spectrum. For the theorem has no
hypothesis on dµs other than that it is supported on [−2, 2]
and of course that measure has total mass 1. If ρ is such
that

∫
ρ(x) dx ≡ 1− β < 1, any dµs of total mass β can

occur without destroying `2 decay.
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We had no trouble proving the needed sum rule for J ’s
where J − J0 had only finitely many non-zero matrix
elements but there were technical issues of taking limits.

We proved two inequalities – one was straight–forward. I
remember how proud we were when we realized that the
quasi-Szegő term was a relative entropy, given by a
variational principle and so weakly lower semi–continuous
which allowed us to complete the proof of the sum rule.
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Our theorem only had the analog of Lieb–Thirring for
p = 3

2 .

We realized that if one had this bound for p = 1
2 , we

could use the Case C0 sum rule to prove Nevai’s conjecture.
The case p = 1

2 is called the critical value because the
bound is false for p < 1

2 . In 1976, Lieb-Thirring proved their
result only for p > 1

2 . The critical bound was first proven by
Weidl in 1996; in 1998, Hundertmark, Lieb and Thomas
found an alternate proof that yielded the optimal constant.

Fortunately, by then, Hundertmark was a postdoc at
Caltech and we were able to mimic the HLT proof to get
Lieb-Thirring type bounds for all p ≥ 1

2 . With this, Killip
and I completed our proof of Nevai’s conjecture. I wrote to
Paul about this and we began a fairly frequent email
exchange on this and other issues.
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Denisov’s Course

In the fall of 2001, Denisov arrived to take up his postdoc
at Caltech. Because I was anxious to learn about his work,
I’d arranged that he would give a topics course in his first
quarter and he picked “Krein Systems” as his subject.

In
addition to having research projects, grad students and
postdocs, I was department chair, so I doubted I could
attend this course for the whole quarter but I started. I
never did learn much about Krein Systems but the first few
weeks, as an introduction, Denisov discussed OPUC – Krein
had invented his systems as a continuum analog of OPUC.

It would be an overstatement to say that I fell in love with
OPUC but I was charmed and jumped in to understand the
subject, so much so that it was a major focus for the next
few years.
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A Tale of Two Tribes

I made three interesting discoveries about the theory of
OPUC early on. The first is that there was an active
research community studying spectral problems, not only of
OPUC, but also of OPRL. The latter was essentially the
Jacobi matrices that had been a major focus of my research
group and of many others from the mathematical physics
community.

It was as if there were two tribes who were
hunting the same game but without knowing of each others
existence! Our concerns were not quite the same – in
particular, the OP community had a focus on asymptotics
off the spectrum that was not our radar. Our methods had
some overlap but subtle differences. In particular, the focus
on operator methods central to the math physics side only
appeared peripherally in the OP work.
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A Tale of Two Tribes

The two communities generally seemed ignorant of each
other’s work and there were rediscoveries of essentially the
same results.

For example, in 1967, Weidmann discovered
the usefulness of assumptions on bounded variation. The
analog for Jacobi matrices was rediscovered in 1986 by
Dombrowski–Nevai. On the other hand, Spencer and I were
pleased to discover, in 1989, a cute argument using trace
class invariance of the a.c. spectrum, to show that lots of
high barriers kills a.c. spectrum. I discovered that in 1978,
Dombrowski had already used the exact same argument in a
slightly different context. A few years before 2001, Nevai
and some others in the OP community had discovered some
of the math physics papers, so that, for example,
Golinskii-Nevai in the paper I mentioned, quoted several of
the spectral theorists papers, and they submitted the paper
to our journal.
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No Book Literature

Secondly, I discovered that while there was a rich and deep
literature on OPUC, these weren’t discussed in any kind of
comprehensive (i.e. book) form.

There was a chapter on
OPUC in Szegő’s great book and a lovely book of
Geronimus translated into English in 1961 but they mainly
dealt with the recursion relation and Szegő’s Theorem. This
was also true of a book of Freud that I discovered later.

I was surprised that a fundamental 1961 result of Baxter
only available in his original paper. The confusion of the
literature could be seen by the proof of the recursion
relation. In his class, Denisov’s proof was quite involved and
I was pleased when I found a natural proof of only several
lines. I showed it to Nevai who liked it and hadn’t seen it.
Eventually I found it in not well known papers of Landau
and a book of Atkinson written many years before – but this
fundamental result wasn’t available in its natural form.
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A Playground

Thirdly, I discovered a new playground.

