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Proof. Let K be a barrel in X. Then, since K is absorbing, X = U nK.
Therefore, by the Baire category theorem, some nK must have nonempty
interior. But then K = n~!(nK) has nonempty interior. O

Since any locally convex space has a neighborhood base at 0 of barrels,
spaces with every barrel a neighborhood of 0 have lots of open sets, and so
their topology is especially strong. We will make this precise in Section 8.5;
see Theorem 8.5.24.

Definition. A Montel space is a barrelled space with the property that any
closed bounded set is compact.

By Theorem 8.3.10, a Banach space with the norm topology is Montel if
and only if it is finite-dimensional. The dual X* of a Banach space has every
closed bounded set compact in the o(X*, X)-topology, but it is not barrelled
in this topology, and so not Montel. $(R"), D(R¥), and H(£2) are all Montel
spaces. For the first two, use equicontinuity ideas, and for the last, the Vitali
convergence theorem.

8.4 Separation Theorems

What makes locally convex spaces special is not only that they have lots
of continuous linear functionals and so closed hyperplanes, but enough to
slip between disjoint convex sets. The hard work has already been done in
Theorem 8.1.38 (the Hahn-Banach theorem). By a real linear functional, we
mean a linear functional if the space is over R and a real-valued function
linear on X as a real vector space if the space is over C.

Remark. If £ is a real linear functional on a complex vector space, L(z) =
¢(z) — il(ix) is complex linear functional since L(ix) = {((ix) — il(—x) =
i[l(x) — il(ixz)]. Conversely, if L is complex linear, {(z) = Re L(z) is real
linear. So we could talk about complex linear functionals and place Re] ] in
front of the functional to handle the complex case.

Definition. Two sets A and B in X, a topological vector space, are said
to be separated if and only if there exists a nonzero continuous real linear
functional £ on X and a € R so that

AcC{z|l(x) <a} B C {z|{(z) > a} (8.4.1)

If the inequalities in (8.4.1) can be taken strict (i.e., = dropped), we say that
A and B are strictly separated.
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Theorem 8.4.1. Let A and B be disjoint convex subsets of a locally convex
space X with A open. Then A and B can be separated.

Proof. A—B = U,cp(A—x)isopen. Pick —zg € A—B and let C = zo+A—B
so0 € C, Cisopen, convex zg ¢ C (sincexg € C = 0€ A—B = ANB # ().
Let pc be the gauge of C. Then, since zq ¢ C, pc(zo) > 1. Let W = {Azg |
A€R}and £: W — R by £(Azg) = Apc(z). Then A > 0 implies that

U(Azo) = Apc (o) = pc(Azo)

while A\ < 0 implies
U(Azg) = Ape() < 0 < po(Axp)

so (8.1.78) holds. Thus, by the Hahn-Banach theorem, there is L : X — R
so L(zg) = pc(xg) > 1 and L(z) < pe(z) so for x € C, L(x) < 1.

By the remark after the proof of Proposition 8.3.13, p¢ is a continuous
convex function. Thus po(z) = max(pc(x), po(—)) is also continuous. Since

|L(z)| = max(L(z), L(—z)) obeys
|L(z)| < po(x)

we see that L is a continuous linear functional.
It follows if a € A, b € B, then

L(zg+ a—0b) < L(x)

or

L(a) < L(b)
Since this holds for all pairs,

sup L(a) = a < inf L(b)

acA beB
and L separates A and B. O

Lemma 8.4.2. Let A be an open convex set and L : X — R be a nonzero
linear function. Then L[A] is open.

Proof. Pick x¢ with L(zo) # 0. For any y € A, {t |y + tzo € A} is an open
interval about 0, so L[A] contains an open interval about L(y). O
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Theorem 8.4.3. Let A and B be disjoint open convex subsets of a locally
conver space X. Then A and B can be strictly separated.

Proof. By Theorem 8.4.1, there is a nonzero linear functional ¢ and a € R so
([A] C (—o00,a] and ¢[B] C [a,00). Since A and B are open, ([A] C (—o0, @)
and ¢[B] C (o, 00) by the lemma. O

Lemma 8.4.4. Let A and B be disjoint, closed convex sets with B compact.
Then there exist disjoint, open convex sets U and V with A C U and B C V.

Proof. Let C = A— B. If x, = ao — b, is a net in C so =, — z, then by
passing to a subnet, we can suppose b, — b in B since B is compact. Thus
oy = Lo + by — x+b=a € Asince A is closed. Thus x =a — b € C, that
is, C'is closed. Since 0 ¢ C, we can find W open, balanced, and convex so
0OeWand WNC=0. Let U=A+3W and V =B+ {W. Then UNYV is
empty and U,V are open and convex. O

Theorem 8.4.5. Let A and B be disjoint, closed convex subsets of a locally
conver space X with B compact. Then A and B can be strictly separated.

