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The last two decades have seen the emergence of a theory of set
theoretic complexity of classification problems in mathematics. In these
lectures we will discuss recent developments concerning the application
of this theory to classification problems in ergodic theory.

The first lecture will be devoted to a general introduction to this
area. The next two lectures will give the basics of Hjorth’s theory of
turbulence, a mixture of topological dynamics and descriptive set the-
ory, which is a basic tool for proving strong non-classification theorems
in various areas of mathematics.

In the last three lectures, we will show how these ideas can be applied
in proving a strong non-classification theorem for orbit equivalence.
Given a countable group I', two free, measure-preserving, ergodic ac-
tions of I on standard probability spaces are called orbit equivalent if,
roughly speaking, they have the same orbit spaces. More precisely this
means that there is an isomorphism of the underlying measure spaces
that takes the orbits of one action to the orbits of the other. A remark-
able result of Dye and Ornstein-Weiss asserts that any two such actions
of amenable groups are orbit equivalent. Our goal will be to outline a
proof of a dichotomy theorem which states that for any non-amenable
group, we have the opposite situation: The structure of its actions up
to orbit equivalence is so complex that it is impossible, in a vey strong
sense, to classify them (Epstein-loana-Kechris-Tsankov).

Beyond the method of turbulence, an interesting aspect of this proof
is the use of many diverse of tools from ergodic theory. These include:
unitary representations and their associated Gaussian actions; rigidity
properties of the action of SLy(7Z) on the torus and separability argu-
ments (Popa, Gaboriau-Popa, loana), Epstein’s co-inducing construc-
tion for generating actions of a group from actions of another, quan-
titative aspects of inclusions of equivalence relations (Ioana-Kechris-
Tsankov) and the use of percolation on Cayley graphs of groups and

the theory of costs in proving a measure theoretic analog of the von
1
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Neumann Conjecture, concerning the “inclusion” of free groups in non-
amenable ones (Gaboriau-Lyons). Most of these tools will be intro-
duced as needed along the way and no prior knowledge of them is
required.
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this paper.
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1. LECTURE I. A SURVEY

A. Classification problems in ergodic theory.

Definition 1.1. A standard measure space is a measure space (X, 1),
where X is a standard Borel space and p a non-atomic Borel probability
measure on X.

All such spaces are isomorphic to the unit interval with Lebesgue
measure.

Definition 1.2. A measure-preserving transformation (mpt) on (X, u)
is a measurable bijection T" such that u(7'(A)) = p(A), for any Borel
set A.

Examples 1.3.

e X = T with the usual measure; T'(z) = az, where a € T, i.e., T
is a rotation.
o X =22 T(x)(n) = x(n — 1), i.e., the shift transformation.

Definition 1.4. A mpt T is ergodic if every T-invariant measurable
set has measure 0 or 1.

Any irrational, modulo 7, rotation and the shift are ergodic. The
ergodic decomposition theorem shows that every mpt can be canonically
decomposed into a (generally continuous) direct sum of ergodic mpts.

In ergodic theory one is interested in classifying ergodic mpts up
to various notions of equivalence. We will consider below two such
standard notions.

e [somorphism or conjugacy: A mpt S on (X, p) is isomorphic to
ampt T on (Y, v), in symbols S = T, if there is an isomorphism
@ of (X, ) to (Y,v) that sends S to T, i.e., S = ¢~ 'Te.

e Unitary isomorphism: To each mpt T on (X, u) we can assign
the unitary (Koopman) operator Ur : L*(X,u) — L*(X, p)
given by Ur(f)(z) = f(T7'(x)). Then S,T are unitarily iso-
morphic, in symbols S =* T, if Ug, Ur are isomorphic.

Clearly =2 implies =" but the converse fails.
We state two classical classification theorems:

e (Halmos-von Neumann [HvN42]) An ergodic mpt has discrete
spectrum if Ur has discrete spectrum, i.e., there is a basis con-
sisting of eigenvectors. In this case the eigenvalues are simple
and form a (countable) subgroup of T. It turns out that up
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to isomorphism these are exactly the ergodic rotations in com-
pact metric groups G : T(g) = ag, where a € G is such that
{a™:n € Z} is dense in G. For such T, let I'r < T be its group
of eigenvalues. Then we have:

ST ST Tg=1I7.

e (Ornstein [Orn70])) Let Y ={1,...,n}, p= (p1, - ,pn) a prob-
ability distribution on Y and form the product space X = Y7
with the product measure p. Consider the Bernoulli shift T;; on
X. Its entropy is the real number H(p) = — . p;logp;. Then
we have:

T, =1; < H(p) = H(q)
(but all the shifts are unitarily isomorphic).

We will now consider the following question: Is it possible to classify,
in any reasonable way, general ergodic mpts?

We will see how ideas from descriptive set theory can throw some
light on this question.

B. Complexity of classification.

We will next give an introduction to recent work in set theory, de-
veloped primarily over the last two decades, concerning a theory of
complexity of classification problems in mathematics, and then discuss
its implications to the above problems.

A classification problem is given by:

e A collection of objects X.
e An equivalence relation £ on X.

A complete classification of X up to E consists of:

e A set of invariants I.
e A map c: X — [ such that xEy < c(x) = ¢(y).

For this to be of any interest both I, c must be as explicit and con-
crete as possible.

Example 1.5. Classification of Bernoulli shifts up to isomorphism
(Ornstein).
INVARIANTS: Reals.

Example 1.6. Classification of ergodic measure-preserving transfor-
mations with discrete spectrum up to isomorphism (Halmos-von Neu-
mann).

INVARIANTS: Countable subsets of T.
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Example 1.7. Classification of unitary operators on a separable
Hilbert space up to isomorphism (Spectral Theorem).

INVARIANTS: Measure classes, i.e., probability Borel measures on a
Polish space up to measure equivalence.

Most often the collection of objects we try to classify can be viewed
as forming a “nice” space, namely a standard Borel space, and the
equivalence relation E turns out to be Borel or analytic (as a subset
of X?).

For example, in studying mpts the appropriate space is the Polish
group Aut(X,u) of mpts of a fixed (X, u), with the so-called weak
topology. (As usual, we identify two mpts if they agree a.e.) Isomor-
phism then corresponds to conjugacy in that group, which is an ana-
lytic equivalence relation. Similarly unitary isomorphism is an analytic
equivalence relation (in fact, it is Borel, using the Spectral Theorem).
The ergodic mpts form a Gy set in Aut(X, ).

The theory of equivalence relations studies the set-theoretic nature of
possible (complete) invariants and develops a mathematical framework
for measuring the complexity of classification problems.

The following simple concept is basic in organizing this study.

Definition 1.8. Let (X, E), (Y, F) be equivalence relations. FE is
(Borel) reducible to F, in symbols

E SB F7
if there is Borel map f : X — Y such that
rBy < f(2)F[(y).

Intuitively this means:

e The classification problem represented by F is at most as com-
plicated as that of F'.
e F'-classes are complete invariants for E.

Definition 1.9. E is (Borel) bi-reducible to F if E is reducible to F'
and vice versa:

EFE~pF& FE<gpFand FF<p F.
We also put:
Definition 1.10.
E<gpF<s E<gFand I £ E.

Example 1.11. (Isomorphism of Bernoulli shifts) ~p (=g)
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Example 1.12. (Isomorphism of ergodic discrete spectrum mpts)~pg
E., where E, is the equivalence relation on TV given by

(xn) E. (yn) & {x, :n € N} ={y, : n € N}.

Example 1.13. (Isomorphism of unitary operators)~p ME, where
ME is the equivalence relation on the Polish space of probability Borel
measures on T given by

pMEV & < vand p < v.

The preceding concepts can be also interpreted as the basis of a
“definable” or Borel cardinality theory for quotient spaces.

e I/ <p F means that there is a Borel injection of X/FE into

Y/F,ie., X/E has Borel cardinality less than or equal to that
of Y/F, in symbols

| X/E|p < |Y/F|p

(A map f: X/E — Y/F is called Borel if it has a Borel lifting
fre X =Y, ie, f([z]p) = [f*(2)]F.)

e [ ~p F means that X/E and Y/F have the same Borel cardi-
nality, in symbols

| X/Elp =[Y/F|s

e I <p F means that X/E has strictly smaller Borel cardinality
than Y/F, in symbols

| X/Elp <[Y/F|g

C. Non-classification results for isomorphism and unitary iso-
morphism.

Definition 1.14. An equivalence relation £ on X is called concretely

classifiable if E <p (=y), for some Polish space Y, i.e., there is a Borel
map f: X — Y such that zEy < f(z) = f(y).

