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In essence, he replaces the proof of Lemma 2.4.3 with 2, —

n+1 n

|n11(0)? so that 1 — v 2kp = k2377 |@i1(0)[°. Geronimus [414]
also has results equivalent to Theorem 2.4.9; indeed, these bounds are
a major theme of Chapters 2 and 3 of [414].

(2.4.29) and Proposition 2.4.7 are implicit in Simon [995]. L. Golin-
skii urged me to make them explicit and place them here.

In 1932, Smirnov [1009] proved that when the Szegd condition
holds and dus = 0, then the L?(du)-closure of polynomials is {D1f |

f € H?*}; see also Freud [370, Theorem V.3.4].

Since [p;41(0)]* = |oy?s3,, and k41 < Koo, this implies (2.4.25).
K2 =

2.5. Pointwise Convergence on the Unit Circle

We have just seen that if y obeys a Szegd condition, then ¢ (e?) —
D,.(e?)7tin L*(0D,du) and ¢*(z) — D(2)~! uniformly on compact
subsets of . Here we will concentrate on when ¢ (e?) has a uniform
(and so, also pointwise) limit on some interval I C 9D. Clearly, if this
happens, w(#) = |D(e)|? is continuous on I and, if | D(e?)] is bounded
above on I, then by [|¢z(e")|? dus — 0, we see pg(I) = 0. Remarkably,
we will not need much more than ug(I) = 0 and continuity of w. We
note that in Section 5.2, we will show that, under global conditions,
one can prove convergence of ¢ and all its derivatives on 0D. We will
discuss convergence of derivatives under just local hypotheses below;
see Examples 1.6.3 and 1.6.4 revisited at the end of this section.

Continuity of w alone does not suffice, for if @7 (e?) — D(e)~1
uniformly for € in some interval I, then D(e®) is continuous and
nonvanishing there. We will see (Example 2.5.5 below) that there exist
gloablly continuous w’s where D is not continuous.

The conditions on w concern its modulus of continuity,

wr (6, w) = sup{|w(f) —w(®)| | 6,0 € I; |0 — 0| <} (2.5.1)

Notice wy(d,w) is monotone in ¢ and that uniform continuity on [ is
equivalent to wr(d,w) — 0 as 0 | 0. One condition we will look at is
(the upper limit 1 could be anything)

1
/ @ d§ < oo (2.5.2)
0

By the monotonicity, w; has a limit as 0 | 0 and (2.5.2) fails unless
this limit is zero. Thus, (2.5.2) implies that w is continuous on I. On
the other hand, if w is Holder continuous on I, that is, for some C' > 0,
a>0,0,0 €I imply

lw(0) — w()] < Clo— ¢/ (2.5.3)
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then w;(0) < C'9* and (2.5.2) holds, so (2.5.2) is not much more than
continuity. Here is the best result known for this problem of uniform
convergence under local conditions:

THEOREM 2.5.1 (Badkov’s Theorem [67]). Suppose du has the form
(1.1.5) where w obeys the Szegd condition (2.4.1). Let I be an open
interval in 0D so that

(i) (2.5.2) holds
(ii) (19rel§ w(f) >0 (2.5.4)
(i)  ps(I)=0 (2.5.5)

Then D is continuous and nonvanishing on I and ¢¥(e?) — D=1(e?)
uniformly on compact subsets of 1.

We will instead prove a very slightly weaker result:

THEOREM 2.5.2. The conclusion of Theorem 2.5.1 holds if (i) is
replaced by

(i) w is Holder continuous on I

that is, for some 0 < a <1 and C' >0, (2.5.3) holds.
Remark. As we will explain, our proof only needs

7 ! wI(éaw)
(i) /0 oo o < o0 (2.5.6)

Note that (2.5.2) holds if w(d) ~ C(log(671))™® with a > 1 while
(2.5.6) requires a > 2, but (i), (i), (i) are “basically” the same.

We need to begin with some preliminaries on moduli of continuity
and on conjugate harmonic functions.

