AGGREGATION IN THE PLANE AND LOEWNER’S EQUATION

L. CARLESON AND N. MAKAROV

ABSTRACT. We study an aggregation process which can be viewed as a deter-
ministic analogue of the DLA model in the plane, or as a regularized version
of the Hele-Shaw problem. The process is defined in terms of the Loewner
differential equation. Using complex analytic methods, we establish a Kesten-
type estimate for the growth of the cluster. We also indicate a real-variable
approach based on a certain martingale structure in the phase space of the
inverse Loewner chain.

1. INTRODUCTION AND RESULTS

Physical models such as the process of diffusion-limited aggregation (DLA) [23]
and the Hele-Shaw problem [10], [19] make it natural to study general aggregation
processes in the complex plane. The Loewner differential equation [14], which has
been very successfully applied in classical function theory, seems to be an adequate
tool to describe such processes. In this work we attempt to reach some under-
standing of the mechanism of Loewner’s equation in the context of aggregation
processes.

We will be considering a certain process defined in terms of Loewner’s equation.
This process can be viewed as a deterministic analogue of the DLA model, or as
a regularized version of the Hele-Shaw equation. We establish a growth estimate
similar to the one obtained by H. Kesten [11] for the lattice DLA. Two approaches
are indicated. The first one is based on traditional methods of function theory and
gives precisely the same bound as in Kesten’s theorem. The second, real-variable
approach is based entirely on the study of the inverse Loewner equation. Though
we obtain a weaker estimate with the second approach, the method does not depend
on the conformal structure and applies to more general evolution equations.

This section contains some preliminaries concerning the Loewner equation and
aggregation processes, and also the statements of the results.

1.1. Loewner’s equation. (See [1], [2], [17].) One can think of an aggregation
process in the complex plane C as a growing family of connected compact sets
K; C C depending on some parameter ¢t ("time”), ¢t € [0,T]. The function

c(t) = cap K,

characterizes the speed of aggregation. (Recall that the logarithmic capacity of a
connected set is comparable to the diameter.)

The second author is supported by N.S.F. Grant DMS-9800714.
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Let Q4 denote the unbounded component of the set C \ K:. The domains € are
simply connected and satisfy the monotonicity condition

s<t = Q CQs, (1.1)

which is a setting for the Loewner differential equation. Namely, consider the family
of conformal maps

o A={]z] > 1} — Q, (00— 00, y(00) > 0), (1.2)
and assume that the functions
c(t) = @i(o0)

are absolutely continuous. Then the function ¢ — ¢(t,z) = ¢:(z) is absolutely
continuous for all z € A, and (1.1) implies the inequality

(¢ always means time derivative).

By Loewner’s theory, the converse is also true. Let A(¢, z) be an analytic function
(for each fixed t) satisfying

Alt
%[M] > 0, (z € A),
z
and let {p} be the corresponding family of Herglotz measures:
z+
Atz == [ 2 du(o)
on Z—G

If the function ¢ — ||p] is locally integrable, then for any univalent function ¢y,
the initial value problem

{¢(t, 2) = At 2)¢'(t, 2) (1.3)

eli=0 = o
has a unique solution, and the solution is a Loewner chain, i.e. a family of univalent

functions satisfying (1.1) and (1.2). We will call y; the growth measures of the
Loewner chain. Note that

e(t) = llpall (). (1.4)

It follows that there is a one-to-one correspondence between (locally integrable)
families of positive measures {y:} on the unit circle and (absolutely continuous)
Loewner chains starting with a given univalent function ¢g. This correspondence
allows to describe aggregation processes in one dimensional terms.

In the following two examples, it is easy to interpret growth measures in terms
of the aggregation.
(i) Suppose first that the measures u; are absolutely continuous:

dut(¢) = p(¢)|dC], (¢ €0A),

and suppose that €; are Jordan domains with smooth boundaries. Then

pi(€) = Vala) [VGi(a)l,  (a:=¢(0)), (1.5)
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where V, is the normal velocity of the boundary, and G4(+) is the Green function
of Q; with pole at infinity. Indeed, the interior normal of €); is given by the unit

vector ( )
¢ (€
") = 1or
Applying (1.3), we have
R (o P,
V(o) = < (0, nla) > = A

=1 (O P(O) = 1#4(O] pe(C),

where P(-) is the Poisson integral of ;.
(ii) Consider now the case of pure point growth measures. The simplest situation
is when p; is constant, say

e = const d, (t1 <t <ta),
for some point ¢ € OA. Then the map ¢y, is a composition
G, = ¢, 0h
of ¢4, and a univalent function A which maps A onto the domain
AN{r¢: 1 <r<1+4e¢}.

The length ¢ of the slit satisfies the equation

2 ta

iy = = [l a

in particular, we have

€2 ~ 4Ap as Ap — 0. (1.6)
Thus the domain €, is obtained from €, by cutting the latter along a geodesic

segment.

Classical Loewner chains correspond to the case ju; = 0¢(¢), where ((t) is a con-
tinuous function. If this function is sufficiently smooth, then the previous example
gives an infinitesimal description of the aggregation; the interpretation becomes
rather delicate for non-smooth functions, see [15].