Thus isomorphism of Bernoulli shifts is concretely classifiable. How-
ever in the 1970’s Feldman showed that this fails for arbitrary mpts (in
fact even for the so-called K-automorphisms, a more general class of
mpts than Bernoulli shifts).

Theorem 1.15 (Feldman [Fel74]). Isomorphism of ergodic mpts is not
concretely classifiable.
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One can also see that isomorphism of ergodic discrete spectrum mpts
is not concretely classifiable.

An equivalence relation is called classifiable by countable structures
if it can be Borel reduced to isomorphism of countable structures (of
some given type, e.g., groups, graphs, linear orderings, etc.). More
precisely, given a countable language L, denote by X the space of
L-structures with universe N. This is a Polish space. Denote by = the
equivalence relation of isomorphism in X ;. We say that an equivalence
relation is classifiable by countable structures if it is Borel reducible to
isomorphism on X, for some L.

Such types of classification occur often, for example, in operator al-
gebras, topological dynamics, etc.

It follows from the Halmos-von Neumann theorem that isomorphism
(and unitary isomorphism) of ergodic discrete spectrum mpts is classi-
fiable by countable structures. On the other hand we have:

Theorem 1.16 (Kechris-Sofronidis [KS01]). ME is not classifiable by
countable structures and thus isomorphism of unitary operators is not
classifiable by countable structures.

Theorem 1.17 (Hjorth [Hjo01)). Isomorphism and unitary isomor-
phism of ergodic mpts cannot be classified by countable structures.

This has more recently been strengthened as follows:

Theorem 1.18 (Foreman-Weiss [FWO04]). Isomorphism and unitary
isomorphism of ergodic mpts cannot be classified by countable structures
on any generic class of ergodic mpts.

One can now in fact calculate the exact complexity of unitary iso-
morphism.
Theorem 1.19 (Kechris [Kec10]).

i) Unitary isomorphism of ergodic mpts is Borel bireducible to
measure equivalence.

ii) Measure equivalence is Borel reducible to isomorphism of er-
godic mpts.

While isomorphism of ergodic mpts is clearly analytic, Foreman-
Rudolph-Weiss also showed the following:

Theorem 1.20 (Foreman-Rudolph-Weiss [FRWO06]). Isomorphism of
ergodic mpts is not Borel.

However recall that unitary isomorphism of mpts is Borel.
It follows from the last two theorems that

(=) <B (=),
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i.e., isomorphism of ergodic mpts is strictly more complicated than uni-
tary isomorphism.

We have now seen that the complexity of unitary isomorphism of
ergodic mpts can be calculated exactly and there are very strong lower
bounds for isomorphism but its exact complexity is unknown. An ob-
vious upper bound is the universal equivalence relation induced by a
Borel action of the automorphism group of the measure space (see
[BK96] for this concept).

Problem 1.21. Is isomorphism of ergodic mpts Borel bireducible to
the universal equivalence relation induced by a Borel action of the
automorphism group of the measure space?

More generally one also considers in ergodic theory the problem of
classifying measure-preserving actions of countable (discrete) groups I'
on standard measure spaces. The case I' = Z corresponds to the case
of single transformations. We will now look at this problem from the
point of view of the preceding theory.

We will consider again isomorphism (also called conjugacy) and uni-
tary isomorphism of actions. Two actions of the group I' are isomorphic
if there is a measure-preserving isomorphism of the underlying spaces
that conjugates the actions. They are unitarily isomorphic if the cor-
responding unitary representations (the Koopman representations) are
isomorphic.

We can form again in a canonical way a Polish space A(I", X, ) of all
measure-preserving actions of I' on (X, ), in which the ergodic actions
form again a G4 subset of A(T', X, 1), and then isomorphism and uni-
tary isomorphism become analytic equivalence relations on this space.
We can therefore study their complexity using the concepts introduced
earlier.

Theorem 1.22 (Foreman-Weiss [FW04], Hjorth [Hjo97]). For any
infinite countable group I', isomorphism of free, ergodic, measure-
preserving actions of I' is not classifiable by countable structures.

Theorem 1.23 (Kechris [Kecl0]). For any infinite countable group T,
unitary isomorphism of free, ergodic, measure-preserving actions of I'
1s not classifiable by countable structures.

Recall that an action (v,z) — v -z is free if for any v € I" \ {1},
v-x # x, ae.

Except for abelian I', where we have the same picture as for Z, it is
unknown however how isomorphism and unitary isomorphism relations
compare with ME. However Hjorth and Tornquist have recently shown
that unitary isomorphism is a Borel equivalence relation. Finally, it is
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again not known what is the precise complexity of these two equivalence
relations. Is isomorphism Borel bireducible to the universal equivalence
relation induced by a Borel action of the automorphism group of the
measure space?

D. Non-classification of orbit equivalence.

There is an additional important concept of equivalence between
actions, called orbit equivalence. The study of orbit equivalence is a
very active area today that has its origins in the connections between
ergodic theory and operator algebras and the pioneering work of Dye.

Definition 1.24. Given an action of the group I' on X we associate
to it the orbit equivalence relation EfX, whose classes are the orbits of
the action. Given measure-preserving actions of two groups I' and A
on spaces (X, 1) and (Y, v), resp., we say that they are orbit equivalent
if there is an isomorphism of the underlying measure spaces that sends
E¥ to EX (neglecting null sets as usual).

Thus isomorphism clearly implies orbit equivalence but not vice
versa.
Here we have the following classical result.

Theorem 1.25 (Dye [Dye59, Dye63], Ornstein-Weiss [OW80]). Every
two free, ergodic, measure-preserving actions of amenable groups are
orbit equivalent.

Thus there is a single orbit equivalence class in the space of free,
ergodic, measure-preserving actions of an amenable group I.

The situation for non-amenable groups has taken much longer to
untangle. For simplicity, below “action” will mean “free, ergodic,
measure-preserving action.” Schmidt [Sch81], showed that every non-
amenable group which does not have Kazhdan’s property (T) admits at
least two non-orbit equivalent actions and Hjorth [Hjo05] showed that
every non-amenable group with property (T) has continuum many non-
orbit equivalent actions. So every non-amenable group has at least two
non-orbit equivalent actions.

For general non-amenable groups though very little was known about
the question of how many non-orbit equivalent actions they might have.
For example, until recently only finitely many distinct examples of non-
orbit equivalent actions of the free, non-abelian groups were known.
Gaboriau-Popa [GP05] finally showed that the free non-abelian groups
have continuum many non-orbit equivalent actions (for an alternative
treatment see Tornquist [Tor06] and the exposition in Hjorth [Hjo09]).
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In an important extension, loana [Ioall] showed that every group that
contains a free, non-abelian subgroup has continuum many such ac-
tions. However there are examples of non-amenable groups that con-
tain no free, non-abelian subgroups (Ol’shanski [O1'80]).

Finally, the question was completely resolved by Epstein.

Theorem 1.26 (Epstein [Eps08]). Every non-amenable group admits
continuum many non-orbit equivalent free, ergodic, measure-preserving
actions.

This still leaves open however the possibility that there may be a con-
crete classification of actions of some non-amenable groups up to orbit
equivalence. However the following has been now proved by combining
very recent work of loana-Kechris-Tsankov and the work of Epstein.

Theorem 1.27 (Epstein-loana-Kechris-Tsankov [IKT09]). Orbit equiv-
alence of free, ergodic, measure-preserving actions of any non-amenable
group s not classifiable by countable structures.

Thus we have a very strong dichotomy:
e If a group is amenable, it has exactly one action up to orbit
equivalence.
e If it non-amenable, then orbit equivalence of its actions is un-
classifiable in a strong sense.