Proof. This follows immediately from Theorem 8.4.3 and Lemma 8.4.4. [

Remark. In R?, let A= {(z,y) | z <0} and B = {(z,y) | * > y~'} (see
Figure TK). Then A and B are disjoint, closed convex sets. They cannot be
strictly separated. This shows it is essential that B be compact.

Corollary 8.4.6. Let X be a locally convex vector space and x,y € X with
x #y. Then there exists { € X with {(x) # ((y).

Proof. Take A = {x} and B = {y}. O

Corollary 8.4.7. Let X be a locally convex vector space. Let W C X be a
closed subspace and © ¢ W. Then there exists { € X* so £ | W = 0 and

l(x) #0.

Proof. Let A=W and B = {z}. Let ¢ separate A and B. Since /[W] is a
subspace of R and it is semibounded, it must be 0, that is, /[W] = {0}. ¢(z)
is then nonzero. O

Here is the section’s final application of the separation theorem.
Definition. A closed half-space is a set of the form

{z | l(z) > a} (8.4.2)

x-ref?
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for some continuous, nonzero linear functions and some a € R.

Remark. One might also want to take sets of the form {z | {(z) < a},
but since we can take ¢ — —¢ and a — —q, that is unnecessary!

Theorem 8.4.8. A set A is a closed convex set if and only if it is an inter-
section of closed half-spaces. If 0 € A and A is a closed convex set, it is the
intersection of a family of half-spaces of the form (8.4.2) with o = —1.

Proof. An arbitrary intersection of closed sets is closed and an arbitrary
intersection of convex sets is convex. Therefore, any intersection of closed
half-spaces is a closed convex set.

Conversely, if A is a closed convex set and x ¢ A, by Theorem 8.4.5, we
can find ¢, and o, so ¢,(z) < a, and

AcC{y|l(y) > a,} (8.4.3)
We claim
A= ({y | la(y) > az} (8.4.4)
z¢ A

By (843)a A C mm¢A{y | em(y) > az} - mngA{y | em(y) > aa:} and by
construction, for any ¢ ¢ A, z ¢ {y | Lo(y) > az} 50 & & ey | Luly) >

g}
Finally, if 0 € A, the a,’s above are negative. Replace £, by |a,| 14, = l,.
We have
A=yl by = -1} (8.4.5)

z€A

O

Corollary 8.4.9. Let X be a locally convex space. Let A C X be a closed
convex set. Then A is closed in the o(X, X*)-topology. If it is compact in
the original topology, it is also compact in the o(X, X*)-topology.

Proof. Each closed half-space is weakly closed and so A is weakly closed by
Theorem 8.4.8.

If T is the topology on X, the identity map x : X9 — X, is continuous
and a bijection on A. Therefore, i[A] is o-compact. O
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8.8 Extreme Points and the Krein-Milman
Theorem

The next four sections will focus on an important geometric aspect of compact
sets, namely, the role of extreme points where:
Definition. An extreme point of a convex set, A, is a point x € A, with the
property that if x = 0y + (1 — )z with y,z € A and 6 € [0,1], then y = «
and/or z = z. £(A) will denote the set of extreme points of A.

In other words, an extreme point is a point that is not an interior point
of any line segment lying entirely in A.

Example 8.8.1. The v-simplex, A, is given by (8.5.3) as the convex hull in
R+ of {6y,...,8,41}, the coordinate vectors. It is easy to see its extreme
points are precisely the v+ 1 points {J; };’;“11 The hypercube Cy = {z € R" |
|z;| < 1} has the 2¥ points (£1,£1,...,41) as extreme points. The ball
B = {z ¢ R” | |z| < 1} has the entire sphere as extreme points, showing
E(A) can be infinite.