The Loewner equation (1.3) is equivalent to a first order linear PDE in three
real variables. According to the general theory, a first order PDE can be solved
in terms of an ordinary differential equation — the equation of characteristics. The
method of characteristics has the following form in the case of Loewner’s equation.
For s < t, we can define the functions

hs,t = Qos_l O Pt,
which are univalent and satisfy the inverse equation
Oshs(z) = —A(s, hs 1 (2)). (1.7)

Solutions w = w(s) of the equation

0w = _A(Sa ’U})
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are called characteristics of the Loewner equation. It follows that if w(-) = w(-;t, 2)
denotes the solution of the initial value problem w(t) = z, then w(s;t, z) = hg ((2),
and so the chain {¢;} can be expressed in terms of characteristics:

wi(z) = @oow(0;t, 2).

1.2. Aggregation processes. An interesting class of processes is the following.
Suppose that at any time ¢, the growth measure u; of a Loewner chain is determined
by the domain €, the state of the process. Since €); is in turn determined by the
family {us}s<t, the growth measures are subject to some deterministic equation.
There is also a stochastic version. The growth measures are random, but the prob-
ability law of p; depends on €2, in which case we have a measure-valued Markov
process. Several important processes of this type are known from the literature.
We mention two examples in order to give some motivation for the process to be
defined later.

Let us first introduce the following notation. Fix a small number § > 0. Given a
conformal map ¢ : A — , (00 — o0), we define a positive function £(¢) = ((;0)
on OA by the equation

e(¢) = inf {e: dist(p(¢ + (), 00N) = d}. (1.8)
Since for all ¢ € 0A, we have

o) = ( ! ) as v 1,

r—1

the function €(¢) is defined and is positive everywhere on the circle. If {¢:} is a
Loewner chain, then we write €;(¢) for the corresponding functions (1.8).

Ezample 1 (a version of the DLA model). Consider the arriving times 7; of a Poisson
process (with mean one) and, independently, consider a sequence of independent
random variables (; uniformly distributed on the unit circle. The growth measures
are defined by the equation

[t = 3 2 5, (1.9)

7 <t

The equation means that at Poisson random time, we choose a random point on the
boundary of the growing cluster with probability law given by harmonic measure
at that moment, and then we add a segment of length =< § of the corresponding
geodesic, see (1.6).

The process (1.9) resembles the standard DLA model [23], see also [3], [22], and
computer simulations produce similar pictures, see [16], [9]. Recall that in the
lattice version of the DLA process, particles are released near infinity and perform
symmetric random walk on Z?2 until they reach a point of the growing cluster, where
they stick to the cluster. The hitting probability of the random walk is the lattice
analogue of harmonic measure.

Ezxample 2 (Hele-Shaw equation without surface tension). The following is an ex-
ample of a deterministic process, see, e.g. [19], [7], [8], [21]. Let us assume that the
boundaries 9€); are smooth in some time interval (it is known that this assumption
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holds only if the initial domain has real analytic boundary) and require that the
normal velocity of the boundary be equal to the gradient of the Green function:

V. = |VGy.
By (1.5), the latter means that the growth measures satisfy the equation
dpe(Q) = (O] |d¢. (1.10)

Definition. Let § be a positive number. We say that a Loewner chain {¢;} is
an HS(d )-process if the growth measures satisfy the equation

dpie(C) = £2(C: 8) |dc]. (L.11)

One can interpret an HS(d)-process as a deterministic version of the DLA model.
Namely, consider the stochastic equation (1.9) of Example 1, and let e be an arbi-
trary measurable subset of the unit circle. Then we have the following expression
for the conditional expectation:

t+At
E (/ us(e)ds ‘ Qt> = At/sf(() |d¢| + o(At) as At — 0.
t

e

Dividing by At and letting At — 0, we obtain (1.11).

On the other hand, HS(§)-chains can be viewed as solutions to a regularized or
”smoothed” Hele-Shaw problem (see Example 2). By the distortion theorem, we
have

. 5
©lei(C+ el

and so if we make an appropriate change of the time variable in the equation (1.11),
then (1.10) will be its formal limiting case as 6 — 0. In contrast to the ill-posed
Hele-Shaw problem, the equation (1.11) is well-posed. It should be mentioned
that our regularization is different from the ”viscosity” type regularization usually
considered in hydrodynamics.

e :=¢g(¢;9),

Speaking of aggregation processes, we can’t help mentioning a spectacular recent
work of Lawler, Schramm and Werner [13] on Brownian intersection exponents, in
which a certain process SLEg plays a key role. The Schramm-Loewner evolution
process SLE, with parameter x > 0 is defined by the equation p; = dp(.t), where
B(t) is the standard Brownian motion on the circle R/Z starting at a uniform-
random point, see [20].

1.3. A growth estimate. H. Kesten [11] established the following theorem for
the lattice DLA model mentioned above:

There is a universal constant C' such that with probability one, the diameter Dy of
a DLA cluster with N particles satisfies the inequality

Dy < CN?%3
for all sufficiently large N.
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This result is a consequence of the estimate
T > D32 (1.12)

for the doubling time T. Here D denotes the diameter of the cluster with N parti-
cles, and T is the minimal number such that the cluster with N 4+ T particles has
diameter 2D. Tt is claimed that (1.12) is true with probability large enough so that
one can apply the Borel-Cantelli lemma.

The following theorem is a deterministic counterpart of Kesten’s theorem.

Theorem A. Let {¢:} be an HS(6)-process for some positive § < 1, and suppose
that

lpo(c0)l =1,  |pf(c0)| = 10. (1.13)
Then
T > 6732 (1.14)

Equations (1.13) mean that T is essentially the doubling time for the logarithmic
capacity of the cluster, and so the estimates (1.12) and (1.14) are quite similar.