In the rest of these lectures, we will give an outline of the proof of
Theorem 1.27.
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2. LECTURE II. TURBULENCE AND CLASSIFICATION BY
COUNTABLE STRUCTURES

A. The space of countable structures.

Definition 2.1. A countable signature is a countable family L =
{fitiet U{R;}jes of function symbols f;, with f; of arity n; > 0, and
relation symbols R;, with R; of arity m; > 1. A structure for L or
L-structure has the form

A= (A, {fz'A}iGD {R‘;A}jGJ>7
where A is a nonempty set, f* : A" — A, and R;-“ C A™,

Example 2.2. If L = {1}, where - and 1 are binary and nullary
function symbols respectively, then a group is any L-structure G =
(G,-9,19) that satisfies the group axioms. Similarly, using various
signatures, we can study structures that correspond to fields, graphs,
etc.

We are interested in countably infinite structures here, so we can
always take (up to isomorphism) A = N.

Definition 2.3. Denote by X the space of (countable) L-structures,

i.e.,
X, = HNW’”) X H2<N’”j>.

iel jeJ
With the product topology (N and 2 being discrete) this is a Polish
space.

Definition 2.4. Let S, be the infinite symmetric group of all per-
mutations of N. It is a Polish group with the pointwise convergence
topology. It acts continuously on Xr: If A € X1, g € S, then g- A is
the isomorphic copy of A obtained by applying g. For example, if I = (),
{R;},e consists of a single binary relation symbol R, and A = (N, R4),
then g - A = B, where (7,9) € RF < (¢7'(z),¢9 (y)) € R*. This is
called the logic action of S, on X7.

Clearly, dg(g - A = B) & A = B, i.e., the equivalence relation
induced by this action is isomorphism.
Logic actions are universal among S,.-actions.

Theorem 2.5 (Becker-Kechris [BK96, 2.7.3]). There is a countable
signature L such that for every Borel action of Sy, on a standard Borel
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space X there is a Borel equivariant injection m : X — X (i.e. w(g -
x) = g-m(x)). Thus every Borel Sy-space is Borel isomorphic to the
logic action on an isomorphism-invariant Borel class of L-structures.

B. Classification by countable structures.

Definition 2.6. Let E be an equivalence relation on a standard Borel
space X. We say the E admits classification by countable structures if
there is a countable signature L and a Borel map f : X — X such
that By < f(z) = f(y), ie, B <p=; (=2|X.).

By Theorem 2.5 this is equivalent to the following: There is a Borel
Se-space Y such that E <p EY_, where EY_y < Jg € Suo(g-x =)
is the equivalence relation induced by the S, -action on Y.

Examples 2.7.

e If F is concretely classifiable, then E admits classification by
countable structures.
e Let X be an uncountable Polish space. Define E, on XY by

() Ee(yn) & {2z, : n € N} ={y, : n € N}.

Then E. is classifiable by countable structures. (E, is, up to
Borel isomorphism, independent of X.)

e (Giordano-Putnam-Skau [GPS95]) Topological orbit equivalence
of minimal homeomorphisms of the Cantor set is classifiable by
countable structures.

o (Kechris [Kec92]) If G is Polish locally compact and X is a Borel
G-space, then EX admits classification by countable structures.

Hjorth developed in [Hjo00] a theory called turbulence that provides
the basic method for showing that equivalence relations do not admit
classification by countable structures. (Beyond [Hjo00] extensive expo-
sitions of this theory can be found in [Kec02], [Kan08] and [Gao09].)

Theorem 2.8 (Hjorth [Hjo00, 3.19]). Let G be a Polish group acting
continuously on a Polish space X . If the action is turbulent, then EX
cannot be classified by countable structures. In particular if E is an
equivalence relation and EX <p E for some turbulent action of a Polish
group G on X, then E cannot be classified by countable structures.

The rest of this lecture will be devoted to explaining the concept of
turbulence and sketching some ideas in the proof the Theorem 2.8.
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C. Turbulence.

Let G be a Polish group acting continuously on a Polish space X.
Below U (with various embellishments) is a typical nonempty open set

in X and V (with various embellishments) is a typical open symmetric
nbhd of 1 € G.

Definition 2.9. The (U, V)-local graph is given by
tRyyvy<e x,yecU&IgeV(g-z=1y).

The (U, V)-local orbit of x € U, denoted O(z,U, V), is the connected
component of x in this graph.

Remark 2.10. If U = X and V = G, then O(z,U,V) = G - z = the
orbit of z.

Definition 2.11. A point z € X is turbulent if VU 3 2VV (O(z,U, V)
has nonempty interior).

It is easy to check that this property depends only on the orbit of x,
so we can talk about turbulent orbits.
The action is called (generically) turbulent if
(i) every orbit is meager,
(ii) there is a dense, turbulent orbit.

Remark 2.12. This implies that the set of dense, turbulent orbits is
comeager (see [Kec02, 8.5]).

Proposition 2.13. Let G be a Polish group acting continuously on
a Polish space X and let x € X. Suppose there is a neighborhood
basis B(x) for x such that for all U € B(x) and any open nonempty
set W C U, there is a continuous path (gi)o<i<i in G with go = 1,
g-x €W and g; -z € U for each t. Then x is turbulent.

Proof. 1t is enough to show that O(z, U, V) is dense in U for all U €
B(x) and open symmetric nbhds V of 1 € G. Fix such a U,V and
take any nonempty open W C U and let (g;) be as above. Using
uniform continuity, we can find o =0 < ¢; < --- < t;, = 1 such that
gtiﬂgtjl € Vioralli <k Let h = gtlgtgl = Gy, ho = thgt_ll,...,
hy = gtkgt_kfl. Then h; € V and

hi'hi—l"'hl'x:gti'eru V].SZSIC
and gy x =hy-hj_1---hi-x €W, s0g1-2 € Oz, U,V)NW £(. O

Example 2.14. The action of the Polish group (¢, +) (with the sup-
norm topology) on (RN, +) (with the product topology) by translation
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is turbulent. The orbits are the cosets of ¢y in (RN, +), so they are
dense and meager. Also, any # € RY is turbulent. Clearly the sets of
the form z 4+ C, with C' C RY a convex open nbhd of 0, form a nbhd
basis for € RN. Now ¢ is dense in any such C, so x+ (¢oNC) is dense
inx+C. Let g € coNC. We will find a continuous path (g:)o<t<1 from
1 to g in ¢q such that z+ g, € x+ C for each t. Clearly ¢s =tg € coNC
works.

Remark 2.15. There are groups that admit no turbulent action. For
example Polish locally compact groups and S...

D. Generic ergodicity.

Definition 2.16. Let E be an equivalence relation on a Polish space X
and F' an equivalence relation on a Polish space Y. A homomorphism
from E to F'is amap f: X — Y such that xEy = f(x)F f(y).

We say that E is generically F-ergodic if for every Baire measurable
homomorphism f there is a comeager set A C X which f maps into a
single F'-class.

Example 2.17. Assume E = EZ is induced by a continuous G-action
of a Polish group GG on a Polish space X with a dense orbit. Then F is
generically =y-ergodic, for any Polish space Y. (Proof: Let f : X — Y
be a Baire measurable homomorphism from Eé( to =y and let (Uy,)nen
be a countable basis of nonempty open subsets of Y. For each n the
set f~1(U,) C X is a G-invariant set and has the property of Baire.
Thus, it is enough to show that if A C X is G-invariant and has the
property of Baire, then it is either meager or comeager. Otherwise
there are open nonempty U, U’ C X with A comeager in U and X \ A
comeager in U’. Since there is a dense orbit, there is a g € G such that
W =g-UNU # 0 and since g - A = A we have that both A, X \ A
are comeager in W, a contradiction.)

In particular, if every G-orbit is also meager, then FE is not concretely
classifiable.

Let as before E, be the equivalence relation on (2M)N given by
(xn)Ee(yn) & {2 : n€ N} ={y, : n € N}
(Note that this is Borel isomorphic to the one defined in 1.12.)

Theorem 2.18 (Hjorth [Hjo00, 3.21]). The following are equivalent:
(i) E is generically E.-ergodic.
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(ii) E is generically E}q/oo-ergodz'c for any Borel Sy.-space Y .

For another reference for the proof, see also [Kec02, 12.3].
It follows that if E satisfies these properties and if every E-class is
meager, then F cannot be classified by countable structures.

