
(more info) 
Math O

hard-to-find books of challengi
www.M

Ads by Goog

 Math for the people, by the 
people. 

Encyclopedia | Requests | Forums | Docs | Wiki | Random | 
RSS   

 
  find

Login 
create new user 

name:  
pass:  

 login

forget your password?

Main Menu 
sections 

Encyclopædia 
Papers 
Books 
Expositions 
 

meta 
Requests (234) 
Orphanage  
Unclass'd  
Unproven (392) 
Corrections (301) 
Classification 
 

talkback 
Polls 
Forums 
Feedback 
Bug Reports 
 

downloads 
Snapshots 
PM Book 
 

information 
News 
Docs 
Wiki 
ChangeLog 
TODO List 
Legalese 
About 

(view preamble)  
 

 
 

 
Cross-references: words, continuous function, subset, closed, normal, the following are 
equivalent, topological space 
There is 1 reference to this entry. 
 
This is version 2 of Tietze extension theorem, born on 2003-04-27, modified 2005-05-

Tietze extension theorem (Theorem) 

 
Anyone with an account can edit this entry. Please help improve it! 

 
"Tietze extension theorem" is owned by matte. [ full author list (2) ] 

Let  be a topological space. Then the following are equivalent: 

1.  is normal.  
2. If  is a closed subset in , and  is a 

continuous function, then  has a continuous extension to all of 

. (In other words, there is a continuous function 
 such that  and  coincide on .)  

Remark: If  and  are as above, and  is a 

continuous function, then  has a continuous extension to all of . 

The present result can be found in [1]. 
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 proof of Tietze extension theorem (Proof) 

To prove the Tietze Extension Theorem, we first need a lemma. 

Lemma 1   If  is a normal topological space and  is closed in , 
then for any continuous function  such that , 

there is a continuous function  such that  for 

, and  for . 

Proof. The sets  and  are disjoint and 

closed in . Since  is closed, they are also closed in . Since  
is normal, then by Urysohn's lemma and the fact that  is 

homeomorphic to , there is a continuous function 

 such that  and 

. Thus  for . Now if 

, then  and thus . 

Similarly if , then  and thus 

. Finally, for  we have that 

, and so . Hence  

holds for all .  

This puts us in a position to prove the main theorem. 

Proof of the Tietze extension theorem. First suppose that for any 
continuous function on a closed subset there is a continuous 
extension. Let  and  be disjoint and closed in . Define 
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 by  for  and  for 

. Now  is continuous and we can extend it to a continuous 

function . By Urysohn's lemma,  is normal because  
is a continuous function such that  for  and 

 for . 

Conversely, let  be normal and  be closed in . By the lemma, 
there is a continuous function  such that  for 

 and  for . Since 

 is continuous, the lemma tells us there is a 

continuous function  such that  for 

 and  for . By 

repeated application of the lemma we can construct a sequence of 
continuous functions  such that  for all 

, and  for 

. 

Define . Since  and 

 converges as a geometric series, then  

converges absolutely and uniformly, so  is a continuous function 
defined everywhere. Moreover  implies that 

. 

Now for , we have that  and 

as  goes to infinity, the right side goes to zero and so the sum goes 
to . Thus  Therefore  extends .  
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Remarks: If  was a function satisfying , then the theorem 

can be strengthened as follows. Find an extension  of  as above. 

The set  is closed and disjoint from  

because  for . By Urysohn's lemma there 

is a continuous function  such that  and . 

Hence  is a continuous extension of , and has the 

property that . 

If  is unbounded, then Tietze extension theorem holds as well. To 

see that consider . The function  has 

the property that  for , and so it can be 

extended to a continuous function  which has the property 
. Hence  is a continuous extension of . 
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