On the other hand, it is not clear if one can extend Kesten’s argument (see
also the proof in [14]) to our deterministic situation. In addition to probability
considerations and a Beurling-type estimate for harmonic measure, the proof of in
[11] depends on a bound for the number of all possible non-selfintersecting lattice
paths in a region of a given diameter.

In the case of an HS(§)-process, the Beurling estimate has the form
e(Go) S V6, (0<t<T).
Since (1.13) implies

T
[ [ sy iad = 1, (1.15)
0 OA

see (1.4), we immediately get T 2 1/§. The following universal estimate for the
integral means of €2 gives a better bound. Recall that the class () consists of
univalent functions ¢ in A with normalization ¢(c0) = co and ¢'(c0) = 1.

Proposition. There are positive absolute constants ¢ and C such that if ¢ € (X)
and 0 < § <1, then

/ e2(¢;0) |d¢| < ostte (1.16)
OA

This proposition is a consequence of the following fact established in [5]. Denote
Q := pA and let w be the harmonic measure of € evaluated at infinity. Then
the maximal number of disjoint discs of radius § and harmonic measure > §(1+¢)/2
does not exceed

A5 with v(c) =o0(c) as ¢—0, (1.17)

where the constant A and the function v(¢) do not depend on ¢ € (X). (In [6], it
is shown that one can take v(¢) = K¢ for some absolute constant K > 2.)

To derive (1.16) from (1.17), we cover the unit circle with disjoint dyadic intervals
{, such that

= |l
max e(Q) = ||,
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which is possible by a simple stopping time argument. It follows that

3
/M O ladl £ S

Denote by ¢, the center of the interval I,,, and let a, := ¢({, + |I|(,). Then
dist(a,,00) < 6

by the distortion theorem, and
B(ay, ) 2 |l

for some absolute constant A > 1. The discs B(a,,\d) are essentially disjoint
because

oy —av| 2 6, (w#V),
by construction. Applying (1.17), we see that the number of intervals [, such that
|1,| > 60+)/2 is <677 and so the sum > |I,|> taken over such intervals is

< 53/2—7(0) < 51+c,

provided that ¢ is small enough to make ¢ + v(c) < 1/2. Since >_|l,| = 1, the
corresponding sum taken over intervals satisfying |I,| < 6(1*¢)/2 also does not
exceed §'7¢ by Beurling’s estimate. O

It follows that for HS(d)-processes, we have
T > §-1+0)

with the same constant ¢ as in (1.16). However, we can not take ¢ = 1/2 in (1.16),
which would immediately give the Kesten-type result. In fact, it was shown in [6]
that if ¢ < 3, then there are functions ¢ € (X) satisfying

/ S1(C8) d¢| > 67 with 4 < 4 (1.18)
oA 2

(according to Brennan’s conjecture [4] the value ¢ = 3 is critical.) What Theorem A
actually states is that an HS(d)-process can not spend much time in configurations
satisfying (1.18).

We prove Theorem A in Section 2. The main idea is to localize (by means of
Poisson averages) the bound (1.16) near the points corresponding to the ”tips” of
the cluster. Non-local estimates of this type are well-known in the conformal map-
ping theory; they are related to the Muckenhaupt (A ) condition and characterize
the degree of smoothness of the boundary, see [18], Chapter 7.

It may be worth mentioning that the bound (1.14) is best possible, at least
formally. It is easy to see that if an HS(d)-chain starts, for example, with the
function

wo(2) =2+ 271,
then we have

/aAEtQ (¢;6) ld¢] =< %2, (0<t<T),

and therefore T < §~3/2 in this case. This fact is similar to the phenomenon of
"finger” solutions in the Hele-Shaw problem, see [19]. We don’t know if (1.14) is
best possible for ”generic” initial configurations.
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1.4. Loewner’s method. The Loewner equation provides one of the most power-
ful methods in dealing with problems concerning functionals such as the coefficients
of univalent functions. In connection with aggregation processes, we would like to
understand how one can apply Loewner’s method to quantities characterizing di-
mensional properties of conformal maps such as integrals [ 7, or integral means of
the derivative.

Let us consider a Loewner chain of functions ¢; defined in the upper halfplane
{3z > 0}, and assume that ¢g = id. (The formulae are slightly simpler in this
case.) Then the potential A(t,z) in Loewner’s equations (1.3) and (1.7) has the

form J
Alt,z) = / /‘t_@
R §—2
Differentiating the inverse equation (1.7) with respect to z, and then integrating
over [0, t], we have

t
log ¢/(t,9)] = | RLAGs,w(s)] ds. (119)
0
where w(s) := w(s;t, z) is the corresponding characteristic. Similarly, we find
x t
log M = / M(s,w(s)) ds, (1.20)
Sz o
where
. dﬂs(g)
M = | —————. 1.21
o+ in) = [ (1.21)
Note that the sum K := R[A'] + M of the kernels in (1.19) and (1.20) is positive:
: 2(¢ — 2)?
K(s,z+1 z/—ds . 1.22
For a fixed § > 0, let p = p(t, ) be such that dist(¢¢(z + ip), Q) <, ie.
ploia+in)| = & (1.23)

and let wy ,(s) denote the characteristic
w=w(s;t,z +ip(t, )).
By (1.19), (1.20), and (1.23), we obtain the following system of equations:

Slwea(0)] _ [
10gW = /0 M (s, w 5(s)) ds, (1.24)
10g% = /0 K(s,w 4(s)) ds+ O(1). (1.25)

The main observation is that M (s, wy z(s)) =< K(s,w; 4(s)), unless the measure i
is ”concentrated” near the point $[w; (s)]. The positivity of K implies a Beurling-
type bound for p, but we get a better estimate for non-concentrated growth mea-
sures. This argument can be used to prove results similar to the estimate (1.16),
which essentially states that growth measures are not concentrated with respect
to most of the phase flow trajectories. Moreover, the method applies to arbitrary
evolution processes related to first order PDEs as long as the corresponding kernels
have suitable localization properties.
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1.5. Non-analytic chains. In the second part of the paper, we illustrate this
real-variable approach by applying it to a system which is similar to (1.24) — (1.25)
but has a lower dimensional phase space. Roughly speaking, we consider only the
imaginary parts of characteristics assuming that the real parts remain constant. We
establish an analogue of (1.16), see Theorem 3.1, and derive the following growth
estimate for the corresponding version of an HS(4)-process.

Let p; be a family of positive measures on R periodic with period 1. Define the
kernels M and K by the formulae (1.21) and (1.22) respectively. Given a positive
function p = p(t, x), for each (¢,x) let y(s) = y1.(s) denote the solution of the
initial value problem

Osy = —yM(s,x +iy),  y(t) = p(t,x) (1.26)
Define the times Ty and T by the equations
Ty T 1
/ 1a[0,1] dt = / je[0,1] dt = L.
0 To 2

Theorem B. Suppose that for allt > Ty, we have

%e.2(0) = t s, x+1 s s
1°gm—/o K(s,x + iy 2(s)) ds + O(1), (1.27)

dug(x) = pi(t,z) dz. (1.28)

Then T — Ty > 6~ ) for some absolute constant ¢ > 0.

The system (1.26) — (1.27) is of course an analogue of (1.24) — (1.25). Together
with (1.28) it describes an evolution process corresponding to the family of non-
analytic maps

Yeia+iy = o+ ipta,y), Yo = 1d,
with 8 = (¢, z,y) satisfying the partial differential equation
B = PO,pB, (1.29)
where P = P(t, x,y) is the Poisson integral of the function p(t,-)? such that

p 0,8t z,p)| < 6,  p=pt ).
The latter is similar to the relation (1.23). The PDE (1.29) should be compared to
the equation

8156 = Payﬁ“‘ paﬁfﬁ)

(P is the conjugate Poisson integral), which is equivalent to the analytic Loewner
equation (take the imaginary part in (1.3) and denote 3 := S¢;). The complex
analytic method of Section 2 does not apply to the system of Theorem B, and we
don’t know if Kesten’s 3/2-result is valid in this case.
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2. DETERMINISTIC VERSION OF KESTEN’S THEOREM

In this section we prove the bound T < 63/2 for HS(§)-chains (Theorem A).
We also establish a stronger form of the Kesten-type estimate for Loewner chains
with growth measures satisfying the equation

dpe(C) = |} (¢ + Q)| 72 dc], (>0 fixed).

2.1. Proof of Theorem A. Let p; be an HS(0)-process. Denote

R(t) := max{|¢:(C)] : ¢ € OA}.
Assuming

R(0) <1, R(T) — R(0) <1,
we want to show that T' < 0732 Let 0<ty <t < T, and suppose that

R(t1) — R(t2) > 104.
Let us choose a point a such that
la| = R(t1) + 9, dist(a, 9€y,) = 6,

and define tg to be the first time when the cluster intersects the disc of radius 104
centered at a. Clearly, tg > to. To prove the theorem, it will be sufficient to show
that

ty—ty = 072 (2.1)
We will use the inverse Loewner equation
Z(s) z(s) +¢
— 7 — _ N S d
for the function
2(5) =9, (a),  (th<s<t).

If we denote

then the equation implies that

_@ - dps(Q)
ol R 22)

Lemma. For all s € (to,t1), we have

dﬂs(()
/ e —cF S Vo 23)

Assuming this fact, we can finish the proof as follows. Observe that

og zgz; z L (2.4)

Indeed, let G and G be the Green functions of the domains €2, and €2, respec-
tively, with pole at infinity. By the comparison principle, we have

Gy > Gi.
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Consider the disc B := B(a,5d) , and let U be the component of ¢, N B containing
a. Define
a:=0UNoB, 6 :=0U N B.

If w denotes the harmonic measure of U evaluated at a, then we have

Gl(a) = /G1 dw,

Go(a) = / GQ dw + / GQ dw.

a B
By Beurling’s projection theorem, we have

w(p) >1/2,
and by Harnack’s inequality,

Go() < Go(a) on B.
It follows that
/ Go dw > cGo(a)
B

with an absolute constant ¢ € (0, 1), and therefore

(1= 0)Gola) > [ Gy dw > / Gy dw = G (a).

«

Thus we have

. Go(a)
Gi(a)
which is equivalent to (2.4). The estimate (2.1) now follows from (2.2) — (2.4):

to ¢
1510gy(t0) :/ Y
t

1 Y
= ) s M _
i a /lz(s)—g|2 < (t1 — to) V3.

t

lo 21

3

This completes the proof of Theorem A except that we still need to prove the
lemma.