Theorem 2.19 (Hjorth [Hjo00]). If a Polish group G acts continuously
on a Polish space X and the action is turbulent, then EZ is generically
E.-ergodic, so cannot be classified by countable structures.

Proof. (Following the presentation in [Kec02, 12.5]) Assume [ : X —
(2Y)N is a Baire measurable homomorphism from EF to E.. Let A(x) =
{f(z), : n € N} so that zESy = A(z) = A(y).

Step 1. Let A= {a €2 : V*x(a € A(z))}, where V*z means “on a
comeager set of x.” Then A is countable.

(Proof of Step 1: The function f is continuous on a dense G set C' C
X. We have then a € A if and only if V*z € C(a € A(z)). The
set B = J,{(z,a) € Cx2Y : a = f(z),} is Borel, and thus so is
A={a : Vo € C(x,a) € B}. Soif A is uncountable, it contains a
Cantor set D. Then V*a € DV*z(a € A(x)), so, by Kuratowski-Ulam,
V*aV*a € D (a € A(z)), thus for some z, A(x) is uncountable, which is
obviously absurd. O[Step 1])

Step 2. V*z (A(x) = A), which completes the proof.

One proceeds by assuming that this fails, which implies that V*z( A ;
A(x)) and deriving a contradiction. Let C' be a dense G set such that
f|C' is continuous. Then one finds appropriate a € A, I € N and (using
genericity arguments) z; € C, z € C with z; — z and f(z), = a
but a ¢ A(z). By continuity, a = f(z); — f(2);, so f(z); = a, ie.,
a € A(z), a contradiction. The point z is found using the fact that
a & A, so V'y(a ¢ A(y)) and the sequence z; is obtained from the
turbulence condition. The detailed proof follows.

(Proof of Step 2. Otherwise, since there is a dense orbit, the invariant
set {x : A = A(z)} (which has the Baire property) must be meager.
It follows that Cy = {z : A G A(x)} is comeager. Let

Co=A{z : V'yWVUVW (x e U= G-yNnO(x,U, V) #0)},

so that (s is comeager as well, since it contains all turbulent points.
Next fix a comeager set Cyp C X with f|Cy continuous. For B C X
let

Cp ={x : € B< 3 open nbhd U of z with V'y € U(y € B)}.
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Then, if B has the Baire property, Cp is comeager (see [Kec95, 8G]).
Finally fix a countable dense subgroup Gy C G and find a countable
collection C of comeager sets in X with the following properties:
(i) Co,C1,Cs € C;
(i) CeC,geGy=g-CeC;
(i) CeC=C*={z : V'g(g-x € C)} €C.
(iv) If {V,,} enumerates a local basis of open symmetric nbhds of 1
in GG, then, letting

A ={z : Vg eV, (f(x) = flg-2))},

we have that Cy, , € C.
(v) If {U,} enumerates a basis for X, and

Conmg =17 : 2 Uy or Vg eV, (f(x) = flg-2))},

then C contains all Cy, ,; which are comeager.

For simplicity, if z € (|C (and there are comeager many such ), we
call x “generic”.

So fix a generic . Then thereis a € A so that a € A(x) = A(g-x) for
all g. SoVg3l(a = f(g-x),), thus there is an [ € N and open nonempty
W C G sothat Vig € W (f(g-x);, = a). Fix pg € GoNW and V a basic
symmetric nbhd of 1 so that Vpy C W. Let py - ¢ = z, so that z( is
generic too, and V*g € V (f(g - x0); = a). Now Vg € V (g -z € Cp),
so we can find g; € V, g; — 1 with ¢; - xy € Cy and f(g; - x0); = a,
so as g; - g — xo € Cp, by continuity we have f(xy); = a. Also since
Vg € V(f(zo) = f(g-x0)) and xq is generic, using (iv) we see that
there is a basic open U with zy € U, such that

VizeUV'geV (f(2)i=flg-2)),

ie, it U ="U,, V=1V, then C,,,,; is comeager, so by (v) it is in C.
Since a € A, {y : a & A(y)} is not meager, so choose y generic with
a € A(y) and also

VU, V(zo €U = G-ynNO(x0,U, V) #0).

Thus we have G-y N O(xg, U, V) # 0. So choose go, g1, -+ € V so that
if g; - ©; = x;41, then z; € U and some subsequence of (x;) converges
to some y; € G -y. Fix a compatible metric d for X.

Since V*h(h - zg is generic) and V*g € V (f(g - 20); = a), we can find
hi so that hlgO € V, glhfl € V, T = hy a1 € U, d(l’l,fl) < %,
Ty = hy - go - wo is generic. Then Vg € V(f(Z1), = f(g-T1)1) (as
T1 € Chnai), and f(T1); = a, so also V*g € V (f(g-71); = a). Note
that g1h;' -7, = 1y and g1h;' € V, so since V*h(h - T is generic) and
V*g € V (f(9-T1); = a), we can find hy so that hogih;' € V, gohyt €V,
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Ty = ho - 29 € U, d(fl’g,fg) < i, To = hgglhfl - T 18 generic. Then
Vg e V (f(T2) = f(g-T2)1), and f(T2), = a, so Vg € V(f(g-T2) = a),
ete.

Repeating this process, we get xg, 71, To, ... generic and belonging to
the (U, V')-local orbit of g, so that some subsequence of {Z;} converges

toy; and Vg € V (f(g-Z;); = a). Now

Vig(g-Ti € Co), Vglg-y € Co), VgeV(flg-Ti)=a),
so fix g satisfying all these conditions. Then for some subsequence
{n;} we have T,, — yi, s0 ¢ - Tp, — g -y and g - Tp,, 991 € Cy,

so by continuity, a = f(g-Zn,)i — f(g-v1);, so f(g- ) = a, ie.,
a€ A(g-y1) = A(y1) = A(y), a contradiction. O[Step 2])

U
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3. LECTURE III. TURBULENCE IN THE IRREDUCIBLE
REPRESENTATIONS

Let H be a separable complex Hilbert space. We denote by U(H)
the unitary group of H, i.e., the group of Hilbert space automorphisms
of H. The strong topology on U(H) is generated by the maps T' €
U(H) — T(z) € H (xr € H), and it is the same as the weak topology
generated by the maps T' € U(H) — (T'(x),y) € C (z,y € H). With
this topology U(H) is a Polish group.

If now I' is a countable (discrete) group, Rep(I', H) is the space of
unitary representations of I' on H, i.e., homomorphisms of I" into U(H)
or equivalently actions of I' on H by unitary transformations. It is a
closed subspace of U(H)', equipped with the product topology, so it
is a Polish space. The group U(H) acts continuously on Rep(I', H) via
conjugacy T -7 = TwT~! (where T7T'(y) =T om(y) o T') and the
equivalence relation induced by this action is isomorphism of unitary
representations: m = p.

A representation 7 € Rep(I', H) is irreducible if it has no non-trivial
invariant closed subspaces. Let Irr(I', H) C Rep(I', H) be the space of
irreducible representations. Then it can be shown that Irr(I', H) is a
G5 subset of Rep(I', H), and thus also a Polish space in the relative
topology (see [Kecl0, H.5]).

From now on we assume that H is co-dimensional.

Thoma [Tho64] has shown that if I is abelian-by-finite then we have
Irr(T, H) = (0, but if T is not abelian-by-finite then = |Irr(T, H) is
not concretely classifiable. Hjorth [Hjo97] extended this by showing
that it is not even classifiable by countable structures. This is proved
by showing that the conjugacy action is turbulent on an appropriate
conjugacy invariant closed subspace of Irr(I', H) (see [Kec10, H.9]). We
will need below this result for the case I' = Fy = the free group with
two generators, so we will state and sketch the proof of the following
stronger result for this case.

Theorem 3.1 (Hjorth [Hjo00]). The conjugacy action of U(H) on
Irr(Fo, H) is turbulent.