An interesting example (see Figure TK) is the set A C R3, which is the
convex hull of

A =ch({(z,y,0) | 2> +y* = 1} U {(1,0,£1)}) (8.8.1)
Its extreme points are
€(A) = {(z,9,0) [2* +y* =1, x # 1} U{(1,0,£1)}

(1,0,0) = 1(1,0,1) + 1(1,0,—1) is not an extreme point. This example
shows that even in the finite-dimensional case, the extreme points may not
be closed. In the infinite-dimensional case, we will even see that the set of
extreme points can be dense! O

If a point, x, in A is not extreme, it is an interior point of some segment
[y,2] ={0y+(1—-6)z]0<60 <1} (8.8.2)

with y # z. If y or z is not an extreme point, we can write them as extreme
points and continue. (If A is compact and in R”, and if one extends the
line segment to be maximal, one can prove this process will stop in finitely
many steps. Indeed, that in essence is the method of proof we will use in

x-ref?
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Theorem 8.8.11). If one thinks about writing ¥, z as convex combinations,
one “expects” that any point in A is a convex linear combination of extreme
points of A — and we will prove this precisely when A is compact and
finite-dimensional. Indeed, if A C R”, we will prove that at most v + 1
extreme points are needed. This fails in infinite dimension, but we will find a
replacement, the Krein-Milman theorem, which says that any point is a limit
of convex combinations of extreme points. These are the two main results of
this section.
Extreme points are a special case of a more general notion:

Definition. A face of a convex set is a nonempty subset, F', of A with the
property that if z,y € A, 0 € (0,1), and z+ (1—0)y € F, then z,y € A. A
face, F', that is strictly smaller than A is called a proper face.

Thus a face is a subset so that any line segment [zz] C A, with interior
points in F must lie in F'. Extreme points are precisely one-point faces of A.
(Note: See the remark before Proposition 8.8.6 for a later restriction of this
definition.)

Example 8.8.2 (Example 8.8.1 continued). A, has lots of faces; explic-
itly, it has 2v+1 — 2 faces, namely, v+ 1 extreme points, (”;1) facial lines, ...,
(”jl) faces of dimension (v —1). The hypercube C, has 3” — 1 faces, namely,
2 extreme points, v2"~! facial lines, (;) 2v~2 facial planes, ..., (VZI)Z v—1-
dimensional faces. The only faces on the ball are its extreme points. The
faces of the set A of (8.8.1) are its extreme points, the line {(1,0,y) | |y| < 1},
and the lines {0(z¢, y0,0)+(1—6)(1,0,1)} and {6(zo, yo,0)+(1—0)(1,0,—1)}
where ¢, yo are fixed with 22 + y2 = 1 and zg # 1. O

A canonical way proper faces are constructed is via linear functionals.

Theorem 8.8.3. Let A be a convex subset of a real vector space. Let { :
A — R be a linear functional with

(i)

sup /(z) = a < 00 (8.8.3)
z€A
(ii) ¢ | A is not constant.
Then
{yllly) =a;=F (8.8.4)

if nonempty, is a proper face of A.

Remark. If A is compact and ¢ is continuous, of course, F' is nonempty.
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Proof. Since { is linear, F' is convex. Moreover, if y,z € A and 6 € (0,1)
and 0y + (1 — 6)z € F, then 0/(y) + (1 —0)l(z) = ac and l(y) < a, {(2) < a
implies ¢(y) = ¢(z) = a, that is, y,z € F. By (ii), F is a proper subset of
A. O

The hyperplane {y | {(y) = a} with a given by (8.8.3) is called a tangent
hyperplane or support hyperplane. The set (8.8.4) is called an exposed set. If
F' is a single point, we call the point an exposed point.

Example 8.8.4. We have just seen that every exposed set is a face so,
in particular, every exposed point is an extreme point. I'll bet if you think
through a few simple examples like a disk or triangle in the plane or a convex
polyhedron in R?, you’'ll conjecture the converse is true. But it is not! Here
is a counterexample in R? (see Figure TK):

A={(z,y) | -1<2<1, —2<y<0}U{(z,y) | 2* +y* <1}

The boundary of A above y = —2 is a C! curve, so there is a unique sup-
porting hyperplane through each such boundary point. The supporting hy-
perplane through the extreme point (1,0) is 2 = 1 so (1,0) is not an exposed
point, but it is an extreme point. U

Proposition 8.8.5. Any proper face F' of A lies in the topological boundary
of A. Conversely, if A C X, a locally convex space (and, in particular, in
R¥), and A™ is nonempty, any point x € AN A lies in a proper face.

Proof. Let x € F and pick y € A\F. The set of § € R so 2(6) =z + (1 —
f)y € A includes [0, 1], but it cannot include any 6 > 1 for if it did, § = 1
(i.e., z) would be an interior point of a line in A with at least one end point
in A\F. Thus z = lim, 9 2(1 4+ n"!) is a limit point of points not in A, that
is, 1 € AN X\A = 0A.