PROPOSITION 2.5.3. (i) If f is bounded, then

wir(0, f) < 2[[flle (2.5.7)

so that finiteness of integrals like (2.5.2) or (2.5.6) is only a state-
ment about behavior near 6 = 0.

(i)
wl(25a f) < 20)](5, f) (258)
(iii) If F s C' onran f, then

wi (6, F o f) < [[F']|ocwi (8, f) (2.5.9)
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Proor. (i) follows from |f(0) — f(¢')| < 2|/ f||oo-

(ii) If 0" is the midpoint of the interval (0,6) and |0 — 0'| < 26,
then [0 — 6"| <0, |6 —0'| <, and

|£(0) = FO)] < |£(0) = F(O)+1£(0") — £(0)] (2.5.10)
(iii)

[Fo f(0) = Fo f(0)] <IIF'llelf(0) = £(&)] (2.5.11)

O

Next, we turn to conjugate functions, aka the Hilbert transform.
Given f € L'(0D, %) and real-valued, the analytic function

0 L db
Fi(z) :/Zwi—jf(e“’)% (2.5.12)

is a difference of Carathéodory functions (writing f = f, — f_), so by
(1.3.31), for Lebesgue a.e. 0,

11%111 Re Fy(re) = f(e) (2.5.13)
and, as noted in Subsection 5 of Section 1.3, for Lebesgue a.e. 0,
ligl Im Fy(re?) = C f(e) (2.5.14)

exists and defines a function C'f(e), the conjugate function of f.

The relevance to D is obvious: D(re?) has a.e. boundary values
D(e")—we have |D(e”)| = w()'/* and arg D(e") = 1h(e”) where h
is the conjugate function to log(w(#)).

PROPOSITION 2.5.4. Let I be an open interval in OD. Suppose
(2.5.2) holds for w replaced by f € L'(0D, %). Then C'f is continuous
on I, and for ¥ € I,

0+m
N = [ Ko=) -5 )
where
_ sin(f — )
K0=9)= oo (2.5.16)
sin(f — o)

= ] (2.5.17)

In (2.5.15), the integral is absolutely convergent for ¢ € I, uniformly
on compact subsets of I.
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Remark. By (2.5.17),
2

so this is a kind of circular Hilbert transform.

PROOF. For r < 1, let

—Im|— 2.5.1
QT’(9> 90) m {ew — 7“629} ( g 9)
2r sin(6 — )
_ 92.5.2
1472 —2rcos(f — ) (2:5.20)
Clearly, for any 6 # ¢,
lim Q. (0, ¢) = K(0, ¢) (2.5.21)

We claim that for any a € [-1,1] and r € [0, 1],
1+7°—2ra>1(2—2a) (2.5.22)

(2 — 2a is the value of 1+ r? — 2ra at r = 1) for if a is fixed, the
minimum of the left side of (2.5.22) is at r = a, so (2.5.22) is implied
by
l-a*=(1+a)(l—a)>1-a (2.5.23)
for |a| < 1.
Thus,
|Qr(0, )| < 2|K(0 — ¢ (2.5.24)
Finally, as regards Q,, we note that since (e’ + z)(e®” — 2)7! is
analytic in D and real at z = 0,

/Qr(ﬁ,go) Z—f =0 (2.5.25)

As a final preliminary,

KO- <™ 2.5.26
KO-9l <5 = (2.5.26)
This follows from (2.5.17) and
2
T € [O, g] = o <sinz <z (2.5.27)
T

By (2.5.26) and (2.5.2), we see that uniformly for 6 in compact
subsets, K, of I,

o [ KO-~ FENGE 0 5

0eK 2T
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since once ¢ is so small that all ¢ with |6 — ¢| < € have ¢ € I, we have
that the integral is bounded by

const/ Wdé (2.5.29)
0

Thus, the right side of (2.5.15) is continuous as a uniform limit of
continuous functions on each K.
By the definition of (2.5.12),

Im Fy(re® /Qr (2.5.30)
- [@0. 9l - f(e“’)] C N CEE

by (2.5.25). By (2.5.24) and the dominated convergence theorem, we
see for all § € I,

Im Fy(re) — RHS of (2.5.15)