Proof. Note that we can identify Rep(Fy, H) with U(H)? and the action
of U(H) on U(H)? becomes

T-(U,Us) = (TUT , TU,T ).
Step 1: Trr(Fy, H) is dense G5 in Rep(Fy, H) = U(H)2.
(Proof of Step 1. Note that if U(n) = U(C"), then, with some canoni-

cal identifications, U(1) CU(2) C --- CU(H) and |, U(n) = U(H).
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Now U(n) is compact, connected, so, by a result of Schreier-Ulam
[SU35], the set of (g,h) € U(n)? such that (g, h) = U(n) is a dense G
in U(n)?. By Baire Category this shows that the set of (g,h) € U(H)?
with (g, h) = U(H) is dense Gs, since for each nonempty open set N
in U(H), the set of (g,h) € U(H)? that generate a subgroup intersect-
ing N is open dense. Thus the generic pair (g,h) € U(H)? generates
a dense subgroup of U(H) so, viewing (g, h) as a representation, any

(g, h)-invariant closed subspace A is invariant for all of (g, h) = U(H),
hence A = {0} or A = H and the generic pair is irreducible.
O[Step 1])

Step 2: Every orbit is meager.

(Pmof of Step 2. It is enough to show that every conjugacy class in
U(H) is meager. This is a classical result but here is a simple proof
recently found by Rosendal. (This proof is general enough so it works
in other Polish groups.)

For each infinite I C N, let A(I) ={T € U(H) : Ji € I(T" =1)}.
It is easy to check that A(I) is dense in U(H). (Use the fact that
U, U(n) is dense in U(H). Then it is enough to approximate elements
of each U(n) by A(I) and this can be easily done using the fact that
elements of U(n) are conjugate in U(n) to diagonal unitaries.) Let
now Vo O V4 D .-+ be a basis of open nbhds of 1 in U(H) and put
B(I,k) ={T € U(H) : Ji € I(i > k and T* € V})}. This contains
A(I\{0,...,k}), so is open dense. Thus

C(I) = (B, k) ={T : 3(i,) € I" (T — 1)}

is comeager and conjugacy invariant. If a conjugacy class C' is non-
meager, it will thus be contained in all C'(I), I C N infinite. Thus
T € C = T"— 1, so letting d be a left invariant metric for U(H) we
have for T € C, d(T,1) = d(T""', T") — 0, whence T' = 1, a contra-
diction.

O[Step 2])

Step 3: There is a dense conjugacy class in Irr(Fq, H) (so the set of
all m € Irr(Fy, H) with dense conjugacy class is dense G in Irr(Fq, H)).

(Proof of Step 3. As Irr(Fy, H) is dense G in Rep(Fq, H) it is enough
to find 7 € Rep(Fy, H) with dense conjugacy class in Rep(Fq, H) —
then the set of all such 7’s is dense Gs so intersects Irr(Fy, H). Let
(m,) be dense in Rep(Fy, H) and let m = @, m,, m € Rep(F2, H). This
7 easily works. O[Step 3])
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Remark 3.2. The also gives an easy proof of a result of Yoshizawa:
There exists an irreducible representation of Fo which weakly contains
any representation of Fs.

Step 4: Let m € Irr(Fg, H) have dense conjugacy class. Then 7 is
turbulent.

Thus by Steps 2,34, the conjugacy action of U(H) on Irr(Fy, H) is
turbulent.

(Proof of Step 4.
Lemma 3.3. For p,o € Irr(Fy, H), the following are equivalent:
(i) p=o,
(i) A(T,) € UH)N such that T, - p = T,pT;* — o and no subse-

quence of (T,,) converges in the weak topology of B;(H) ={T €
B(H) : ||T|| <1} (a compact metrizable space) to 0.

(Here B(H) is the set of bounded linear operators on H.)

(Proof of Lemma 3.3. Use the compactness of the unit ball By (H) and
Schur’s Lemma (see, e.g., [Fol95, 3.5 (b)]): if my, m € Irr(IFy, H), then
m = my < (IS € B(H) \ {0} such that Vy € Fy (Sm1(y) = m2(7)9)).

O[Lemma 3.9))

Lemma 3.4. Given any nonempty open W C Irr(Fo, H) (open in the
relative topology) and orthonormal ey, ... e, € H, there are orthonor-
mal ey, ..., ey €pi1,...,64 and T € U(H) such that
(i) T(e;) Le;, Vi,5<gq;
(H) T2<€’i> = —€, Vi S q;
(iii) T =1id on (Ho ® T(Ho))*, where Hy = {ey,...,e,);
(iv) T-me W.

(Proof of Lemma 3.4. We can assume that
W={pehr(Fy,H) : Vy € FVi,j<gq
[{p()(ei), e5) — (a(7)(ei), (e5))] < €}

for some ey, ..., ey, €pi1, ..., €4, F C Fyfinite, e > 0, and o € Irr(Fq, H)\
U(H) - 7 (since this set is comeager, hence dense). So, by Lemma
3.3, there is a sequence (T},) € U(H)N with T}, -7 — o, T, = 0,
so also 7' % 0. Thus for all large enough n, e;,..., e, Tt (—e1),
T.'(—e,) are linearly independent. So apply Gram-Schmidt to

ey n

get an orthonormal set ey, ..., e, fl(n), e ,fén) with the same span.
Then for all i < g, [T, (—e;) — £ — 0 (as (T, (—e;),e;) — 0,

n

Vi, j < q). Define S, € U(H) by Sp(e;) = f™, S, (f™) = —e;, Vi < g,

)
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and S, = id on (e, ..., e, fl(n), ce én)H. Then if n is large enough,
T =S, works. O[Lemma 3.4))

We now show that 7 is turbulent. We will apply Proposition 2.13 of
Lecture II. Fix a basic nbhd of 7 of the form

U={pehr(Fy,H) : Vy e FVi,j<k
[{p(7)(€:), €5) — (m(7)(ei), (e))] < €},

€ > 0, F C T, finite, ey, ..., e, orthonormal. Let ey, ..., ek, €xt1,...,6p
be an orthonormal basis for the span of {ey,...,ex} U{m(7)(e;) : v €
F,1 <i <k}, and let W C U be an arbitrary nonempty open set.
Then let ey, ...,ep, €p41,...,¢, and T' be as in Lemma 3.4 (so that
T-me W). It is enough to find a continuous path (7p)o<g<x/2 in U(H)
with Ty =1, T /o =T, and Ty - m € U for all . Take
Ty(e;) = (cosB)e; + (sin@)T(e;)
To(T(e;)) = (—sinb)e; + (cos0)T'(e;),
for i = 1,...,q and let T, = id on (Hy ® T(Hy))t, where Hy =
(€1,...,€q). Then one can easily see that Ty - 7 € U, for all 6.
O[Step 4])
0
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4. LECTURE IV. NON-CLASSIFICATION OF ORBIT EQUIVALENCE BY
COUNTABLE STRUCTURES, PART A: OUTLINE OF THE PROOF
AND (GAUSSIAN ACTIONS.

Our goal in the remaining three lectures is to prove the following
result.

Theorem 4.1 (Epstein-loana-Kechris-Tsankov [IKT09, 3.12]). Let I'
be a countable non-amenable group. Then orbit equivalence for measure-
preserving, free, ergodic (in fact mizing) actions of T' is not classifiable
by countable structures.

We will start be giving a very rough idea of the proof and then
discussing the (rather extensive) set of results needed to implement
it.

A. Definitions.

A standard measure space (X, ) is a standard Borel space X with
a non-atomic probability Borel measure p. All such spaces are isomor-
phic to [0, 1] with Lebesgue measure on the Borel sets.

The measure algebra MALG,, of p is the algebra of Borel sets of X,
modulo null sets, with the topology induced by the metric d(A, B) =
u(AAB). Let Aut(X, ) be the group of measure-preserving automor-
phisms of (X, i) (again modulo null sets) with the weak topology, i.e.,
the one generated by the maps 7" +— T'(A) (A € MALG,). It is a Polish
group.

If T" is a countable group, denote by A(T", X, 1) the space of measure-
preserving actions of I on (X, u) or equivalently, homomorphisms of '
into Aut(X, ). It is a closed subspace of Aut(X,u)" with the prod-
uct topology, so also a Polish space. We say that a € A(T', X, u) is
free it ¥y # 1(y-x # mz,ae.), and it is ergodic if every invariant
Borel set A C X is either null or conull. We say that a € A([', X, ),
b € A(I'Y,v) are orbit equivalent, a (Eb, if, denoting by E,, E} the
equivalence relations induced by a, b respectively, E, is isomorphic to
Ey, in the sense that there is a measure-preserving isomorphism of
(X, ) to (Y,v) that sends E, to E, (modulo null sets). Thus (E is
an equivalence relation on A(I", X, 1) and Theorem 4.1 asserts that it
cannot be classified by countable structures if I" is not amenable.