For the converse, let z € ANJA and let B = A'™. Since B is open, The-
orem 8.4.1 implies there exists a continuous L # 0 with a = sup,cp L(y) <
L(z). Since z € A, L(z) = a. Since B is open, L[B] is an open set
(Lemma 8.4.2), so the supporting hyperplane H = {y | L(y) = a} is disjoint
from B and so H N A is a proper face. 0

To have lots of extreme points, we will need lots of boundary points,
so it is natural to restrict ourselves to closed convex sets. The convex set
RY = {z € R | z; > 0 all i} has a single extreme point, so we will also restrict

x-ref?
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to bounded sets. Indeed, except for some examples, we will restrict ourselves
to compact convex sets in the infinite-dimensional case. Convex cones are
interesting but can normally be treated as suspensions of compact convex
sets; see the discussion in the Notes. So we will suppose A is a compact
convex subset of a locally convex space. As noted in Corollary 8.4.9, A is
weakly compact, so we will suppose henceforth that we are dealing with the
weak topology.

Remark. Henceforth, we will also restrict the term “face” to indicate a
closed set.

Proposition 8.8.6. Let F' C A with A a compact convex set and F a face
of A. Let B C F. Then B is a face of F' if and only if it is a face of A. In
particular, x € F is in E(F) if and only if it is also in E(A), that is,

E(F) = FNE(A)

Proof. 1f B is a face of A, x € B, and z is an interior point of [y, z] C F, it
is an interior point of [y, z] C A, so y,z € B and thus B is a face of F.
Conversely, if B is a face of F, x € B, and x € [y,z] C A, since z € F,
the fact that F is a face implies y,z € F so [y,z] C F. Thus since B is a
face of F', y,z € B and so B is a face of A. O

We turn next to a detailed study of the finite-dimensional case. We begin
with some notions that involve finite dimension but which are useful in the
infinite-dimensional case also. Since we will be discussing affine subspaces,
affice spaces, affine independence, etc., we will temporarily use vector spaces,
vector spaces, etc. to denote the usual notions in a vector space.

Let X be a vector space. An affine subspace is a set of the form a + W
where a € X and W is a vector subspace. The affine span of a subset A C X
is the smallest affine subspace containing A. If A = {ey,...,e,}, then its
affine span is just

S(eq,y...,en) = {0161 + -+ 0he, | 0 €RY, Zé’i = 1} (8.8.5)

=1

as is easy to see since Y ., 6; = 1 implies that

0161 + -+ enen =e; + Zej(ej - 61) (886)

j=2



8.8. EXTREME POINTS AND THE KREIN-MILMAN THEOREM 469

so the right-hand side of (8.8.5) is e; plus the vector span of {e; — e1}}_,.
The convex hull of {ey,...,e,} is, of course,

chiey, ..., en) = {9161 +o A Ouen [0ER,D 6,=1,6; > 0} (8.8.7)
i=1
We call {ey,...,e,} affinely independent if and only if Y ", 6,e; = 0 and
> iy 0i = 0 implies § = 0. By (8.8.6) this is true if and only if {e; — e1}}_,
are vector independent.

Proposition 8.8.7. ch(ey,...,e,) always has a nonempty interior as a sub-
set of S(e1,...,ey,).

Proof. By successively throwing out dependent vectors from P = {e;—e1 }7_,,
find a maximal independent subset of P. By relabelling, suppose it is P’ =

{e; —er}r_; so {e1,...,ex} are affinely independent, and each e, — e; with
¢ > k is a linear combination of P’. Then S(ey,...,e,) = S(e, ... ex).

Since ch(ey,...,ex) C ch(ey,...,e,), it suffices to prove the result when
ei,. .., e, are affinely independent. In that case, ¢ : A,_; — ch(ey, ..., ex) is
a bijection and continuous, so a homeomorphism. Since A, _; has a nonempty
interior ({61,...,6,) | > i 0; =1, 0<6;}), so does ch(ey,...,ex). O

Remark. The 0’s are called barycentric coordinates for S(eq, ..., e;) and
Ch(el, ce ,6().

Theorem 8.8.8. Let A C RY be a convex set. Then there is a unique affine
subspace W of R” so that A C W, and as a subset of W, A has a nonempty
interior.

Proof. Pick e; € A and consider B = A —e; 2 0. Let W be the subspace
generated by B, that is, let fi,..., fr_1 be a maximal linear independent
subset of B, and let X be the vector span of {f; f;} Let e; = fj_1 + e; for
j=2,...,050 e+ X = W is the affine span of {e;}{_,. By construction
BC XsoACW = S(ey,...,e). By Proposition 8.8.7, ch(ey,...,e,) C A
is open in S, so A has no nonempty interior as a subset of S.