I’d been studying
the spectral theory of Jacobi operators and other spectral
theorists and I had made numerous discoveries and
developed lots of powerful techniques. Very few of the ideas
had been studied in the context of OPUC. I quickly found
lots of new and interesting results for OPUC. A few were
totally straightforward extensions but usually there were
some interesting twists to be addressed.

It became clear that I could write dozens of little papers on
the differing results but I don’t need to pad my bibliography
so I decided that one long paper which I naively expected to
be about 80 pages was the sensible way to go. That’s long
for journals I deal with but I was pleased to learn from Paul
Nevai that Journal of Approximation Theory would be glad
to consider it.
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A Tale of Two Volumes

In planning my paper, I realized that while the results would
be of interest to spectral theorists, like me a few months
before, they’d never seen OPUC and there was no book to
refer them to – no place to give them the simple prof of the
recursion relations.

So I decided, I needed two articles – one
a review of OPUC and one on the new results from spectral
theory. With a little more planning, I was thinking about
two artilces, each of 150 pages and Paul remained
enthusiastic about putting them in JAT.

Interesting results kept be added to my mental list and I
realized that I probably needed to be thinking about a book.
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A Tale of Two Volumes

At this point, I had an interesting thought. The book on
OPs was certainly Szegő’s classic which was based on the
AMS Colloquium Lectures he gave and therefore appeared
in the Colloquium Series.

I’d noticed that the series had
recently published a very few volumes that were not based
on actual colloquium lectures. The AMS Publisher is Sergui
Gel’fand who had been a research mathematician and whom
I learned about from his famous father in 1980. In 1996, I
published a graduate text on the theory of group
representations with the AMS and had gotten to know
Sergui in the negotiations over that book. So I called him
and he agreed to publish an OPUC book in the Colloquium
series. While I normally discussed books with several
publishers to increase leverage, this was such an ideal choice
that I immediately agreed to his proposal.
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A Tale of Two Volumes

Slowly, the book grew. Doron Lubinsky convinced me that I
needed to include some background information on operator
theory.

Percy Deift had a protracted campaign involving the
second term in the large N asymptotics of Toeplitz
matrices. Szegő’s Theorem was originally proven by him in
1914 as a result on the first term in the asymptotics and in
1953 (almost forty years later), he found the next term,
sometimes called “the Strong Szegő Theorem”. This result
is only peripherally related to OPUC but Percy nudged me
to not only include a proof but to discuss all the rather
varying proofs I could find (5 in the end). Ed Saff had some
lovely pictures of actual computed zeros so I had my grad
student Mihai Stociu do calculations that suggested some
new theorems to prove and include.
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A Tale of Two Volumes

By 2002, I had Killip as a postdoc for a year and then David
Damanik and we explored a number of issues connected to
the relation between OPUC and OPRL that led to a long
chapter on this subject.

The manuscript grew to over 1000
pages and Gel’fand insisted the book be split into two
volumes, so one not–so–long article morphed to two large
volumes!

I close with the story of two developments that had
considerable impact: Verblunsky’s work and the CMV
matrix.
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Szegő’s Theorem as a Sum Rule

One result I understood from several points of view in
2001-2002 was Szegő’s Theorem. I understood that if one
proved it for arbitrary probability measures (in his papers
before 1950, Szegő only considered measures with
dµs = 0), then one had a result exactly analogous to the
mixed spectral result of Killip – Simon.

Put differently
whomever proved Szegő’s theorem with a singular
continuous part, had a mixed spectral result.

The literature on this question was very confused. Many
claimed that it was first proven in the 1958 book of
Grenander and Szegő. Others mentioned some early 1940’s
work of Kolmogorov and Krein on prediction theory. That
was wrong. They only had that the two sides were infinite
at once – which was enough for a mixed spectral conclusion.
In the mid-1940’s, the result was in papers of Geronimus
and much of the Russian OP literature gave him credit.
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whomever proved Szegő’s theorem with a singular
continuous part, had a mixed spectral result.

The literature on this question was very confused. Many
claimed that it was first proven in the 1958 book of
Grenander and Szegő.