B. Idea of the proof.

We start with the following fact.
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Theorem 4.2. To each m € Rep(T', H), we can assign in a Borel way
an action a; € AL, X, u) (on some standard measure space (X, 1)),
called the Gaussian action associated to w, such that
i) T=p=ar =a,,
(ii) If kg™ is the Koopman representation on L3(X, 1) associated to
ar, then m < Ky™.
Moreover, if m is irreducible, then a, is weak mizing.

(Explanations:
(i) a,b € A(T, X,u) are isomorphic, a = b if there is a T €
Aut(X, u) taking a to b,

TY'T ' =4b VyeTl.

(Here we let v* = a(v).)

(ii) Let @ € A, X, pn). Let L3(X,p) = {f € L*(X,pn) : [ [ =
0} = Ct. The Koopman representation k& of T on L3(X, p) is
given by (v- f)(z) = f(y™" - @).

(iii) If 7 € Rep(I', H), p € Rep(I', H'), then 7 < p iff 7 is isomor-
phic to a subrepresentation of p, i.e., the restriction of p to an
invariant, closed subspace of H’ )

So let m € Irr(Fy, H) and look at a, € A(Fy, X, ). We will then
modify a,, in a Borel and isomorphism preserving way, to another
action a(m) € A(Fq,Y,v) (for reasons to be explained later) and finally
apply a construction of Epstein to “co-induce” appropriately a(7), in a
Borel and isomorphism preserving way, to an action b(7) € A(T", Z, p),
which will turn out to be free and ergodic (in fact mizing i.e., p(y-AN
B) — pu(A)u(B) as v — oo, for every Borel A, B). So we finally have
a Borel function 7w € Irr(Fy, H) — b(7) € A(I', Z, p).

Put

TRp < b(m) Eb(p).
Then R is an equivalence relation on Irr(Fe, H), and m# = p = 7Rp
(since m = p = ar = a, = a(m) = a(p) = b(7) = b(p)).

Fact: R has countable index over 2 (i.e., every R-class contains only
countably many =-classes).

If now (E on A(T', Z, p) admitted classification by countable struc-
tures, so would R on Irr(Fy, H). So let F' : Irr(Fy, H) — X be Borel,
where X is the standard Borel space of countable structures for a
signature L, with

TRp < F(m) = F(p).
Therefore m = p = F(mw) = F(p). By Theorem 3.1 and Theorems 2.18,
2.19, there is a comeager set A C Irr(Fy, H) and Ay € X, such that
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F(m) 2 Ay, Vr € A. But every =-class in Irr(Fs, H) is meager, so
by the previous fact every R-class in Irr(Fy, H) is meager, so there are
R-inequivalent 7, p € A, and thus F(7) 2 F(p), a contradiction.

(Sk:etch of proof of Theorem 4.2. (See [Kecl0, Appendix E]) For sim-
plicity we will discuss the case of real Hilbert spaces, the complex case
being handled by appropriate complexifications.

Let H be an infinite-dimensional, separable, real Hilbert space. Con-
sider the product space (RY, i), where yu is the normalized, centered
Gaussian measure on R with density \/%76’9”2/2. Letp;, : RY - R, i €N,
be the projection functions. The closed linear space (p;) C L3(RY, )

(real valued) has countable infinite dimension, so we can assume that
H = (p;) € Li(RY, u").

Lemma 4.3. If S € O(H) = the orthogonal group of H (i.e., the group
of Hilbert space automorphisms of H), then we can extend uniquely
S to S € Aut(RY, uN) in the sense that the Koopman operator Og :
LE(RY uN) — L2(RY, 1) defined by O<(f) = fo(S)™! extends S, i.e.,
OglH =S.

Thus if 7 € Rep(T', H), we can extend each 7(y) € O(H) to w(y) €
Aut(RY, 1Y), Let a, € A(L,RY, 4N) be defined by a,(y) = 7(y). This
clearly works.

(Proof of Lemma 4.3: The p;’s form an orthonormal basis for H. Let
S(p;) = ¢ € H. Then let 0 : RY — RN be defined by 0(z) =
(go(x),q1(x),...). Then € is 1-1, since the o-algebra generated by (g;)
is the Borel o-algebra, modulo null sets, so (g;) separates points mod-
ulo null sets. Moreover @ preserves uY. This follows from the fact that
every [ € (p;) (including ¢;) has centered Gaussian distribution and
the ¢; are independent, since E(¢;q;) = (¢, q9;) = (i, p;) = 0ij. Thus
0 € Aut(RY, ). Now put S = 6L O[Lemma 4.3))

O[Theorem 4.2))
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5. LECTURE V. NON-CLASSIFICATION OF ORBIT EQUIVALENCE BY
COUNTABLE STRUCTURES, PART B: AN ACTION OF F, oN T?
AND A SEPARABILITY ARGUMENT.

Recall that our plan consists of the three steps

a2 amy b,

where 7 is an irreducible unitary representation of Fs, a, is the cor-
responding Gaussian action of Fy, (2) is the “perturbation” to a new
action of Fy and (3) is the co-inducing construction, which from the
Fy-action a(m) produces a [-action b(m).

We already discussed step (1).

A. Properties of the co-induced action.

Let’s summarize next the key properties of the co-inducing construc-
tion (3) that we will need and discuss this construction in Lecture VI.
Below we write v* - x for v*(z).

Theorem 5.1. Let I' be non-amenable. Given a € A(F2,Y,v) we can
construct b € A(I', Z,p) and o € A(Fo, Z,p) (Z,p independent of a)
with the following properties:

(1) Ea/ g Eb7

(i) b is free and ergodic (in fact mizing),

(iii) o' is free,

(iv) a is a factor of a’ via a map f:Z — Y (f independent of a),
i.e., f(6 - 2) =6 f(2) (0 € Fy), and f.p = v, and in fact
if a is ergodic, then for every a'-invariant Borel set A C Z of
positive measure, if pg = %, then a is a factor of (a'|A, pa)
via f.

(v) If a free action @ € A(Fa,Y,7) is a factor of the action a via
g:Y =Y

y Loy
Tf
7z

then for v € T\ {1}, gf(1" - 2) # gf(2), p-a.c.

Moreover the map a +— b is Borel and preserves isomorphism.
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B. A separability argument.

We now deal with construction (2). The key here is a particular
action of Fy on T? utilized first to a great effect by Popa, Gaboriau-
Popa [GP05] and then Toana [Ioall]. The group SLy(Z) acts on (T2, \)
(A is Lebesgue measure) in the usual way by matrix multiplication

A (21,2) = (A7) (Zl) .
22
This is free, measure-preserving, and ergodic, in fact weak mixing.
Fix also a copy of Fy with finite index in SLy(Z) (see, e.g., [NewT72,
VIIL.2]) and denote the restriction of this action to Fa by . It is also
free, measure-preserving and weak mixing. For any ¢ € A(Fy, X, ),
we let a(c) € A(Fy, T? x X, A x u) be the product action

a(c) = ag X ¢
(ie. v . (z,2) = (y*° - 2,7° - x)). Then in our case we take
a(m) = alay) = ap X ag.

Then a() is also weak mixing.

The key property of the passage from ¢ to a(c) is the following sep-
arability result established by loana (in a somewhat different context
— but his proof works as well here).

Below, for each ¢ € A(Fq, X, 1), with a(c) = ag x ¢ € A(Fs,Y,v),
where Y = T? x X, v = X x pu, we let b(c) € AT, Z,p), d'(c) €
A(Fy, Z, p) come from a(c) via Theorem 5.1.

Theorem 5.2 (Toana [Toall)). If (¢;)ics is an uncountable family of ac-
tions in A(Fq, X, 1) and (b(c;))ier are mutually orbit equivalent, then
there is uncountable J C I such that if i,5 € J, we can find Borel
sets A;, A; C Z of positive measure which are respectively a'(¢;), a’(c;)-
invariant and a'(c;)|A; = d/(cj)|A; with respect to the normalized mea-
SUTES PA,, PA,-

Proof. We have the following situation, letting b; = b(¢;): (b;)ies is an
uncountable family of pairwise orbit equivalent free, ergodic actions in
AT, Z, p), a; = a'(¢;) are free in A(Fy, Z, p), with E, C Ep,, and «p is
a factor of a via a map p: Z — T? such that

(%) fory € T\ {1}, i € I, p(y" -2) # p(z), p-a.e.