By definition of C', we have (2.5.15). O
EXAMPLE 2.5.5. Let
= 0<b6=<3
fe’) =20 T <9<0 (2.5.32)

C* interpolation [0 > §
Then f is C! on each interval I = {¢ | |§] > €}, so Cf is given by
(2.5.15) for  # 0. In particular, by the monotone convergence theorem
and f1/2 dz 7 = 00,

zlog(z—1

191%1 (C)e?) = —0 (2.5.33)

even though f is globally continuous. If w(f) = exp(if(e)), then
|D(e?)] is continuous but D(e?) is discontinuous at § = 0 with infinite
oscillations there. Notice, of course, that if 0 € I, | %dé =o00. O

EXAMPLE 2.5.6. For z € D, let
F(z)=(z—1)log(1l — 2) (2.5.34)
which has continuous boundary values on JD.
Re F (") = (cos — 1) log(|2sin(£)|) — sinfarg(l — ) (2.5.35)
Im F(e”) = sinflog(|2sin(£)|) + (cos§ — 1) arg(1 — ) (2.5.36)

If
f(e?) =Re F(e") (Cf)(e?) = Im F(e”) (2.5.37)
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then
F(e?) = f(e)] < C16 — ¢l (2.5.38)
but
CF(e”) ‘;‘(Cf)(l)l o (25.30)
O

We are heading towards a proof of

THEOREM 2.5.7 (Plemelj-Privalov Theorem). If f is Hélder con-
tinuous for some 0 < a < 1 (i.e., f obeys (2.5.3)), then C'f is Holder
continuous of the same order a.

Remark. By Example 2.5.6, this fails for o = 1.

We will prove a more general result:

THEOREM 2.5.8. If

"/
/ T0.1) s < oo (2.5.40)
., 0

then for 0 <6 < 7,

6(4) w/4
w(5,CF) g@{/@ %dyww/o oy, 1)

5
OETS dy| (2.5.41)

where Q) is an f-dependent constant.

PROOF OF THEOREM 2.5.7 GIVEN THEOREM 2.5.8. First,

5

(6% 5@
LA — (2.5.42)

o Y Q

Second, letting y = x4,
w/4 o /46 e
/ VO gy = s / — L
o yly+9d) o z(@+1)
[o¢] za

< 5” ——d 2.5.43
- /0 x(x+1) * ( )

where the integral is finite since 0 < a < 1. Thus, by (2.5.41), if
w(9, f) < ¢16%, then

w(d,Cf) < (6% +0) (2.5.44)

proving C'f is Holder continuous of order a. O
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COROLLARY 2.5.9. If

T w(s, f)
/0 Flos(5-T) dd < oo (2.5.45)
then )
/4
/ w(‘s’écf) ds < oo (2.5.46)
0

Proor. If (2.5.45) holds, then

[ )= [ e ([F)

< 0 (2.5.47)

Similarly,

/W/4 dd/ y+5 /OW/4 OZJ w(y, f) (/m%) (2.5.48)

is finite by (2.5.45). Thus, (2.5.41) and (2.5.45) imply (2.5.46). O

LEMMA 2.5.10. For 0 < ¢ < 7, we have

6]
K(p—0)—K(p)] <Q 2.5.49
|K(p—0) — K(p)] T ( )
for some constant Q).
Proor. We have
|K'(n)| < Cln|™ (2.5.50)
for some C, so
'1d
Ke-0)- K< [ |SKG —t@\d
<
C""/ o — toP? —w|2
~<[=a il
lo— 0 el
6]
[ — 0] ]

PROOF OF THEOREM 2.5.8. It suffices to estimate (Cf)(e??) —
(Cf)(1) for 0 <0 < I. We can write

(CH)(e®) = (Cf)(1) = Cy + Cy + Cs + C4 (2.5.51)
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where C1, ...,y are defined as follows. Let
I(p,0) = K(0 — 9)[f(e?) = f(e”)] = K(=)[f(e") = f(1)] (2.5.52)
C, = /0 I(p,0) g—: (2.5.53)
—7+0
Cy, = /_ﬂ I(p,0) ;l—;f (2.5.54)
= [ o8+ KO- ) - fO) 52 (2559
—7+0
G = [ W6.0) = K(=p)70) = 1)) 55 (25.56)

In C3,Cy, we have added terms which cancel since f(e?) — f(1) is
p-independent and (—¢ = 0 — )

0
KO- ¢ d‘p /_K ¢)‘2Z:f

__/GK_

—7+6

since K(—v¢) = —K(1).