2.2. Proof of Lemma. The argument is based on the estimate (1.16), which we
apply in the following form:

Let ¢p € (¥) and 0 < o < 1. Suppose that a function p(n) on the unit circle is
such that

plW'(m+m)| <o (p:=pn), nedA).
Then for some absolute constant ¢ > 0, we have

/ 200 dn| S o, (2.5)

Let us fix s € (to,t1) and drop the index s from the notation g, @5, €5; in
particular, we have

dps(¢) = €*(¢) ldg].
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We will also write y for y(s) and we will assume that z(s) = 14+y. Moving the point
a within a disc of a fixed hyperbolic radius and applying Harnack’s inequality, we
can assume without loss of generality that

y =< g(1).
For 0 <n < |loge|, we denote
Yn = 2"y,
and consider the intervals I, C OA of length ¥, centered at 1. Then we have

dps(€) _ i 2
/8A |2(s) = ¢|2 B /lo_’_z:/lm—l\ln : nzz:o y% /I"E (el (2.6)

n>0
We also denote
Tn =1+ yn, dn=yn|¢’(7“n)|,
and observe that
dy, = dist(¢(ry, ), 09), do =< 0.
We claim that

' 1+ < ' (ra)l, (2.7)
and
JIECIEEY (i>1+c (2.8
I, ~ " dn ’ .

where the constant ¢ is the same as in (2.5). The statement of the lemma is a
consequence of these two facts. Indeed, by (2.6) and (2.8) we have

dpis(0) A o\
< — < — 2.
[rsg = Enls) =02(3)- 29
where the last inequality follows from the distortion theorem and (2.7):
In Y
dy ~ 0

For the same reason, the last sum in (2.9) is finite, and therefore
dpis(Q)
_TEsN <y <4
~ YR
/ |2(s) = ¢I?
To verify (2.7) and (2.8), we denote by w, the point in A such that
o(wy) = (1 +dy)a.

By construction, the halfline Ria lies in a conformal Stoltz angle of the domain
), and therefore the hyperbolic distance between the points r,, and w,, is bounded
from above by a universal constant. Let us fix n, and consider the conformal
automorphism 7 : A — A given by the formula

wpw + 1
T(w) = ———,
w + Wy,
so that oo — w, and 1 — 1. Let ¥ € (¥) be the corresponding Mobius transform

of the function ¢:
(1- UJ%)(,O/(U}")

P —

=Togpor,
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where )
(1 — wy)¢' (wn)
z = p(wy)
is the conformal map from Q onto the domain Q := ¥A.

T(z) =

Let us prove (2.7). Denote by w the preimage of the point 1 4 y under 7. Then
we have

W' (w)] = |T(a) ¢'(1+y) 7'(w)]

dn ,
X —— 14+y)|y
|<P(wn)—a|2 |<P( )l n
"(1+9)]
= d,t @' (1+ A )] :
e Y)| yn o' (1)

and so we need to show that |¢'(w)| < 1. To see this, denote
U:={|z| > R(t1)}, U:=TU.

Clearly,

dist(a, OU) = dist(a, 09),
and applying the map T, we have

dist(Ta, 0U) = dist(a, 0).
By the comparison principle, we have the inequality

Gp() < Gal),

for Green’s functions with pole at infinity. It follows that

dist(¢(w), Q) _ dist(Ta, Q)
- GQ (Ta)

/ —
W (’U})| - |’U}| -1
< dist(Ta, OU) ~ 1
~  Gy(Ta) ’
the latter holds since AU is a round circle of radius = 1.

Finally, let us prove (2.8). Define the function p(n) by the equation

p(n) = yy'e(rn),  (n€0A).
We will see that
. ~ 1)
dist (¢(n + p(n)n), 0Q) < 7 (2.10)

It then follows from the estimate (2.5) with o :=d,,;'d that

/fM)Wﬂs(%>Ha

(Y] =yt on I,

Since

the left hand side of the last inequality does not exceed

2 —i 2 7Ly vi 2
[, s = 5 [ 2@ e N = 5 [ 2

n
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which implies (2.8).
It remains to prove (2.10). For n € 7711, denote
Ci=mn,  z:=1n+p()n).
Since Tp(z) = ¥(n + p(n)n), by the distortion theorem we have
dist (¢(n + p(n)n), 0Q) = |T'(p(2))] dist(p(2), 0V). (2.11)

The hyperbolic distance between the points z and ¢ + €(¢)¢ is bounded by an
absolute constant, which implies that

dist(p(2),00Q) =< dist (p(¢ +¢e(€)¢), 9Q) < § (2.12)
by the definition of £(¢). On the other hand, we have
[p(wn) —p(2)] = dist(p(wn), ) — O0(8) =< dn,

and

/ - d" i
P& = Cay—e@r ~ 4

The estimate (2.8) now follows from (2.11) — (2.13). O

(2.13)

2.3. A version of Theorem A. In the definition of an HS(§)-process, the para-
meter § was fixed, but the quantity € depended on ¢ € OA and time t. We obtain
a somewhat simpler process if we keep € > 0 fixed and define the growth measures
by the equation

dpe(C) = |0y (¢ + Q)| 72 |d¢. (2.14)
For such processes, we can establish a slightly stronger form of the Kesten-type
estimate by working with the direct Loewner equation (1.3).