Others mentioned some early 1940’s
work of Kolmogorov and Krein on prediction theory. That
was wrong. They only had that the two sides were infinite
at once – which was enough for a mixed spectral conclusion.
In the mid-1940’s, the result was in papers of Geronimus
and much of the Russian OP literature gave him credit.
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Szegő’s Theorem as a Sum Rule

I realized that the true analog of our sum rule was∑∞
n=0 log(1− |αn|2) =

∫ 2π
0 log(w(θ) dθ2π where αn were the

recursion coefficients and w(θ) the a.c. weight of the
underlying measure.

I wrote to Paul Nevai asking who first
had Szegő’s Theorem in that form. He didn’t respond to
me but sent an email blast to about a dozen people saying
I’d asked him this interesting question and did anyone know
the answer. This email was my first personal exposure to
whole bunch of leaders in OPs like Lopez, Lubinsky,
Marcellan, Peherstorfer, Saff, Totik and van Assche.

Leonid Golinskii responded that he’d never seen the papers
because the journal they were in (Proc. LMS) wasn’t
available to him in his library at his institute in Kharkov but
he’d heard that the result might have been in two papers by
someone named Verblunsky and he gave me the references
from 1935-36.
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Verblunsky’s Papers

I got Verblunsky’s papers from the Caltech library and my
mouth fell open many times as I was reading them.

They
weren’t directly about OPUC but rather about positive
harmonic functions on the disk (in modern language we’d
say Carathédory functions). He realized (when normalized),
this was equivalent to looking at probability measures on
the unit disk. He defined a family of coefficients {αn}∞n=0 in
D by noting that once one specified the first k moments,
the next moment lay in an open disk and one could label
the point in the disk by scaling and translating to a unit
disk. This was before Szegő had found the recursion
relations but it turns out Verblunsky’s coefficients were
identical to the ones in the recursion relation.
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Verblunsky’s Papers

Verblunsky proved Szegő’s theorem as a sum rule in the
precise form I asked about!

More interestingly, his proof
allowed singular continuous components of the measure
meaning he was the first person (by several years) to obtain
this result. More interesting still, once I got into the details
of his proof, I realized that he used the semicontinuity of
the entropy that Killip and I were proud of having
(re)discovered!! He didn’t say it was an entropy but proved
a variational principle and used that to get the
semicontinuity. So we were scooped by 65 years!

Buried in the papers, were also numerous other important
theorems rediscovered and credited to others. Among them
that there is a strict bijection between between all
probability measures on ∂D with infinite support and all
choices of coefficients {αn}∞n=0 ∈ D∞.
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Verblunsky’s Papers

I was shocked that these papers were essentially unknown
and unquoted.

Verblunsky was a student of Littlewood and
these papers were written just after he got his PhD. He got
this degree during the years that Pólya was visiting Hardy
and Littlewood when they did their famous work (and wrote
a book) on inequalities. So it could have been that through
Polya, Szegő would have heard of this work but apparently
not. One of the papers appears in the bibliography of the
1958 Grenander–Szegő book but it is not quoted in the
book itself and it seems likely it was added under someone’s
recommendation without Szegő reading it.
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Verblunsky’s Papers

There was some overlap between Verblunsky’s first paper
and some work of Akhiezer–Krein (although Verblunsky
went further) but I’ve found no references to these two
papers in their work.

It appears that Geronimus learned of
these papers in the 1940’s and periodically he and his
school (one of his student’s was Leonid Golinskii’s father!)
would refer to them – usually with a “see also” quotation in
the context of Szegő’s theorem! So there was at least a
tradition that could eventually point me in the right
direction.

Verblunsky died at age 90 in 1996 having spent most of his
career at Queen’s University Belfast. He left a bequest to
the LMS where you can find the Samuel Verblunsky
Reading Room. But he never received any recognition for
his two great papers nor did he do other work of great note.
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Recognizing Verblunsky

It was clear to me that, as the author of the only book on
the subject in many years, that I could attempt to get
Verblunsky some belated recognition not only in my
historical notes but by naming something after him.