Thus,
0
Gl < [ 1) = SO (=) + 1) = Fe)] K0 = o)) 52
(2.5.57)
and
—7+0 ) d
Gl < [ I —f Ko 55+ [ 17E = K (=0 52
i (2.5.58)
Finally,
0 ) d
Gl [ ) = FOIK - o) - K- 5 (2559)
—7+60
d
Gl < [ 1) = K6 -9 - K=ol 55 (2560
(2.5.26),
2m
oy < 7/ 0 f) (2.5.61)
Clearly,
Co <4 s [K()] f]<l0 (2562

7r<gp<7r
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using the fact that K is bounded on dD away from e = 1.
Finally, by (2.5.49),

T 1 dy
Cs| +|C §29/w 9, f)—— 5
<2lo| [ wiy ) (25.63)
wl(y, — .0.
- o Iy 6) 2

Since |w(y, f)| < 2|/ f|ls, the integral is bounded by fow/4 plus an
f-dependent (but #-independent) constant. Thus, (2.5.51), (2.5.61),
(2.5.62), and (2.5.63) imply (2.5.41). O

We can now relate this to the Szeg6 function. It will be useful to
define A by (2.2.92), that is,

A(z) = D(2)™* (2.5.64)

PROPOSITION 2.5.11. Let w(f) obey a Szegd condition (2.4.1). Let
I C 0D be an open interval and suppose w | I is Holder continuous of
order a € (0,1), that is,

wr(d,w) < C&* (2.5.65)
and
élgg w(f) >0 (2.5.66)
Then

(i) D(z) and A(z) have continuous extension from D to DU I.
(i) A(e®) is Hélder continuous on each compact subinterval of I of
the same o.

(iii) For each compact interval J C I and each 0 € J,

% 0
A - AEY)
1 — eif—w)

= A, e?) (2.5.67)
lies in all LP(J, %) with 1 < p < (1 — )7
(iv) Let

e o D)~ AE)
7 0\
Ae(e S0, (& ) - 1 — (1 + E)ei(9_¢)

(2.5.68)
Then, for J,0 as in (iii),
Ae( . ’eie) N A( - ew) (2569)

in LP(J,22), 1 < p < (1 —a)7'. The convergence is uniform for
belJ.
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PROOF. (1),(11) By (2.5.66) on each compact J C I, u — log(u) is
C* onran(w [ J), so by (2.5.9), logw | J is Holder continuous. Write

ip
/6. T2 g w(p) 22 (2.5.70)

ew — z 2T

as an integral over I and over OD\[.

The integral over JD\I is analytic across I and, by the Plemelj-
Privalov theorem, the integral over I is Holder continuous on any com-
pact J C I. Since exp is C°, we see D and A are continuous up to [
and Holder continuous on I.

(iii) Forp<(1—a)7 ', 7 ( %“ )P df < oo, proving the LP result.

iv) This is an easy consequence of (iii) and the dominated conver-
Yy
gence theorem. U

That completes the preliminaries we need concerning the conjugate
harmonic function. We turn now to the issue of convergence of * (¢%)
to D(e?)~1 uniformly on intervals I. We begin with combining (1.5.45)
with the CD kernel.