Here p = projo f, where f is as in (iv) of Theorem 5.1 and proj : Y =
T? x X — T? is the projection. This follows from (v) of Theorem 5.1
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with @ = ap € A(F, T?, \) and g = proj.

Z aj
P
T? Qp

By applying to each b;, a; a measure preserving transformation 7; €
Aut(Z, p), i.e., replacing b; by Th; T~ and @, by Ta/T~', which we just
call again b; and a; by abuse of notation, we can clearly assume that
there is £ such that Ej, = E for each i € I. Then « is a factor of a;
via p; = po T, ' and (x) holds as well for p; instead of p.

Consider now the o-finite measure space (£, P) where for each Borel
set AC E, P(A) = [|A,]dp(z).

The action of SLy(Z) on Z? by matrix multiplication gives a semidi-
rect product SLo(Z) x Z?, and similarly Fy X Z? (as we view Fy as
a subgroup of SLy(Z)). The key point is that (Fy x Z* Z?) has the
so-called relative property (T):

Jfinite Q C Fy x Z2, € > 0, such that for any unitary representa-
tion 7 € Rep(Fy x Z2 H), if v is a (Q, €)-invariant unit vector (i.e.,
|7 (q)(v) —v|| <€, Vg € Q), then there is a Z*-invariant vector w with
[l —w|| <1

(see [BHVO08, 4.2] and also [Hjo09, 2.3]).

Given now 4, j € I, we will define a representation m; ; € Rep(Fy x
72, [2(E, P)). Identify Z? with T2 = the group of characters of T? so
that m = (my,me) € Z? is identified with ys(21,22) = 2252, Via
this identification, the action of Fy on Z? by matrix multiplication is
identified with the shift action of Fy on T2 §- x(t) = x(671-1t), § € Fy,
X € T2, ¢ € T2. Then the semidirect product Fy x Z?2 is identified with
[y x T2 and multiplication is given by

(01, X1) (02, X2) = (0162, X1 (01 - X2))-
If y e @, let 77;‘< =xop;:Z — T. Then define m; ; as follows

i

i (0, X) () (@, y) = m ()l (y) f((5)% -, (671)%
for o € Fy, x € T2. To check that this is a representation note that
Mo (x) = (5 x)(pi())
(%) = x((07) - i) = x(pi((671)* - 2))
= (671" - )

=)
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and similarly for j.

Then if v = 1A, where A = {(z,2) : z € Z}, using the separability
of L?*(Z, p) and L*(E, P) one can find J C I uncountable such that if
1,7 € J, then

|75, (q@)(v) = vl[r2(E,p) <€,
Vq € . Indeed, note that

705 (5 X)(0) — ] By = 2 / R(1 = fg)dp,

where f = 7’ and g = 1{z-(6—1)“2'22(5‘1)“9.Z}' Since 1 — fg = (1—f)+

1—9g)—(1—-£f)(1-9g), this is bounded by
20111 = fllz2zp) + 111 = gllzezp) + 111 = fllzzplll = 9llr2z,p))-
Now
11— fllz2zp) = Iy, — el L2(2.0)

and [1 —g| =1 so denoting by f? the characteristic

(561 2 (01) " 2}
function of the graph of (6-')% and similarly for f?,

1
11— glle2zp) = §||ff — Fllee(e.p)

and so by the separability of L?*(Z, p) and L*(E, P), there is J C I
uncountable, so that if 7,7 € J, then
||mi5(q)(v) = v||r2Ep) <€, VgeEQ.
So by relative property (T), there is f € L*(E, P) with ||f —1al| < 1
and f is Z*invariant (for 7;;), i.e.,
f@y) =0’ (@) f(z,y), Vx €T
Since f # 0 (as [|1a]| =1 and ||f — 1a|| < 1) the set

S={(z,y) € E : nl(z) = nl(y), Vx € T?}
has positive P-measure.
Using the fact that F is generated by b;, and the fact that characters

separate points, it follows that for almost all z € X, there is at most one
y such that (z,y) € S. Indeed, fix  such that (x,y,) € S, (z,y2) € S

with y; # yo. Then y; = fyfj ST, Yo = 737' - x, 71 # Y2. But also
x(n (@) =m0’ - 2) = n (%’ - @)).

But "]/T\2 separates points, so

b; b
pi(n - x) =pi(y - x).
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Let v175, ' =7 # 1. Then

b b;
pi( v w) =iy - )
which happens only on a null set by (x) for p,.
Let

A, ={x : Junique y (z,y) € S}, A;={y: x4 (z,y) € S}.
Then p(A4;) > 0 (as P(S) > 0). Now if (z,y) € S then by (%)
(6% - x,0% -y) € S, V6 e,

so A; and A; are respectively aj-invariant and a’-invariant sets of pos-
itive measure. Let ¢ : A; — A; be defined by ¢(z) =y < (x,y) € S.
Then

p(r) =y e (r,y) el
& (6% - x,0% - y) e S
& (6% - 2) = 8% -y,
i.e., p shows that aj|A; = a}|A;. O

C. Completion of the proof.

We now complete the proof of Theorem 4.1.
We have a'(7),b(7) as in Theorem 5.1 coming from a(7) in step (3).
Recall that we defined

mRp < b(m) Eb(p).

To complete the proof of Theorem 4.1, we only had to show that R has
countable index over =. We now prove this:

Assume, toward a contradiction, that (;);c; is an uncountable family
of pairwise non-isomorphic representations in Irr(IFy, H) such that if
b; = b(m;), then (b;) are pairwise orbit equivalent. Recall the chain:

T — A, = ¢; — a(m) = a(e;) = ag X ¢; — b(¢;) = by, d(¢;) = a.

By Theorem 5.2, we can find uncountable J C I such that if i,j € J,
there are aj, a’-resp. invariant Borel sets A;, A; of positive measure, so
that a;|A; = aj|A;. Moreover by property (iv) of Theorem 5.1, a(c;) is
a factor of af|A; and similarly for a(c;), a’|A;.

Fix ¢9 € J. Then for any j € J, fix A;,, A; as in Theorem 5.2. We
have

Qr c; apXcj a(cj) aj|A; aiy 1 Aig a
J _ J J J— J J ~/ 0 0
T < Ko (=ry') < Ky (=ry ") < Ky = Ko < Ko -



30 A.S. KECHRIS AND R.D. TUCKER-DROB

Thus (7;) is (up to isomorphism) an uncountable family of pairwise

. . . . . a/ . .
non-isomorphic irreducible subrepresentations of k", a contradiction.
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6. LECTURE VI. NON-CLASSIFICATION OF ORBIT EQUIVALENCE BY
COUNTABLE STRUCTURES, PART C: CO-INDUCED ACTIONS

It only remains to prove Theorem 5.1 from Lecture V. This is based
on a co-inducing construction due to Epstein [Eps08].

A. Co-induced actions.

We have two countable groups A and I' (in our case A will be Fy) and
are given a free, ergodic, measure-preserving action ag of A on ({2, w)
and a measure-preserving action by of I' on (2, w) with E,, C £, (note
that by is also ergodic). Let N = [Ep, : E,] = (the number of E, -
classes in each Ep -class) € {1,2,3,...,Xy}. Work below with N = X,
the other cases being similar.

Given these data we will describe Epstein’s co-inducing construction
that, given any a € A(A,Y,v), will produce b € A(T', Z,p), where
Z =QxYN p=wxvN called the co-induced action of a, modulo
(a0, bo),

b = CInd(ag, by)x (a),

which will satisfy Theorem 5.1 of Lecture V. See [IKT09, §3] for more
details.

Put £ = E,, FF = E,,. We can then find a sequence (C,) €
Aut(92,w)N of choice functions, i.e., Cy = id and {C,,(w)} is a transver-
sal for the E-classes contained in [w]g.

To prove this, define first a sequence (D,,) of Borel choice functions
as follows: define the equivalence relation on I'

Y~ 6 & (Y0 w)B (6™ - w).