One
choice was easy – his theorem on the complete bijection
between families of his parameters had been rediscovered
several times during the intervening 65 years. If it had a
name, it was “Favard’s Theorem for the Unit Circle” (as
named in a paper of Erdélyi et al.). The analog of this
theorem for OPRL is implicitly in Stieltjes great 1895 paper
and explicitly in Stone’s 1932 famous spectral theory book
but in the OP literature, it was attributed to Favard after a
1935 paper. For the OPRL theorem the name is unjustified
but it was crazy to use it for the OPUC result (Verblunsky’s
paper with this theorem was published earlier than Favard!)
so I happily called the result Verblunsky’s Theorem.
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and explicitly in Stone’s 1932 famous spectral theory book
but in the OP literature, it was attributed to Favard after a
1935 paper. For the OPRL theorem the name is unjustified
but it was crazy to use it for the OPUC result (Verblunsky’s
paper with this theorem was published earlier than Favard!)
so I happily called the result Verblunsky’s Theorem.
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Recognizing Verblunsky

My other choice was more controversial. As recursion
coefficients in the universally named Szegő recursion
relations, the parameters {αn}∞n=0 occurred in virtually
every paper on OPUC.

But there was not a universal name
– reflection coefficients, Schur coefficients, Szegő
coefficients, and Geronimus coefficients were all in use. The
most common was reflection coefficients because of their
occurrence in a geophysical model which led to the same
equations. Since one can present a scattering theory view of
many OPUC, with a totally different reflection coefficient,
this is a terrible name. So I made a decision to call them
Verblunsky coefficients. The name seems to have stuck – so
much so that a Goggle search on the term brings up about
5000 hits.
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Jacobi Matrix Analogs

Central to my new results (and also the Jacobi matrix
theory I was often mimicking) was the important role of the
operator of multiplication by z on L2(X, dµ) where X = R
for OPUC and X = ∂D for OPUC. In the OPRL case, this
operator is self–adjoint and in OPUC case, it is unitary.

If
{pn}∞n=0 are the orthonormal polynomials for OPRL on a
finite interval, they are an orthonormal basis and
Jk` = 〈pk, x p`〉, the standard Jacobi matrix, is a matrix
realization of multiplication by x. It is tridiagonal.

For OPUC if {ϕn}∞n=0 are the orthonormal polynomials,
they may or may not be an orthonormal basis for all of
L2(∂D, dµ), so the matrix Gk` = 〈ϕk, z ϕ`〉 may or may not
be unitary. But it isn’t close to tridiagonal! It has only one
non-vanishing diagonal below the main but, in general, all
diagonals above are non-vanishing!
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CMV basis

The lack of an explicit matrix representation is a big deal
because such a matrix is an ideal tool for comparing nearby
sets of Jacobi parameters in the OPRL case.

Within the
first year of my working on OPUC, I got involved with Nevai
and Golinskii in an email exchange about their paper. In
response to one of my comments Golinskii wrote something
like “there is a basis for OPUC that gives a five diagonal
matrix representation.” When I asked for details, he said he
had a preprint, but he’d need permission to pass it on since
it was not yet published – the key was to orthogonalize not
{zn}∞n=0 but rather {1, z, z−1, z2, z−2, . . . }. With this hint
within a day, I’d worked out the basis {χn}∞n=0, which can
be expressed in terms of the ϕn and their “reversals” and
computed the matrix elements, Ck` = 〈χk, z χ`〉 which are
quadratic in α and ρ. Since I didn’t have the lovely LM
factorization of C, my calculations were awkward.
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This was clearly an ideal tool for studying perturbations and,
within a week, working together with Golinskii by email, we
had a number of results of which the most interesting was
that if µ and µ̃ are two measures with Verblunsky
coefficients {αn}∞n=0 and {α̃n}∞n=0 and if |αn − α̃n| <∞,
then µ and µ̃ have the same a.c. supports.

I made an error
at this point – I should have suggested we write a joint
paper but instead proposed I include the results in a section
of my book explaining there that it represented joint work.
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Leonid got permission from the authors and shortly
thereafter I got the beautiful preprint from three Spanish
mathematicians: Cantero, Moral and Velázquez. They had
a lovely factorization of C into a product of two tridiagonal
matrices. I decided to name the matrix C the CMV matrix
and the name has stuck.

As a postscript, after my books
were published. I learned that roughly 10 years earlier, the
CMV matrix with the factorization had been found by the
numerical matrix community (Ammar, Gragg, Reichel,
Bunse–Gerstner–Elsner and Watkins)! From the time of
Szegő’s 1921-22 paper, the OP lack of a basis was clear. I
was surprised that it took 80 years for CMV to fill this gap.
It was really only 70 years but that is still a long time.