THEOREM 2.5.12. Let w obey a Szeqd condition and let I C 0D be
an open interval with ps(I) =0 and w [ I Hélder continuous of some
order a € (0,1). Then

(i) For z € D,
B gn2) = ) = [ KalC2)(Bul€) = A Q) (2571)
(ii) Fore? €1,
% 0% (€9) — A(e?) = ang’ (€) + bugn(e®) (2.5.72)
where
= [ 22D S (25.73)
b= [ 2O coc G @574

PROOF. (i) (1.5.45) can be rewritten
Kn@h(z Z ©;(0 (2.5.75)

By definition of ks, K, — ke and, by (2.4.34), as functions in
L*(0D, dp), ¢i(z) — Aac(z). Since ¢; are an orthonormal set in L?
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(2.5.75) implies

Koo Dac(C) = _Z ;(0) 9;(C) (2.5.76)

as functions in L?(9D, du). Since K, is the integral kernel of projection
onto the span of {¢;}7_, (2.5.76) and (2.5.75) imply

/ oo e () (¢, 2) dp(C) = inig(2) (25.77)
This plus

/Kn(g,z) du(¢) =1 (2.5.78)

implies (2.5.71).
(ii) This follows when €% is replaced by z € D from (2.5.71) and

(2.2.42). Since (2.5.26) implies L' convergence as z = (1 — ¢)e? — %

and ©,, p: € L, we get the result for z = € by taking limits. U
The proof, equivalently (2.5.69), shows

a, = lé%l an(€) b, = 161%1 bn(€) (2.5.79)

where a,, (), b,(¢) are given by (2.5.73)/(2.5.74) with (1—¢%() replaced

by (1 —(1+¢)e??¢). We need to show that a, — 0, b, — 0. As a start,
we claim

LEMMA 2.5.13. For any ¢ > 0,

lim a,(e) =0 (2.5.80)
lim b,(¢) =0 (2.5.81)

Moreover, the limits are uniform over e € K, any compact subinterval

of I.

Remark. a,,b, are, of course, #-dependent also, but we suppress
that in the notation.

ProOF. For e > 0,
A, () — A(e?)

f&a(@p) == 1— (1 T 8)6“9_@)

lies in L*(du) (by w(p) = |D(e*?)|? and (2.4.3)) and, as an L? function
of ¢, is continuous in 6 for 6 € I. Thus, by Bessel’s inequality,

bn(€) = (Pn, foe) — 0 (2.5.83)

uniformly over compact sets of 6.

e!0=%) (2.5.82)
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For z € D, let

2(Az) — Ae”))
z—(1+¢e)e?

Then gy lies in H*(D) since A(2)D(z) = 1 and D € H? and gy, is

continuous in 6 for § € I. Let

D(z) (2.5.84)

9o.:(2) =

Aac(C) — A(ew)

he. = —— 2.5.85
ST T (14 e)ei?C ( )
which is L*(9D, du), and so L?(9D, dyu) uniformly in 6 € 1.
By
i iy 2 4 i
dp(e”) = |D(e¥)]" 5 - + dps(e”) (2.5.86)
we have that
an(e) = (Dwy; 90.:(2)) L2(D,dp/2m) + (P> Po.e) L2(D dps) (2.5.87)

By (2.4.11),
(e hoe)| < CllenllLa (g — 0

uniformly in 6§ € I. By (2.4.8), D¢} — 1 in L2(]D> 52), so uniformly in
0 € K compact in I,

d
n _>/g€€ w—(p—ge,g(zz(])zo O

PROPOSITION 2.5.14. (i) If|a,(e) — an|+|b (e)=by| = 0ase |0
uniformly in n, then uniformly over e € K compact in I,

lim a, =0 (2.5.88)
lim b, =0 (2.5.89)

(ii) If (2.5.88)/(2.5.89) hold, then uniformly over ¢® € K compact in
1,
o () — D(e)7! (2.5.90)
PROOF. (i) A standard approximation argument.
(ii) Since K, > 1, we have Koo/kn < Koo, and so (2.5.72) implies

[n(€)] < (Janl + [bal)rocl0n ()] + [A ()] (2.5.91)
If n is so large that (|a,| + [by|)kae < 3, this implies
[ ()] < 2[A(e”)] (2.5.92)
so, by (2.5.72) again,
Fon i i
— (€)= Ae”)] < 2(|an| + [ba])] A ()] (2.5.93)

Koo
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goes to zero uniformly in € in compacts. Since k,, /Ko — 1, this proves

(2.5.90). O

THEOREM 2.5.15. (i) If w obeys the hypotheses of Theorem 2.5.2
with % < «a < 1, then (2.5.90) holds uniformly over compacts

Kcl.
(ii) If w obeys the hypotheses of Theorem 2.5.2 and for all compact
K Cl,
sup |k ()] < oo (2.5.94)
ef?eKmn

then (2.5.90) holds uniformly over compacts K C I.