W is unique because any affine subspace containing A must contain
e1,...,egand so S(ey,...,e). If its dimension were larger than W, W would
have empty interior in it and so would A. Thus the condition that A have
nonempty interior uniquely determines W. O
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Definition. The dimension of a convex set A C R” is the dimension of the
unique affine subspace given by Theorem 8.8.8. The interior of A as a subset

of W is written A™" and called the intrinsic interior of A. 0°A, the intrinsic
boundary of A = A\ Alint,

Proposition 8.8.9. Let A be a compact convex subset of R”. Then
(i) 0'A is the union of the proper faces of A.
(ii) If x € 0'A and y is any point in A" {0 | (1 —0)z+ 60y € A} =[0,q]
for some a > 1.
(iii) Ifz € A" andy € A, {0 ] (1 —0)z+0y € A} N (—00,0) # 0.

Remark. This gives us an intrinsic definition of A", 2 € A" if and only
if for any y € A, the line [y, z] continued past x lies in A for at least a while.
Similarly, & A is determined by the condition that any line that intersects A
in more than one point enters and leaves A at points in 8’4 and any = € §'A
lies on such a line as an extreme point.

Proof. (i) This follows from Proposition 8.8.5 if we view A as a subset of W.

(i) We know x € 0°A lies in some face F. Since A™ viewed as a
subset of W, is disjoint from the boundary, y ¢ F. As in the proof of
Proposition 8.8.5, {0 | (1 — )z + 0y € A} N (—00,0) = (. Since this set
is connected and compact and contains [0, 1], it must be the requisite form.
That o > 1 and « # 1 follows from (iii).

(iii) [z, y] liesin A, so in W, so since A is open in W, {0 | (1—0)z+0y €
Alint} is open. Since it contains 0, it must contain an interval (—¢,¢) about
0. O

Proposition 8.8.10. Let A C R be a compact convez set. Let £ = dim(A)
and let F be a proper face of F. Then dim(F') < £.

Proof. Let A C W where W is the unique ¢-dimensional space containing
A. If dim(F) = ¢, then W must also be the unique ¢-dimensional space
containing F'; and so F' has not empty interior. But as a set in W, F' C 0A,
which contradicts F'™™ = (). Thus dim(F') < /. O

We are now ready for the main finite-dimensional result:

Theorem 8.8.11 (Minkowski-Carathéodory Theorem). Let A be a
compact convex subset of RY of dimension n. Then any point in A is a
convex combination of at most n + 1 extreme points. In fact, for any x, one
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can fix eg € E(A) and find ey, ..., e, € E(A) so x is a convex combination of
{ej}i_o If x € A™, then x = 3" 0;e; with 6 > 0. In particular,

A = ch(&(A)) (8.8.8)

Remarks. 1. It pays to think of the square in R? which has four extreme
points, but where any point is in the convex hull of three points (indeed, for
most interior points in exactly two ways).

2. The example of the n simplex A, shows that for general A’s, one
cannot do better than n + 1 points. Of course, for some sets, one can do
better. No matter what value of v, the ball B” has the property that any
point is a convex combination of at most two extreme points.

Proof. We use induction on n. n = 0, that is, single-point sets, is trivial.
Suppose we have the result for all sets, B, with dim(B) < n — 1. Let A have
dimension n and z € A and ey € E(A). Thake the line segment [eg, x| and
extend it {0 | (1 —60)eq + 0z € A} = [0, o] for some a by Proposition 8.8.9.
Let y = (1 — a)eg + ax. Since a > 1,

T = 9060 + (1 — 60)3/ (889)

where g =1 —a~! > 0.

By construction, y € 9'A and so, by Proposition 8.8.9, y € F, some
proper face of A. By Proposition 8.8.10, dim(F') < n—1, so by the induction
hypothesis, y = 37| pje; where ; >0, 377 91 = 1, and {ey, ..., e} C
E(F). By Proposition 8.8.6, E(F) C £(A). Thus

n
r = E 03'6]‘
Jj=0

where 0; = (1 —0)y; for j=1,...,n.
If 6o = 0, by (8.8.9), x = y and = € &*A. Thus if x € At gy # 0. O

We will have more to say about extreme points of finite-dimensional con-
vex sets in Section 8.15 when we discuss a particular convex set, the set of
all doubly stochastic matrices. In particular, we will show that a compact,
convex set, K, in R” has finitely many extreme points if and only if it is a
finite intersection of closed half-spaces (Corollary 8.15.3).

In the infinite-dimensional case, it is not clear that £(A) is nonempty —
we will go through the main construction in two phases. We will first show
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that E(A) # () for A a compact convex subset of a locally convex space and
then, fairly easily, we will be able to show that

A = cch(E(A))

which is the Krein-Milman theorem. The following illustrates that the infinite-
dimensional case is subtle.

