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Example 9 ((1/x), renormalized) Consider the function (} X)), =
H(x)x~'. Since {3 (1/x) dx = o0, (1/x), does not define a distribution. Let
F(R\0) = {fe &|suppfe R\0). If fe L (R\0), fQ/x), f(x) dx make:s sense.
Thus (1/x), does define a linear functional on #(R\0) which is continous as
we shall see. By the Hahn-Banach theorem, this functional on #(R\0) has
extensions to all of #(R)} which we call “* renormalizations of (1/x),.” As
explicit examples, consider
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Since these maps are continuous on &, (1/x)., is continuous on #(R\0). How
much arbitrariness is there in the renormalization? If T and § are two
renormalizations of (1/x),, then T — S vanishes on &(R\0) and so has
support {0}; thus T — S = Y |ejsm €aD* 8. For example,
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With this definition of renormalization, there are an infinity of free constants
in the renormalization of (1/x), . However, one could argue that as iong as
fe¥ and f(0) =0, I8 /(x)/x]dx < o0; s50-we really want to extend (1/x),
from {f € &|f(0) = 0} to &. If we adopt this requirement, the only real re-
normalizations of (1/x), are the (1/x). 5 and there is only one free co'n_stant
in the renormalization (see Problem 32 for a link between these definitions).

Bogoliubov and Hepp have treated the renormalization of x space Feynman
graphs in the spirit of Example 9; the renormalization constants, for example,
the renormalized mass and charge, enter as the free constants z.malogous to
the In(M/N) in Example 9. For more details, see the references in the Notes.

There is one final theorem about & and &' which is often useful. To
appreciate its significance, let us first consider the case of L*? where the analogous

theorem fails. Suppose p~* +¢ ' =1, p< 0, g<0,and let Fe LYR?) = -

[LA(R x R)]*. Let f, g € LP(R); then f (x)g(y) € LP(R?) so
F(f,9) = [F(x, )f(x)9() dx dy <

Moreover »
|F, @) < IF llpaeay 11, gl

so F defines a continuous bilinear form on L*. Not every bilinear form is of
this type. For example, if p =2, the bilinear form ( J,9) = [ f(x)g(x) dx

Appendix to V.3 The N-representation for & and &’ 141

cannot be expressed as ([, g) = | F(x, »)f(x)g(y) dx dy for some F e I}(R?).
The situation for #(R) and (R x R)* = &'(R?) is very different:

Theorem V.12 (kernel or nuclear theorem) Let B(f, g) be a separately
continuous bilinear functional on #(R") x $#(R™). Then there is a unique
tempered distribution T € &'(R"*™) with B(f, g) = T(f® g) where

(.f®g)(xl’ LR ] xn+m) =f(xl! ety xn)g(xn+l’ R ] n+m)

That separate continuity implies joint continuity is a consequence of the
fact that & is Fréchet (Theorem V.9) and the corollary of Theorem V.7. We
prove that jointly continuous functionals have the requisite form in the
appendix to this section (Corollary 4 to Theorem V.14). Theorem V.12 can
be extended to multilinear functionals (Problems 34 and 35).

Appendix to V.3 The N-representation

" for ¥ and ¥’

In this appendix, we will prove some of theorems about & and &’
These proofs rely on the realization of & and therefore & as sequence spaces
(in fact as the space s of Section II1.1). This realization depends in turn on
two elements. The first element is topologizing & by an equivalent family of

I? norms. To forcefully distinguish these norms from the lille, 5 norms we
write

”f”u,ﬂ,cn = “x’xDaf”ao

rather than merely ||-|, 5 and define

ILf ”c, g2= ”anBf "Ll(nn)
Then:

Lemma1 The families-of seminorms {||*[ls, 5, .} and {|I|l., .2} on L(R?)
are equivalent.

Proof We provide the proof in the case n =1 for simplicity of notation.
Since (1 +x)7 e I, If 2 < (1 + x*) 7" I21i1 + xS |, s0

1S lep.2 < C(f Hla, 5, 0 + (1S et 2,8, )
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On the other hand, f(x) = §* ., f'(x} dx, so »
If o < 17y < B+ S M2 ME + %27 M
Since (x*D*f) = ax*"'D?f + x*D*! f we have
1f oo p, 0 < C@llf Na-y,p,2 + IS Ne,ge1.2 + &S lewy, 5,2 + (flls+z,p41.2) 1
The second clement involves some special properties of Hermite functions

(the eigenfunctions of the harmonic oscillator). Consider the maps
A: L(R) » L(R) and A': (R) - Z(R) given by

ewdiferd) we o)
_.:75 X dx \/5 dx_
and N = A'A4. Let |f|, = (N + 1)/, which is a seminorm on .

Lemma 2 The seminorms {||-||,} are ,1/ directed family equivalent to the
{It*lla, . 2} family of seminorms on <. ’

Proof One need only use the inequality A¥ - A% fl, < N + m)™3f 11,
where A* stands for either A or A'. The details are left to the reader (Prob-

lem 36).

Now consider the function ¢, defined by 4¢, =0 and |2, (¢o)* dx =1,
that is, o(x) = =~ te” " and let

AV e
o= ()54 Yo = @ H = e 4] e

The {¢,}>, are called the Hermite functions or the harmonic oscillator wave
functions since

dz
(-+ 22)6.= @+ 4,
One has:

Lemma3  The set {$,}=c is an orthonormal basis for I*(R).

Proof See the following probiems: Problems 40 or 41 of Chapter IX or
Problem 20 of Chapter XIII.