Theorem. Let € < 1 be a positive number, and suppose that the growth measures
ue of a Loewner chain {1} satisfy (2.14). Denote

R(t) := max {|p:(rQ)|: ¢ € 0A} (r:=1+4¢).
Then there is an absolute constant C such that if R(t) < 1, then

i sup B A1) = ()

< Ce L 2.15
At—0 At - ( )

It is perhaps interesting to mention that a similar estimate ¢(t) < e~ for the
logarithmic capacity is not clear at all. By (1.4), the latter is essentially equivalent
to the Brennan conjecture [4]:

[ Weora s . vee®),
oA r

The inequality (2.15) is of course best possible, as the case of the function pg(z) =
z+ 27! shows. The theorem implies the bound T' > ¢ for the doubling time defined
by equations (1.13).

Proof: For each ¢ € JA, the function ¢ — R¢(t) := |¢i(r¢)]| is differentiable, and
there is a uniform upper bound for the derivative, e.g. R¢(t) < e73. It follows
that to prove (2.15) it is enough to show that for any fixed ¢, we have

Re(t) S 71,
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where ¢, is a point at which the function ¢ — R (t) attains its maximum value. To
this end, let us rewrite the Loewner equation in the form

pir(z) _ z94(2) /Z+C

ei(2)  pil2) z—C dpe (), (2.16)

and note that
2p4(2)
¢i(2)
Taking the real part in (2.16), we have

eR at  z=rd(,.

: 21 1
Re.(t) £ lpi(r¢.)| /d e Ot s 2o )

The second inequality in (2.17) is an analogue of (2.3) and can be established
by the same method. Namely, let us assume that , = 1 and write ¢ for ¢;. If we
consider the intervals I,, C A of length 2" centered at 1 with n > 1 and 2™ < 1/e,
then the middle expression in (2.17) does not exceed

()] ;W / ¢ (r0)| 2 ). (2.18)

Denote r, = 1 4+ £2™ and observe that for all n, we have

' (M S 1 (), (2.19)
and
1 / ) 1 Tn — 1 4
T acl < 2.20
with an absolute constant ¢ < 2. It follows that
€ 1 rn—1\?
(218) 5 ()] 3 =
O 2 e 7

A

1 3 1 (M)q_Q < 1

e |/ (rp)| \ 7 —1 €

The inequalities (2.19) and (2.20) can be verified as in the proof of (2.3) by con-
sidering the Mobius transform

1— 2 /
(=) ¢
o1 —¢(rn)
of the function ¢, where 7 is the conformal automorphism of A such that co +—

Tn, 1+ 1. The constant ¢ in (2.20) comes from a universal estimate of integral
means of the derivative in the class (X):

v =

1 1.9
[ o 5 (=) . w<p<y,
oA P

see [18], Chapter 8. O
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3. ESTIMATES FOR THE INVERSE LOEWNER EQUATION

In this section, we discuss a real variable approach to growth estimates which
is based on the study of the inverse Loewner chains, see Section 1.4. We will be
considering the simplified, non-analytic model described in Section 1.5. Let us
recall the equations for this model. We will use a slightly different notation.

Let {g:}, 0 <t <T, be a family of finite positive measures on T := R/Z. Denote
Q:=[0,T] x T.

(The same symbol p; will be used for the periodic extension of y; to R.) We have
two measures on {) — the area measure A, and the measure p corresponding to the

family {pu}.

For each x € T, we define the functions
L ds (g)
M) = | g
_ [ =92 dus(©)
Ko = [ g

where 0 < s < T and y > 0, and we consider the following family ordinary differ-
ential equations:

% = _Mx(say)' (E’c)

Every positive solution y = y(s) of (E,) is monotone decreasing. We specify the
initial conditions as follows. Let p = p(w) be a given a positive function on €.
Then for each w = (¢, z), we denote by y,,(-) the solution of (E,) satisfying

Yo(t) = plw).
This solution exists on the interval [0, ], and we define
Y(w) = y,(0).

Our goal is to prove the following statement.

3.1. Theorem. Let v be a probability measure and let p be a positive function on
0 =1[0,T] x T. Suppose that for some 6 € (0,1), the following inequality holds for
all points w = (t,x) € Q:

§Y (w) t
ot = [ Kalalo) as 3.1)

Then, for some absolute constant ¢ > 0, either

log

lic 1
pip=d=} > 5, (3.2)
or there is a subset Q' C Q) satisfying

W) >e,  AQ) < CAQ). (3.3)
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Observe that for all w € 2, we have

Y(w) <2. (3.4)
To see this, note that M, (s,y) <y ?||us||, and therefore if w = (¢, x), then
Osy(s) = = llmsll,  (0<s <)
On the other hand, since K, > 0, it follows from (3.1) that
P2 (w) < 6Y (w). (3.5)

Since p is a probability measure, we have
V2w) <24 p*(w) <2+ 6Y (w),

which implies (3.4) for § < 1. From (3.4) and (3.5), we obtain a Beurling-type
estimate: p(w) < V8. Our theorem states that p can not be too close to the upper
bound /& on a set of large y-measure unless p is ”very singular” with respect to
the area measure. The following two simple examples illustrate the dichotomy (3.2)
- (3.3).

(i) Let u be the area measure on = [0,1] x T. Then we have
1

K, > §Mx, (Vz e T),
and so (3.1) implies

oY Y

2 > /5 (we.

p 5 ( )

In particular, by (3.4) we must have p < §2/3. We can actually get p =< 62/3 on a
set of large measure — it is easy to show that (3.1) holds for p(t,z) = const (5t)%/3
provided that the constant is sufficiently small.

(ii) Let u be the linear measure of the set [0,1] x {xo} and let p = §'/? on this
set and be zero elsewhere. Then (3.1) is clearly satisfied and the bound (3.5) is
attained on a set of full measure.