Example 8.8.12. Let A be the closed unit ball in L'(0,1). Let f € A with
f #0. Then Hy(s) = [;|f(t)|dt is a continuous function with H;(0) = 0
and H(1) = a < 1. Thus there exists so with H¢(so) = a/2. Let

g= 2fX(O,So)
h = ZfX(so,l)

Then ||g|li = ||Alli = ||f]i =« < 1and f = ;h+ 3g. Since h # g, f is not
an extreme point. Clearly, 0 = 3(f — f) is not extreme either. Thus A has
no extreme points!

We will show below that any compact convex subset, A, of a locally convex
space has &(A) # (. This means that the unit ball in L!(0,1) cannot be
compact in any topology making it into a locally convex space. In particular,
because of the Bourbaki-Alaoglu theorem, L!(0, 1) cannot be the dual of any
Banach space. This is subtle because ¢*(Z) is a dual (of ¢(Z), the bounded
sequences vanishing at infinity). Of course, the unit ball in ¢!(Z) has lots of
extreme points in each +4,. [

Proposition 8.8.13. Let A be a compact convex subset of a locally convex
space, X. Then E(A) # 0.

Proof. Extreme points are one-point faces. We will find them as minimal
faces. So let F be the family of proper faces of A with Fy > F, if F} C F5.
This is a partially ordered set and it has the chain property, that is, if { F}, }aer
is linearly ordered, then it has an “upper” bound (“upper” here means small
since a “larger than” means contained in), namely, NyerFy,. This is closed,
a face (by a simple argument), and nonempty because of the intersection
property for compact sets (see TK).

Thus, by Zorn’s lemma, there exist minimal faces. Suppose F' is such
a minimal face and F' has at least two distinct points z and y. By Corol-
lary 8.4.6, there is a linear functional on X and so on F' with ¢(z) # ((y).
Since F' is compact,

F = {z € F|l(z)=supl(w)}

weF
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is nonempty. It is a face of F and so, by Proposition 8.8.6, F is a face of
A. Since {(z) # £(y), it cannot be that both z and y lie in F, so F G F,
violating minimality. It follows that F' has a single point and that point must
be an extreme point. O

Remark. In L*(0,1), F, = {f € L' | ||f|l1]] = 1 and f(z) = 0 on (0, ),
f > 0} is a face and it is linearly ordered (since a@ > § = F, C Fp), but
NoFy is empty. This proves the lack of compactness directly.

Theorem 8.8.14 (The Krein-Milman Theorem). Let A be a compact
convex subset of a locally convex vector space, X. Then

A = cch(E(A)) (8.8.10)

Proof. Since £(A) C A and A is closed and convex, B = cch(£(A)) C A.
Suppose B # A so there exists zo € A\B. Since B is closed and convex, by
Theorem 8.4.5, there exists £ € X* so

0(xg) > sup L(y) (8.8.11)

yeEB

Let FF = {z € A | {(x) = sup,c4¢(2)}. Then F is nonempty since A is
compact, a face, and by (8.8.11),

FNB=10 (8.8.12)

By Proposition 8.8.13, F' has an extreme point, gy, and then, by Proposi-
tion 8.8.6, yo € E(A). Thus, yo € B, contradicting (8.8.12). O

Remark. In the next section (see Theorem 8.9.4), we will prove a sort of
converse of this theorem.

Example 8.8.15. Let X = Cg([0,1]) and let A be the unit ball in || - ||~.
If |f(z)] < 1 for some zq in [0, 1], then by continuity for some ¢, |f(y)| < 1
for |y — x¢| < € and we can find g # 0 supported in (zo — &, xg + €), so both
f+gand f—gliein A. Since f = 3(f+g) + 2(f — g), f is not an extreme
point. Thus, extreme points have |f(x)| = 1. By continuity and reality, A
has precisely two extreme points f = +1. cch(€(A)) is the constant functions
in A so A # cch(€(A)). Thus, Cg([0,1]) is not a dual space. O
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Example 8.8.16. This is an important example. Let X be a compact Haus-
dorff space and let A = M,1(X) be the set of probability measures on X.
The extreme points of A are precisely the single-point pure points, d,, since
if C C X has 0 < pu(C) <1 and

po(B) = w(C) (BN C)
px\e = p(X\C)'u(B\C)

then with 6 = p(C), u = 0uc + (1 — 0)px\c so p is not an extreme point.