Remark. Of course, this is weaker than Theorem 2.5.2. The point
is that we will use it to prove Theorem 2.5.2.

PRrROOF. Fix K C J™ C J C I with J compact and write a,,, a,(¢),
etc. as

an = a’ + a2®\’ (2.5.95)

where a? is the integral over S. Since A,. € L?(dD,du), and for
e? € K, e¥ € dD\J, (1 — (1 +¢)e®%)~1 is uniformly bounded as
e | 0, we trivially have

a%®M (&) — PPV (2.5.96)

and similarly for b, uniformly for ¥ € K.
By ps(I) = 0, sup; w(f) < oo, and Proposition 2.5.11, if 1 < p <
(1—-a)™! and

n 2

A\
sup (/ lon(e)]? —) < 00 (2.5.97)
eiveJ

(with g7 =1 — p™1), then

al(e) — al (2.5.98)

n

uniformly for ¢ € K. If a > %, we can take p = 2 and ¢ = 2 so

(2.5.97) is immediate from infye; w (@) > 0. This proves (i). If (2.5.98)
holds, we can take p = 1, ¢ = oo and (ii) is proven. O

Thus, we are reduced to proving (2.5.94) when the hypotheses of
Theorem 2.5.2 hold. We will do this by a two-step process due to
Badkov. The key will be a useful comparison formula for a pair of
measures, p and v:



2.5. POINTWISE CONVERGENCE ON THE UNIT CIRCLE 207

PROPOSITION 2.5.16. Let i, v be any pair of measures on 0D. Then
for any c,

n(z3dp) = (on( -3 dv), n( -3 A1) 20D av) Pn(2; dV)

+ / Kn1(€”, 2 dv)pn (e dp)[dv(e”’) — cdp(e”)]
oD
(2.5.99)

PROOF. ¢, (2;du) is a linear combination of {¢;(z; dv)}j_,. Thus,

n

pn(zidp) = Y (pi(-5dv), on( -5 dp))p;(z; dv) (2.5.100)

=0
By definition of K, _1, ¢, is thus the sum of the first term in (2.5.99)
and the dv integral. But since K, (e, z) is a polynomial of degree
n—1in ¢? and @, (e*; du) is du orthogonal to any such polynomial,
the second term in the integral in (2.5.99) is zero. O

We first prove (2.5.94) for weights which are nice near the edges of
I.

PROPOSITION 2.5.17. Let I = (a,b) be an open interval in OD with
us(I) = 0. Suppose that for some ¢ > 0, w is Hélder continuous of
order ag > % on Jy = (a,a+¢) and Jo = (b —€,b) and w is Holder
continuous of some order cc; > 0 on all of I. Then

sup  |on(e?)| < 0o (2.5.101)

n,ef€lat§,b—5]

PROOF. Suppose not. Let K = [a+37f,b— %], Jy = la+%, a+ ?jf],
Jy=[b— % b — <]. By Theorem 2.5.15(i), |¢,| is uniformly bounded
on J; and J,. Let u, be a point in [a + 5,0 — 5] where |p,| takes its
maximum value, p,, over that interval. Since |p,(u,)| is unbounded
by hypothesis, but |@,| is uniformly bounded on J; U J,, we see that
for large n, e € K.