Let {74} be a transversal for ~,, with 7o, = 1 and put D, (w) =
,Yfz?w " w.

We can then use the ergodicity of E to modify (D,) to a sequence
(Cp) of 1-1 choice functions (which are then in Aut(Q,w)) as follows;
see [IKT09, 2.1]. Fix n € N and consider D,,. As it is countable-to-
1, let Q = | ];2, Y be a Borel partition such that D,|Y) is 1-1. Let
then Z, = D, (Yx), so that u(Z;) = u(Yy). Since E is ergodic, there
is Ty, € Aut(Q,w) with Ty(w)Ew, a.e., such that Tp(Zy) = Y (see,
e.g., [KM04, 7.10]). Let then C,(w) = Tx(D,(w)), if w € Y;. We have
Cr(w)ED,(w) and C,, is 1-1. So {C,} are choice functions and each
C,, is 1-1.

Using the {C,} we can define the index cocycle

vpr = ¢ F — S, = the symmetric group of N
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given by

p(wi, wa)(k) = n < [Cr(wi)]p = [Cn(ws)]z
(cocycle means: p(wsq, ws3)p(wy, wg) @ (wy, w3) whenever wy Fwy Fws).
Define also for each (wy,ws) € F, 6(wy, wy) € AN by

(8 (w1, 02)n) - Coptuy ) —1(my (W1) = Ch(w3).

Now S, acts on the product group AN by shift: (o - 5) = 0o-1(n)>

where 6 = (0,) € AN, So we can form the semi-direct product S x AN,
with multiplication

(01,01) (02, 82) = (0102, 61 (071 - b2)).

Given a € A(A,Y,v), we then have a measure-preserving action of
Soo X AN on (YN N) by

((0,0) - §)n = (0n)" - Yo1(m)-
Finally we have a cocycle for the action by, ¥ : I' x  — S, x AN given
by
(%) Y w) = (p(w, 7" - w),6(w, 4" - w))
(cocycle means: (1172, w) = (7,72 - w)(2, )) Finally let
b = CInd(ag, by) (a)
be the skew product b = by xy (YN, i), ice., for y € T
fyb ' (’U),’g) = <7b0 T w, w(77w) ' g)
= (,.>/b0 © W, (n = ((S(lU, ,ybo ’ w)n)a ’ g’;@(w,’ybﬂw)*l(n)))'

We also let @’ = ag x4 (YN, ), where ¢/ is the cocycle for the action
ag given by replacing by by ag in (x). Thus for § € A

5(1/ ’ (’LU, g) = (5% s w, (n = ((S(M, 0% w)n)a : gw(w,éao-w)—l(n))-
We verify some properties of a’, b needed in Theorem 5.1:
() Ea/ Q Ebi trivial as an Q Eb0~
(ii) b is free: trivial as by is free.
(iii) o' is free: trivial as ay is free.
(iv) Let f: Z =Q x YN — Y be given by f(w,%) = %o. Then a is
a factor of @’ via f (this follows from Cp(w) = w).

Next we show that if a is ergodic and A C Q x YN has
positive measure and is a’-invariant, then f,p4 = v. Let B C Y,
v(B) = 1 be a-invariant such that v|B is the unique a-invariant
probability measure on B. Then p(f~!(B)) = 1, so f.pa lives
on B and then f.ps = v.
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(v) If @ € A(A,Y,D) is a free action which is a factor of a via

g:Y — Y then for y € T'\ {1}, gf(7* - 2) # gf(2), p-a.e: Fix
v €'\ {1}. We need to show that

(**) g((g(w7 ,.ybo ’ w)o)a ' g:p(w,'ybO-w)—l(O)) 7& g(gjo)

for almost all w,y. Assume not, i.e. for positively many w, i
(%x) fails. We can also assume that op(w,~% - w)~1(0) = k
is fixed for the w, 7 and 6(w,~" - w)y = 4 is also fixed. Thus
g(0*- 7)) = 6% g(yx) = 9(yo) on a set of positive measure of w, 7.
If k& # 0 this is false using Fubini. If £ = 0, then 6 = 1 by the
freeness of @, so w = % -w for a positive set of w, contradicting
the freeness of by.

B. Small subequivalence relations.

In general it is not clear that the second part of (ii) in 5.1, i.e., “bis
ergodic” is true. However if £ = E, is “small” in F' = E, in the sense
to be described below, then this will be the case and in fact b will be
mixing.

For v € T, let

Ve =w({w : (w,v-w) € E}) €[0,1].
We say that E = E,, is small in F' = Ey,, if |y|g — 0 as 7 — oo.

Theorem 6.1 (Ioana-Kechris-Tsankov [IKT09, 3.3]). In the above no-
tation and assuming also that by is mizing, if £ is small in F, then for
any a € A(A,Y,v), b= CInd(ag, by)X (a) is mizing.

We will omit the somewhat technical proof.

C. A measure theoretic version of the von Neumann Conjec-
ture.

Thus to complete the proof of Theorem 5.1 we will need to show that
for A = Fy, I non-amenable, there are free, ergodic ay € A(A, Q,w),
and by € A(T', Q, w) mixing with E,, C E}, and E,, small in E,.

This is based on a construction of Gaboriau-Lyons [GL09], using
ideas from probability theory as well as the theory of costs, who proved
that there are such ag, by without considering the smallness condition,
which was later established by Ioana-Kechris-Tsankov. The Gaboriau-
Lyons result provided an affirmative answer to a measure theoretic
version of von Neumann’s Conjecture.
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Since a full account of the background theory needed in this con-
struction will take us too far afield, we will only give a very rough
sketch of the ideas involved. For more details see [GL09] or Houdayer
[Houll].

By some simple manipulations this result can be reduced to the case
where T is non-amenable and finitely generated (note that every non-
amenable countable group contains a non-amenable finitely generated
one).

For a fixed finite set of generators S C I', we denote by Cay(L,5)
its Cayley graph with (oriented) edge set £ (and of course vertex set
[): (v,6) € E£iff Is € S(J = vs). T acts freely on this graph by left
multiplication and thus acts on Q = {0,1}¢ by shift. We can view
w € {0,1}¢ as the subgraph with vertex set I' and edges e being those
e € £ with w(e) = 1. The connected components of this graph are
called the clusters of w.

On Q = {0,1}¢ we put the product measure p, = Vz‘f, where 0 <
p < 1, and v,({1}) = p. It is invariant under the action of I' and is
called the Bernoulli bond percolation. This action is also mixing and
free. For an appropriate choice of p, we will take w = p,, and by = this
Bernoulli action.

We now define a subequivalence relation £ C E,, = F (called the
cluster equivalence relation) by

(w1, ws) € B < Iy(y~' - wy = wy & is in the cluster of 1 in wy).

Each E-class [w]ga carries in a natural way a graph structure isomor-
phic to the cluster of 1 in w.

Now Pak and Smirnova-Nagnibeda [PSN00] show that one can choose
S and p so that p,-a.e. the subgraph given by w has infinitely many
infinite clusters each with infinitely many ends. (A connected, locally
finite graph has infinitely many ends if for every k there is a finite set
of vertices which upon removal leave at least k infinite connected com-
ponents in the remaining graph.) It follows that the set U C ) given
by

w € U & [w]ga is infinite

has positive w (= p,)-measure and by a result of Gaboriau [Gab00,
IV.24(2)] E4|U* has normalized cost that is finite but greater than 1.
(For the theory of cost see Gaboriau [Gab00], [Gab10] and also Kechris-
Miller [KMO04], [Hjo09].) Also it turns out that E<|U is ergodic. By a
standard extension process this gives a subequivalence relation £/ C F
such that E’ is ergodic and has finite cost > 1. Using the theory of cost
and results of Kechris-Miller and independently Pichot (see [KM04,
28.11]) and Hjorth [Hjo06] (see also [KMO04, 28.2]), this gives a free,
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ergodic action ag € A(Fq, Q,w) with E,, C E' C F = E,.

To make sure now that E,, is small in Ej, one can either choose
above p with more care or else one starts with any ag, by as above and
co-induces by (ag,bg) an appropriate Bernoulli percolation @ of Fy to
get by and then shows that one can find a small subequivalence relation
Fg, C By, generated by a free, ergodic action ag of Fs.
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