Suppose g has the property that u(A) is 0 or 1 for each A C X. If
x # y are both in supp(u), we can find disjoint open sets B,C with z € B
and y € C. By the 0,1 law, either u(B) = 0 or u(C) = 0 or both. But
that would mean z and y cannot both be in supp(x). Thus supp(u) is a
single point and y = J, for some z, that is, the only extreme points are
among the {d,}. But each ¢, is an extreme point since §, = % W+ %V implies
supp(p) C {z} so u = 9d,. Thus E(A) = {0, | z € X}.

ch(E(A)) is the pure point measures. A is compact in the o(M(X), C(X))-
topology and so the Krein-Milman theorem says that the pure point measures
are weakly dense — something that is easy to prove directly. O

Example 8.8.17. In some ways, this is an extension of the last example.
Let X be a compact Hausdorff space and let T': X — X be a continuous
bijection. A probability measure p on X is called invariant if and only if
w(T~1A]) = A for all A C X. This is equivalent to

/f (Tx) du(z /f ) du(z (8.8.13)

for all f € C(X). An invariant measure, pu, is called ergodic if and only if
p(AAT[A]) = 0 (i.e., A = T[A] u a.e.) implies u(A) is 0 or 1. Ergodic
measures will be the theme of Chapter 21.

Let T map My 1(X) = M, 1(X) by

[ t@dr @ = [ 5(r0)duta)

Pick any p € M, 1(X) and let
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Then for any f € C(X),

1) — TP = L@V~ 0| < 2Nl (8819

Thus, if pe is any weak-* limit point of pi,, peo(Tf) = peo(f) for all f,
that is, 7" fteoc = floo- Since My 1(X) is compact in the weak-* topology, we
conclude

MLL(T) = {peMyy | T = p}

is not empty.

We claim p € MY ;(T) is ergodic if and only if € E(M] | (T)). Suppose
i is not ergodic. Then there exists an almost invariant set A with 0 <
p(A) < 1. p can be decomposed p = Qpig + (1 — 0)pux\a with 6 = p(A) and
pio(B) = u(C) (BN O).

Conversely, suppose p is ergodic. Then in L*(X,du), define (Uf)(z) =
f(Tz). Then U is unitary. Since as functions on 9D

= inf {1 0=0
> e
= 0 6e(0,2m)

the continuity of the functional calculus (see Theorem 3.3.2) implies

S

[y

n—

Urf L Py f (8.8.15)

1

SN

<.
Il

where Py;y is the projection onto the invariant functions, that is, those g
with Ug = g. We claim that, since p is ergodic, any such g is constant. For
clearly, Reg and Im g obey Ug = g so we can suppose g is real. But then,
for all rational (o, ), {z | @ < g(z) < B} is almost T-invariant and so it has
measure 0 or 1. This implies g is a.e. constant. Since (1,U"f) = (1, f) =
p(f), we see the constant must be u(f) = [ f(z)du(z).

We have thus shown that if u is ergodic, then

2

[]2 a0 - )| dute) = (5.8.16)

Suppose now p = v+ (1 —0)n with 0 < 6 < 1. Since (8.8.16) has a positive
integrand, we see that (8.8.16) holds if u is replaced by v or n (but u(f) is
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left fixed). Thus

/ LS @ty dv(a) - () (8.8.17)
=0

But since v is invariant, the left side of (8.8.17) is v(f) for any n. Thus
v(f) = u(f), and similarly, n(f) = p(f). It follows that v = n = pu, that is,
|4 18 an extreme point.

We have therefore shown that ergodic measures are precisely the extreme
points of M/ |(T). The Krein-Milman theorem therefore implies the exis-
tence of ergodic measures. If Mfﬁl(T ) has more than one point, there must
be multiple extreme points.

Now suppose that {7, }aecs is an arbitrary family of commuting maps of
X to X. Invariant measures for all the T,,’s at once are defined in the obvious
way, and p is called ergodic if u(AAT,[A]) = 0 for all « implies pu(A) is 0 or 1.
Since the T’s commute, T); maps each M. | (Tj) to itself, and so by repeating
the proof that M, ;(X) has invariant measures, we see M/ |(T}) has a T}-
invariant point. By induction, there are invariant measures for any finite set
{17} ¢_,, and then by compactness and the fact that invariant measures are
closed, invariant measures for all {T,},c;. We summarize in the following
theorem. This example is discussed further in Example 8.9.7. 0

Theorem 8.8.18. Let X be a compact Hausdorff space and let {T,}qcr be
a family of commuting bijections of X to itself. Then M ;({T.}), the set of
common invariant measures, is nonempty. The ergodic measures are precisly
EML 1 ({Tw})), the extreme points, and are therefore also nonempty.