Let dv be a measure that agrees with du on (0D\I) U J; U Js, has
vs(I) = 0, and so that on I,

dv(0) = q(0) db (2.5.102)

with ¢ Holder continuous of order o and infges ¢(#) > 0. We will use
(2.5.99) with ¢ n-dependent,

(2.5.103)
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Since dpu = dv on OD\K and p,v are absolutely continuous with
weights bounded away from zero and continuous on K, for some con-
stant cg,

dv < codp (2.5.104)

Thus,
Ken (-5 dp), onl 5 dv)) 2| < llenl-; dp)ll L2y
< APon( 1 d) |l o = c/* (2.5.105)
Since dv has a Holder continuous weight of order ay,

sup  |pa(z;dr)] < oo (2.5.106)

z€J1UJ2UK,n

by using Theorem 2.5.15(i) again. It follows that for a constant, ¢,
and all n,

|First term in (2.5.99) for z = "] < ¢ (2.5.107)
Next we note, by the CD formula for K, 1,

[Koa(e7, €5 dv)| < 2|ipn(e; dv)| [pn(e™; dv)| |1 = e 0|
(2.5.108)
< calpn(e”; dv)| fun — 6] (2.5.109)

by (2.5.106). Here the ambiguity in 6 is picked so |u, — 0| < 7.

Let n < £/2 to be picked shortly and break the integral in (2.5.99)
into the region R,(0) = {0 | |0 — u,| < n} and its complement,
OD\R,,(n). Since R,(n) C Jy U Jy U K (since n < £/2), by (2.5.106),

/ c. ' < Cgpn/
Rn(n) Rn(n)

Since w(u,) > inf; w(#) and ¢, w are Hélder continuous of order a; > 0,
uniformly in n, we have

LHS of (2.5.110) < ¢4p,n™ (2.5.111)

q(0) — i(&")) w(O)|10 — w1 o (2.5.110)

So we fix 1 once and for all so that
LHS of (2.5.110) <  p,, (2.5.112)
On OD\R,,(n), |u, — 0|7 < n~!, so by (2.5.109),

/(‘)D\Rn(m o
< es (2.5.113)

by repeating the argument that led to (2.5.105).

< con H|n (-5 dV)], [on( -5 di)]) r2(av+ap
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Thus,
Pn < €14 C5+ 5 pp (2.5.114)
proving that p, is bounded. This is a contradiction, so the theorem is
proven. O

PROOF OF THEOREM 2.5.2. Given a compact K C I, pick ¢ > 0
so that

min(|0 — | | € € K, e ¢ I) > 2¢ (2.5.115)
Let I = (a,b) and let dv be a measure so that
p=v on OJID\[(a,a+e)U(b—-e,b) (2.5.116)
and so that on I, (2.5.104) holds, infger ¢(f) > 0, and so ¢ is Holder
continuous of order g > 1 on J = [a,a + €] U [b — ¢,b]. Thus, by
Proposition 2.5.17,
sup |¢n(e”; dv)| = ¢; < oo (2.5.117)
0cK,n

Now use (2.5.99) with z = ¢ € K and ¢ = 1. As in the last proof,
(2.5.104) holds, so (2.5.107) holds. In the second term in (2.5.99),
dv — dp has support on J, so |# — ¢| > ¢ (by (2.5.115)). Thus, by
(2.5.117) and the CD formula,

|K,_1(e", e%: dv)| < coe™ (e dv)| (2.5.118)
It follows that for e € K,

[oule:dp0)| < ot cae™lpu( 1), Lol i) rouray (2:5.119)
is bounded as in the last proof. O

If one goes through our proof, one sees that all we really need is
that (2.5.2) holds and that

1

D

/w*’((;’ ) d5 < oo (2.5.120)
0

By Corollary 2.5.9, this only requires (2.5.6). We have thus noted that
our proof only requires (2.5.6).

As we mentioned, we will prove in Section 5.2 that, under the global
hypotheses 15(0D) = 0, w is C*, and infgp w(#) > 0, then all deriva-
tives of ¢ converge to the derivatives of D_!. One might wonder if
there is a local version of this, that is, if w is C* on I, us(I) = 0,
(2.5.4) holds, and a Szeg6 condition holds, then on compact subsets of
I, all derivatives of ¢, converge. The answer is no!
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EXAMPLE 1.6.3, REVISITED. One can take I to be any open subin-
terval of OD\{1}. By (1.6.6),

() =1—ap(z+ 22+ +2")