Writing these books was a lot of fun!
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And Now a Word from Our Sponsor

SIMON/1
AMS on the Web  
www.ams.org

816 pages on 50lb stock  •  Backspace: 2 5/16''  4-color process

For additional information
and updates on this book, visit

www.ams.org/bookpages/simon

A Comprehensive Course in Analysis by Poincaré Prize 
winner Barry Simon is a fi ve-volume set that can serve as 
a graduate-level analysis textbook with a lot of additional 
bonus information, including hundreds of problems and 
numerous notes that extend the text and provide important 
historical background. Depth and breadth of exposition 
make this set a valuable reference source for almost all 
areas of classical analysis.

Part 1 is devoted to real analysis. From one point of view, 
it presents the infi nitesimal calculus of the twentieth century with the ultimate 
integral calculus (measure theory) and the ultimate differential calculus (distribu-
tion theory). From another, it shows the triumph of abstract spaces: topological 
spaces, Banach and Hilbert spaces, measure spaces, Riesz spaces, Polish spaces, 
locally convex spaces, Fréchet spaces, Schwartz space, and Lp  spaces. Finally it 
is the study of big techniques, including the Fourier series and transform, dual 
spaces, the Baire category, fi xed point theorems, probability ideas, and Hausdorff 
dimension. Applications include the constructions of nowhere differentiable func-
tions, Brownian motion, space-fi lling curves, solutions of the moment problem, 
Haar measure, and equilibrium measures in potential theory.

Real Analysis
A Comprehensive Course in Analysis, Part 1

Barry Simon

AMS

Real A
nalysis

    Sim
on

ANALYSIS

1
Part

Ph
ot

o 
co

ur
te

sy
 o

f 
B

ob
 P

az
, C

al
te

ch

Google simon comprehensive course preview



A Hungarian
Sport

Spectral Theory

Denisov and
Killip–Simon

Good Day, OPUC

From A Short
Article to Two
Long Books

Verblunsky

CMV

And Now a Word from Our Sponsor

SIMON/1
AMS on the Web  
www.ams.org

816 pages on 50lb stock  •  Backspace: 2 5/16''  4-color process

For additional information
and updates on this book, visit

www.ams.org/bookpages/simon

A Comprehensive Course in Analysis by Poincaré Prize 
winner Barry Simon is a fi ve-volume set that can serve as 
a graduate-level analysis textbook with a lot of additional 
bonus information, including hundreds of problems and 
numerous notes that extend the text and provide important 
historical background. Depth and breadth of exposition 
make this set a valuable reference source for almost all 
areas of classical analysis.

Part 1 is devoted to real analysis. From one point of view, 
it presents the infi nitesimal calculus of the twentieth century with the ultimate 
integral calculus (measure theory) and the ultimate differential calculus (distribu-
tion theory). From another, it shows the triumph of abstract spaces: topological 
spaces, Banach and Hilbert spaces, measure spaces, Riesz spaces, Polish spaces, 
locally convex spaces, Fréchet spaces, Schwartz space, and Lp  spaces. Finally it 
is the study of big techniques, including the Fourier series and transform, dual 
spaces, the Baire category, fi xed point theorems, probability ideas, and Hausdorff 
dimension. Applications include the constructions of nowhere differentiable func-
tions, Brownian motion, space-fi lling curves, solutions of the moment problem, 
Haar measure, and equilibrium measures in potential theory.

Real Analysis
A Comprehensive Course in Analysis, Part 1

Barry Simon

AMS

Real A
nalysis

    Sim
on

ANALYSIS

1
Part

Ph
ot

o 
co

ur
te

sy
 o

f 
B

ob
 P

az
, C

al
te

ch

Google simon comprehensive course preview



A Hungarian
Sport

Spectral Theory

Denisov and
Killip–Simon

Good Day, OPUC

From A Short
Article to Two
Long Books

Verblunsky

CMV
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SIMON/2.1
AMS on the Web  
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664 pages on 50lb stock  •  Backspace: 2''  4-color process

For additional information
and updates on this book, visit

www.ams.org/bookpages/simon

A Comprehensive Course in Analysis by Poincaré Prize 
winner Barry Simon is a fi ve-volume set that can serve as 
a graduate-level analysis textbook with a lot of additional 
bonus information, including hundreds of problems and 
numerous notes that extend the text and provide important 
historical background. Depth and breadth of exposition 
make this set a valuable reference source for almost all 
areas of classical analysis.