Theorem 3.1 implies the following estimate of the ”doubling” time T'.

Corollary. Suppose p and p satisfy the hypothesis of the theorem, and suppose that
they are related by the equation dp = p?> dA. Then T > §~(1+e),

Indeed, applying Theorem 3.1 we see that if (3.2) holds, then
E g/ sttedA < Tstte,
27 Ja
and if (3.3) holds, then we have
c< / pPdA < SA(QY) < To're.

Theorem B (see Introduction) is a version of the last statement. It will be clear
from the proof of Theorem 3.1 that the changes in the argument are quite obvious.

We now turn to the proof of Theorem 3.1. Our construction depends on a certain
numerical parameter ¢ which will be specified at the end of the argument. By the
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notation of the type a < b we mean the inequality a < const b with an absolute
constant independent of the choice of €; a < b means that a < b and a 2 b.

3.2. Martingale structure. We first introduce a certain martingale structure in
the set Q.

Lemma 1. There exists a sequence of partitions {Il;};>1 of Q satisfying the
following conditions.

o Fach partition I1; consists of rectangles P = I x I, where | C T is a dyadic
interval of length 279 and I is a subinterval of [0,T].

o Rectangles of the same rank j have disjoint interiors. Each P € 11, is a union
of rectangles of rank j + 1.

o If P=1x1e€ll; and if x; is the center of |, then

1 dﬂs(g)
1 g/l ds /T—(J?z —riT St (3.6)
Proof: Denote ©
j L dps(§
W = [ G

Clearly, MJ < MJT! and it is easy to see that
l' — x| <2797t = FMi < M?, <2M. (3.7)

We begin by setting Py = {2. Suppose a rectangle P; = I x [ of rank j is already
constructed and suppose that

1 .

3 </1 2 <L (3.8)

Note that (3.8) holds for Py. Let k > j be the least integer such that

/Mg’j]>2.
M,

We first subdivide P; successively into rectangles of ranks j +1,..., %k — 1 with the
same t-projection I as P;. By (3.8) and (3.7), the new rectangles satisfy (3.6). Then
we subdivide each of the rectangles of rank k — 1 already obtained into rectangles
of rank k satisfying (3.8). The latter is possible by (3.7). O

We fix partitions II; constructed in Lemma 1 for the rest of the proof. If w € €2,
then we write P;(w) for the element of IT; containing w. It is clear from (3.6) that
Pcll; = pu(P)<4. (3.9)

Another property of the construction is stated in the following lemma, the proof of
which we leave as a simple exercise.

Lemma 2. Let P=1x1€1l;, z €l, and let y(-) be a solution of (E;). Then
(i) if y(s1) > 279H10 for some s1 € I, then y(s) > 277 for all s € I;

(ii) if y(s1) < 277 for sy € I, then y(s) < 277 for all s € I, and y(t_)/y(ty) —
1 2 1, where t_ <ty are the endpoints of I.
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3.3. Rectangles R;(w). Let w = (t,z) € Q and let y,(-) be the corresponding
solution of (E,). We now construct certain rectangles associated with this solution.
Suppose that a positive integer j satisfies

plw) < 279719 <V (w).
Then we define R;(w) as a rectangle I x [ € II; such that
— 9—J+10

Yo () for some sel.

We don’t define rectangles R;(w) for other values of j. Let I;(w) denote the pro-
jection of R;(w) to the t-axis. It follows from Lemma 2 that

Yo (s) < 277, (Vs € I;(w)), (3.10)
and that the intervals I;(w) with the same w are essentially disjoint:
|k —j] > 10 = I (w) N Ij(w) = 0. (3.11)
We will also need the following fact.
Lemma 3. If P € 11, then p{w: Rj(w) =P} <477,

Proof: Let P = (s—,sy) xl € II;,and S = {w: Rj(w) = P}. For each point
w = (t,z) € S with z € I, we denote by C, the family of rectangles @ satisfying the
following condition:

Js, sy <s<t, wyol(s)=27% k:=rank Q>j, (s,z)€Q.
Define
Ci = U{Cw: w e S},
and consider a subcollection C C C, constructed as follows. We first take rectangles
Q@ € C, of rank j+ 1, then we add rectangles of rank j + 2 which are not contained

in any C,-rectangle of rank j + 1, then we add rectangles of rank j + 3 which are
not contained in any rectangle of rank j + 1 or j + 2 etc. Clearly,

sclJie: @ecy,
and so it is sufficient to show that
> onQ S 4.
QecC

One of the properties of the family C is that the number of rectangles @ € C of
rank k intersecting any given dyadic strip {z; < x < x5} of width 27% is bounded
by an absolute constant. To see this, consider the rank k rectangle with the largest
t-coordinate t, of the center, and let w € S be such that y,(t.) < 27%. By
construction, the solution y, must be =< 27% in all other rectangles Qj, because
otherwise @ would be covered by a C-rectangle of a smaller rank. It remains to
note that by Lemma 2, the function y, drops by a constant factor across every
rectangle Q. It follows that

Ny == #{QecC: rank Q =k} < 2F7J
and therefore by (3.9), we have
D@ > NdTh < 4

QecC k2j
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3.4. Concentrated rectangles. We will write K (s) for the function
s +— K;(s,9u(s)). The notation M, (s) has the similar meaning. Our next goal is
to estimate the integral of K, over I;(w). Note that by (3.6) and (3.10), we have

M, (s) ds > 2a (3.12)
Ij(w)

for some absolute constant a > 0.