1—2"
=1- an_1z< T ) (2.5.121)
SO
nz" 1—2" 1—2"
oY =Qp_1—— el ———— e — 2.5.122
(@) (2) =« 11—z+a 1(1_2)2—1—04 "1z ( )

The second term goes to 0 uniformly on compact subsets of D\{1}
since o, = O(+) by (1.6.7). But since na,—y — 7, the first term does
not have a limit but, for any z # 1, oscillates. Thus, () (2) does
not converge at any point in JD! Even the simplest singular spectrum
destroys convergence of derivatives everywhere in D! U

EXAMPLE 1.6.4, REVISITED. Look at the measure (1 — cos6)%
(i.e., (1.6.8) with a = 1). w(#) is C*, but vanishes at a single point.
By (1.6.26) and straightforward algebra,

1 1 z(1— 2"
OF (2) = -
a(2) l1—2z n+1 (1-2)2

As required by Theorem 2.5.2 on JD away from z = 1, ®f(z) —
D(0)D(z)™' = (1 — 2)~!. The derivative of the first term in (2.5.123)

converges to D(O)%D(z)_l, but the derivative of the second is —(fi; +

O(%) which, as in the last example, does not have a limit but oscillates.
Even the simplest isolated zero of w destroys convergence of derivatives
at all points of 0! O

(2.5.123)

Remarks and Historical Notes. The results of this section—
and, in particular, Badkov’s theorem—represent the combination of
two historical trends. One is control of limits of ¢%(e?) on D un-
der global assumptions. Such results appear already in Szeg6’s book
[1046] under strong regularity conditions on w even allowing a finite
number of zeros of special form. Grenander-Szegé [491] only required
infgep,20) w(#) > 0 and (a Dini condition)

wan (6, w) < Cllog(67 1)~ (2.5.124)

for some A > 1 and all 6 € (0, 3). Geronimus-Golinski [418] then noted
that this earlier proof only requires (2.5.2) for I = dD.

The second trend involved only local convergence and only local
hypotheses except for a global Szegé condition. In his book ([414,
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Thm. 4.9]), Geronimus proved an analog of Theorem 2.5.1 but with (i)
replaced by the stronger

wi (8, w) < C6*(log(67 1)) (2.5.125)

for A > 1. After various other results in work by Freud [370],
Geronimus-Golinskii [418], Golinskii [453, 454, 455, 456], Badkov
[69] proved Theorem 2.5.1.

Our approach to the slightly weaker Theorem 2.5.2 is a combination
of ideas of Freud (who found and exploited Theorem 2.5.12 to get
Theorem 2.5.15(i)) and a part of Badkov’s argument (who found and
exploited Proposition 2.5.16 in the precise two-step process we use to
prove (2.5.116)). I found these arguments in discussions with Eric
Ryckman. In this joint work, we also found the two counter-examples
for derivative convergence that appear at the end of this section.

The Plemelj-Privalov theorem goes back to Plemelj [888] and Pri-
valov [901].

Uniform (in n) boundedness of o, (e, dp) on I implies uniform con-
vergence of ¢, Fourier expansions for functions whose Fourier coeffi-
cients obey » |a,| < oo. For discussion of applications to convergence
of ¢,, Fourier expansions, see Badkov [67, 68].

2.6. Szegld’s Theorem Using the Poisson Kernel

In this section, we will give a third proof of Szeg6’s theorem that is
more tuned to actually solving the Szegé minimum problem directly.
It basically has three steps:

(1) Prove Ao(z,dp) = Aoz, wil), that is, prove directly that the
singular part of du does not matter.

(2) Prove that if dus = 0, then the minimum problem can be replaced
by one with a general class of analytic functions.

(3) Use a function related to the Szeg6 function as the trial function
in the expanded variational principle.

As a bonus, this proof allows consideration of LP norms, so we define
for 0 < p < o0,

A(C,dpi p) = m( [t dn \ deg 7 < n, 7(¢) = 1} (2.6.1)
and
Aoo (G dps; p) = inf Ay (G, dps; p) (2.6.2)

Since A\,11 < A, the inf, is also lim, ... We eventually show that
Ao 18 independent of p. Since the set of 7’s with deg(w) < n and