Part 2A is devoted to basic complex analysis. It inter-
weaves three analytic threads associated with Cauchy, Riemann, and Weierstrass, 
respectively. Cauchy’s view focuses on the differential and integral calculus of 
functions of a complex variable, with the key topics being the Cauchy integral 
formula and contour integration. For Riemann, the geometry of the complex plane 
is central, with key topics being fractional linear transformations and conformal 
mapping. For Weierstrass, the power series is king, with key topics being spaces 
of analytic functions, the product formulas of Weierstrass and Hadamard, and 
the Weierstrass theory of elliptic functions. Subjects in this volume that are often 
missing in other texts include the Cauchy integral theorem when the contour is 
the boundary of a Jordan region, continued fractions, two proofs of the big Picard 
theorem, the uniformization theorem, Ahlfors’s function, the sheaf of analytic 
germs, and Jacobi, as well as Weierstrass, elliptic functions.
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And Now a Word from Our Sponsor

SIMON/2.2
AMS on the Web  
www.ams.org

344 pages on 50lb stock  •  Backspace: 1 3/8''  4-color process

For additional information
and updates on this book, visit

www.ams.org/bookpages/simon

A Comprehensive Course in Analysis by Poincaré Prize 
winner Barry Simon is a fi ve-volume set that can serve as 
a graduate-level analysis textbook with a lot of additional 
bonus information, including hundreds of problems and 
numerous notes that extend the text and provide important 
historical background. Depth and breadth of exposition 
make this set a valuable reference source for almost all 
areas of classical analysis.

Part 2B provides a comprehensive look at a number of 
subjects of complex analysis not included in Part 2A. Presented in this volume 
are the theory of conformal metrics (including the Poincaré metric, the Ahlfors-
Robinson proof of Picard’s theorem, and Bell’s proof of the Painlevé smoothness 
theorem), topics in analytic number theory (including Jacobi’s two- and four-
square theorems, the Dirichlet prime progression theorem, the prime number 
theorem, and the Hardy-Littlewood asymptotics for the number of partitions), the 
theory of Fuschian differential equations, asymptotic methods (including Euler’s 
method, stationary phase, the saddle-point method, and the WKB method), univa-
lent functions (including an introduction to SLE), and Nevanlinna theory. The 
chapters on Fuschian differential equations and on asymptotic methods can be 
viewed as a minicourse on the theory of special functions.
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A Comprehensive Course in Analysis by Poincaré Prize 
winner Barry Simon is a fi ve-volume set that can serve as 
a graduate-level analysis textbook with a lot of additional 
bonus information, including hundreds of problems and 
numerous notes that extend the text and provide important 
historical background. Depth and breadth of exposition 
make this set a valuable reference source for almost all 
areas of classical analysis.

Part 3 returns to the themes of Part 1 by discussing point-
wise limits (going beyond the usual focus on the Hardy-Littlewood maximal 
function by including ergodic theorems and martingale convergence), harmonic 
functions and potential theory, frames and wavelets, H p  spaces (including bounded 
mean oscillation (BMO)) and, in the fi nal chapter, lots of inequalities, including 
Sobolev spaces, Calderon-Zygmund estimates, and hypercontractive semigroups.
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A Comprehensive Course in Analysis by Poincaré Prize 
winner Barry Simon is a fi ve-volume set that can serve as 
a graduate-level analysis textbook with a lot of additional 
bonus information, including hundreds of problems and 
numerous notes that extend the text and provide important 
historical background. Depth and breadth of exposition 
make this set a valuable reference source for almost all 
areas of classical analysis.

Part 4 focuses on operator theory, especially on a Hilbert 
space. Central topics are the spectral theorem, the theory of trace class and 
Fredholm determinants, and the study of unbounded self-adjoint operators. There 
is also an introduction to the theory of orthogonal polynomials and a long chapter 
on Banach algebras, including the commutative and non-commutative Gel’fand-
Naimark theorems and Fourier analysis on general locally compact abelian groups.
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