Fix a small dyadic number £ > 0 to be specified later. The following definitions
depend on the choice of €. A rectangle P = I x [ € Il; is said to be concentrated if
there is a subinterval I’ C [ of length

€
'l = = |1
0=
such that for P’ :=1 x I’ we have

P’ > ad™, u(P\ P < a

— 477, 1
10 (3.13)

In this case, we can choose some interval of concentration \(P) C [ of length €277
so that it consists of two adjacent dyadic intervals and covers

the |lI'|-neighborhood of I’. Note that if {” is an interval with the same properties
as I', then \(P) covers " as well. For non-concentrated rectangles P, we simply
set A(P) = . Finally, we define

P =1x\P).

Lemma 4. Suppose a rectangle R;(w) = I;j(w) x 1 is defined for some w = (t,x).
Also suppose that

dist (z, T\1) >e¢ [l (3.14)
Then either Rj(w) is concentrated and x € A\(R;(w)), or

K, > a, (3.15)
Ij(w)
where o = «(e) is a positive number depending on the choice of .

Proof: Let I denote the interval of length 107!e |I| centered at x. Then I’ C [ by

(3.14). We have
K, > / ds/ )? dps(§)
I(w) I;(w) ne [(@=8)2+ yw(s)]

du
cof / e
I;(w) ne (@ =82 +y2(s)

It follows that if (3.15) does not hold with o < €2, then the latter iterated integral
is < 1, and therefore (3.12) implies the estimate

/ / d‘“ > a. (3.16)
I;(w) v (T — +yw( )

Let us show that the inequalities (3.13) hold in this case, and so R;(w) is a con-
centrated rectangle. The first inequality follows from (3.16) and the fact that
Y () > 279 on I;(w). To prove the second inequality in (3.13), we observe that
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N A—j d/ﬁs(g) —j
BRI =4 ]/W) ds/m, G <

3.5. Proof of Theorem. Let ¢ < 1/4 be a positive number and
E:={w: p(w) > (51%}
If w € E, then
P (w)
4]

and since p(w) < V9, the rectangles R;(w) are defined for all
j €1+ N, 2N], where

Y(w) > > 0%,

1

For w = (t,z) € E, denote
n(w):=#{j €1+ N, 2N|: z € A(R;(w))}.
We also need the function
N(w):=#{j€[1+N, 2N]: we Pj(w)}, (we).

Define the sets

E' :={weFE: nw)> EN}
and

Q' ={weQ: Nw)>2N}
Lemma 5. (i) There is a positive constant ¢; = c1(€) such that

A() < 5 AQ).

(ii) There is an absolute constant €1 such that if e < &1, then
1
ME/ZZ = uQ =1
Proof: (i) Denote by X; the characteristic function of the set

U{P: Petm).
If ¢ = 2'=™ where m is a positive integer, then we have the submartingale property
E(Xjpm — e [1I;) <0,

where F is the conditional expectation with respect to the normalized area measure.
For1 <v <m, let
N_q
m
Q/u = N Z XN+u+jm Z 2e
j=0
(We can assume that m divides N.) Simple large deviation argument shows that
A(Sy)
A(Q)

< qN/m,

for some ¢ = q(¢) < 1. Since
o cl o,
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the statement follows.
(ii) Suppose pE’ > 1. Denote f(w):= N~!N(w). Since f < 1, we have

W =il 226> [ 1 dn- |

fduz/fdu—%,
{f<2e}

and it is enough to show that

/f dp > 1. (3.17)
We prove (3.17) by the following computation:
1 1 1
— < uE <= [ nWw) du(w
16 =1 N/, ) dnlw)
L
=LY = () w e AR ()
j=N+1
L
=~ Z Z p{w: Rj(w) =P, x € A\(P)}

N
|

]bz > P (3.18)

:/fdu.

The inequality (3.18) follows from Lemma 3, for if P € II; is a concentrated rec-
tangle, then

uP = MP =477,
and therefore
mw: Rj(w) =R, z€ XP)} S pP,
which is also (trivially) true for non-concentrated rectangles. O
We can now finish the proof of the theorem. We need one more notation. For
x € T, let I;(x) denote the dyadic interval of rank j containing x, and let
k(x) :=#{j € [L+ N, 2N]: dist(z, T\ l;(z)) <e277}.
Consider the set
E'={w=(tz)€E: k(z)> EN}.
As in the proof of Lemma 5, we show that
A(E") < §2A(Q) (3.19)

for some positive co = ca(e) provided that e < 5 for some absolute constant e5 > 0.
We can now take ¢ = min{eq, e} and choose ¢ < «a(e), see Lemma 4, so that we
have

ECE UE" (3.20)



LOEWNER’S EQUATION 23
The latter can be verified as follows. If w € F, then by (1.1) and (1.4), we have

t
2
/Kw S 10g2—5 5 cN.
0 p?(w)

On the other hand, since the intervals I;(w) are essentially disjoint, see (3.11), we
j=N+1 71 (w)

have
[s
0
> [N = k(z) —n(w)] ale), (by (3.15)).

It follows that either k(w) or n(w) is > N/4, and we get (3.20).
Suppose now that pF > 1/2. Then either p(E’) > 1/4, in which case Lemma 5
implies the theorem; or p(E") > 1/4, and then the theorem follows from (3.19).

2N

vV

K,
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