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(Theorem)

Tietze extension theorem
Let X be a topological space. Then the following are equivalent:

1. X is normal.
2. If Aisaclosedsubsetin X,and f: A = [-1,1]isa

continuous function, then f has a continuous extension to all of

X . (In other words, there is a continuous function
f*: X = [=1,1] suchthat f and f* coincide on A.)

Remark: If X and A are as above,and f: 4 = (—1,1) isa

continuous function, then f has a continuous extension to all of X .

The present result can be found in [1].
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Proof of the Tietze extension theorem. First suppose that for any

continuous function on a closed subset there is a continuous
extension. Let C' and D) be disjoint and closed in X . Define
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f:CUD—=Rubpy f(r) =0for z € Cand f(z) =1 for
x € D.Now [ is continuous and we can extend it to a continuous

function F': X — B By Urysohn's lemma, X is normal because F
is a continuous function such that F'(z) = 0 for = € C' and

Flz)=1forz € D.

Conversely, let X be normal and A be closed in X' . By the lemma,
there is a continuous function go: X — R such that |go(z)| < 3 for

z € X and |f(z) — go(z)| < 3 for z € A. Since

(f — go): A — R is continuous, the lemma tells us there is a
continuous function g;: X — R such that |g; (z)| < %(2) for
z € X and |f(z) — go(z) — gi(z)| < 3(3) for z € A.By

repeated application of the lemma we can construct a sequence of
continuous functions go. g1, g2, ... suchthat |g,(z)| < 3 ( )™ for all

z € X,and |f(z) — golx) — gi(z) — ga(z) — -+ | < (3)" for
T €A,

Define F(z) = > 0" gn(z). Since |g,(z)| < 3 (%) and

> oo o 5(3)™ converges as a geometric series, then Y o o g (z)

converges absolutely and uniformly, so F' is a continuous function

defined everywhere. Moreover » -/ 1(3)" = 1 implies that

|F(z)| <1.
Now for # € A, we have that |f(z) — S F_, gu(z)]| < (2)*+1 and

as k goes to infinity, the right side goes to zero and so the sum goes
to F'(x). Thus |f(x) — F(x)| = 0 Therefore F' extends f. O
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Remarks: If f was a function satisfying |f(z)| < 1, then the theorem
can be strengthened as follows. Find an extension F' of [ as above.

Theset B = F~1({—1} U{1}) is closed and disjoint from A

because |F(x)

= |f(z)| <1 for z € A. By Urysohn's lemma there
is a continuous function ¢ such that ¢(A) = {1} and ¢(B) = {0}.
Hence F'(xz)é(x) is a continuous extension of f(x), and has the

property that |F'(z)¢(x)| < 1.

If f is unbounded, then Tietze extension theorem holds as well. To
see that consider #(z) = tan™'(z)/(7/2). The function ¢ o f has
the property that (t o f)(z) < 1 for x € A, and so it can be

extended to a continuous function h: X — I which has the property
|h(z)] < 1.Hence t~' o h is a continuous extension of [ .
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