As an example, if X is a compact abelian group, and for each z € X, T}, :
X — X by T,.(y) = xy, then there is an invariant measure. We have therefore
constructed a Haar measure in this case, which is unique (see TK). Similar
ideas can be used to construct what are invariant means on noncompact
abelian groups. See the Notes.

(8.8.15) provides a useful criterion for ergodicity.

Theorem 8.8.19. Let p be an invariant measure for a continuous bijection
T on a compact Hausdorff space. For any function f € L*(X,du) and n =
0,1,..., define

(Auv, f)(2) = 2n1+1 S f(Tia) (8.8.18)

j=—n
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Then p is ergodic if and only if
T (|40, 1) = () (8:5.19

For (8.8.19) to hold, it suffices that it holds for a dense set, S, in L*(X,dpu).

Proof. (8.8.19) is equivalent to weak convergence

the projection onto 1, so since ||Av,|| < 1, it suffices to prove it for a dense
set.

If T is ergodic, then (8.8.15) implies (8.8.19). Conversely, if (8.8.19) holds,
A is an invariant set, and y 4 is its characteristic function, then Av,(xa) =
Xa so (8.8.19) implies u(A) = u(A)?, that is, u(A) is 0 or 1. Thus p is
ergodic. O

Example 8.8.20. Let X = 0D, the unit circle. Let a be an irrational

number and let
T(€i9) — 6i(9+27ra)

Let du = df/27 and f,, = ™ € L%(0D,du). Then, for m # 0,

Avp(fm) = (20 + 1)—1< XJ: 627”7'“’“) fm

j=—n

_, sin(27(n + 3)ma)

= (2n+1) fm

sin(mma)
s0 [[Av,(f)|| = 0 if m # 0. Since {fin}m=o+1,. are a basis of L?(0D, du),
(8.8.19) holds, so p is ergodic. Notice A = {e?™™}>__is an invariant set

but it has measure 0. It can be shown that y is the only invariant measure
in this case. O

Example 8.8.21. This is really an ad for a later discusion in Section 12.5.
Given a locally compact group, G, a unitary representation is a continuous
map U taking G to the unitary operators on a Hilbert space, H. Given
such a representation, one can form the functions F, (g) = (¢, U(g)yp) for
each U € J{. We will see that as ¢ runs over all unit vectors and U over all
representations, { Fy, iy} forms a compact convex subset in C(G) in the || - || -
topology. Its extreme points will correspond to what we called irreducible
representations, and we will use the Krein-Milman theorem to prove the
existence of such representations. [

x-ref?
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We end this section with a few results relating extreme points and linear
or affine maps between spaces and sets. These will be needed in the next
section.

Proposition 8.8.22. Let X and Y be locally convexr spaces and let A, B
be compact conver subsets of X and Y, respectively. Let T : X — Y be a
continuous linear map. Then if T[E(A)] C B, we have that T[A] C B.

Proof. Since T is linear and B is convex, each T'(} ", 6;z;) with > " 6; =1
and x; € E(A) lies in B. Then, since B is closed and 7T is continuous, the
same is true of limits. Since A = cch(E(A)), we see T[A] C B. O

Definition. Let X and Y be locally convex spaces and let A, B be convex
subsets of X and Y, respectively. A map T': A — B is called affine if and
only if for all z,y € Aand 0 € [0,1], T(0z+ (1—0)y) = 0T (z) + (1—60)T'(y).

Proposition 8.8.23. Let A and B be compact convex subsets of locally con-
vex spaces and let T : A — B be a continuous affine map. Then for any face,

F, of B, G = T7[F), if nonempty, is a face of A.

Proof. G is closed since F' is closed and T is continuous. If z € G, y,z € A,
and x = 0y + (1 — 0)z with 6 € (0,1), then T(z) € F, T(y),T(z) € B, and
T(x) = 0T(y) + (1 — 6)T(2). Since F is a face, T'(y),T(z) € F, that is,
y,2 € G. Thus G is a face. O

8.9 The Strong Krein-Milman Theorem

The representation theorem for points in a compact convex set in terms of
extreme points is clean in the finite-dimensional case — a point is a convex
combination of finitely many extreme points. But in the form we have it so
far, the infinite-dimensional case is murky — points are only limits of convex
sums of extreme points. An attractive thought is that somehow this limit of
sums is just an integral. We will take a first stab at this idea in this section, a
stab that is often fine and which we will raise to high art in the next section.

While the main result (Theorem 8.9.2) in this section is somewhat math-
ematically unsatisfying since it only asserts any point in A, a compact convex
subset, is an integral of points in £(A) (and we will show lots of examples
where E(A) is all of A!), it is powerful and includes many classical integral