Notice that N¢, = nd,. Suppose fe€ & and consider the I*-convergent
expansion f=Yoa,¢, Wwhere a,=(d..f)= = @ ¢u(X)f(x) dx. Since

‘Theorem V.14 (the N-representation theorem for &)
.Let &, = T(¢,) for each a € I . Then for some B e IX, |b,] < C(a + 1)# for
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N". %%, N'fe¥ and thus in I>. But N =Y ,a,n"p,, 5o
Y2 0 @, j*n*™ < co. In particular sup, |g,|n™ < c0. We have thus proven the
first part of:

Theorem V.13 (the N-representation theorem for &)

Let s; be the set
of multisequences {a,},.,,« With the property

sup |af|e|" <o

ek

for each m. Topologize s, with the seminorms
Iagliz = 3. (@« + 1)*|a,|?

where Bel% and (x+ 1) =[[k | (& + 1)**. Let fe #(R*. Then the
sequence {a}, g, = (s, f) with ¢ (x)=[]5-; ¢u(x), is in s, and the
map fr{a,} is a topological isomorphism. The Hermite expansion
J=Y.a.¢, converges in &. The {a,} are called Hermite coefficients.

Prooff We give the details in the case k = 1. By our previous discussion, if
fe Fanda, = (¢,,f) then{a,} € 5. Moreover, |{a,}li» = | f |l in the notation
of Lemma 2. Since the || |, are norms on &, the map fi— {a,} is injective. Now
let {a,}7oo €5 and let fy =Y N_; a,4,. A simple computation shows that

M
v = ful2= 3 ta,%n + 1™ =0
r=N+1
as N, M — oo. Thus fy is Cauchy in each of || |, and thus in & (by Lemmas 1
and 2). Since & is complete, fy — f for some f € &. But then fy - fin I? so
(¢, ) = a,. Thus the image of our map of & — s is all of 5. The equivalence
of the topologies follows from the equality of the norms |||, on & and s. ||

We can now identify %’ with a sequence space also:

Let Te &' (RY.

all a. Conversely, if |5, < C(x+ 1)? for all «, there is a unique T € &’ with
T(¢)=b,. If TeS and b, = T(¢,) are its Hermite coefficients, then
Y« b . converges in the o(#', &) topology to T.

Proof Again, we consider only k = 1. Let T € %’. Then |T($)} < Cllp |
for some m and C since {||l,} is a directed set. {|¢, .=+ 1)", so
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|b,] < C(n + D™ Conversely, suppose |b,| < C(n + 1)™ For {a,} € s define
B({a,)) = Y ¢ baa,. Then

1Ba) < ¥ 1ballal <C 3 n+ 1l

1/2

= C(-E::o(n * 1)2"'”|a"|2)”2(“20(n M 1)‘2)

2
s%awwm,

Thus B defines a continuous linear functional on s. Under the association of
& and s,thereis a T e & with T(Y. 7. a,¢,) = D=0 4,b,; in particular,
T(¢,) = b,. The weak convergence of 3 , b, ¢, to Tis easy. §

We can now easily prove many interesting theorems about % with this
machinery which has twe important simﬁiﬁcations: (1) Sequences are
easier to deal with than functions. (2) The two conditions in &, fall-off at oo
and the C® condition, are replaced by a single fall-off condition in s.

Corollary 1 & is dense in & in the 6(&’, &) topology.

Proof Y e <nbatpa€S and converges weakly to Te” as N- oo if
ba = T(¢u) I

Corollary 2 & is separable in the Fréchet topology. &' is separable in
the o(&’, &) topology (and also in the ©(%’, ¥) topology we introduce in
Section V.7).

Corollary 3 The regularity theorem for distributions—Theorem V.10.

Proof Again we only consider the case k = L. Since ||f ||, < Cll(1 + x?)f"|,
we conclude that |ig,]l, < C'(n + D)2, using A and A and the estimate in
the proof of Lemma 2. (More detailed studies of the ¢, show |¢,[lo ~
D(n+ 1)7''?). Let Te ¥ and let {b,} be its Hermite coefficients. Then
|b,| < E(n + 1) for some m. Leta, = (n + 1)7"3b,. Then } |a,| [I$all, <
EY n+ 1) <o, so Y. a,¢, converges uniformly to some continuous
function F on R. F has Hermite coefficients (as an element of &), {a,}.
Extend 4%, A and N = }(—d?/dx® + x* — 1) to &'. Then
1

dz m+3
T=(N+I)M+JF=§;ﬁ(—gx—i+x2+l) F
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Thus 7 can be written as a sum of polynomials times weak derivatives of
polynomially bounded continuous functions. Simple manipulations (Problem -
37) now complete the proof. |}

Corollary 4 (nuclear theorem) Every jointly continuous bilinear func-
tional B(:,-) on #(R") x &(R™) is of the form B(f, g) = T(f® g) for some
T e ' (R*™).

Proof Since B is jointly continuous, | B(f, g)| < C||fll.llgl, for some re I,
selT. Then |B(¢,, ¢p)| < Cla + 1)'(B + 1)* = C[<a, B> + 11+ where
<a) ﬂ) = <al’ AR} an! ﬂ]a LR B,,,)GI’_‘:‘M

As a result b, 3, = B(¢,, ¢,) are the Hermite coefficients of a distribution
Te S (R*™) with T(Pea,py) = T(he @ ¢g) =biegy- Let f=Y a, e, 9=
Z cg ¢y . Since these expansions converge in &,

T(f®g) = Zﬂ a.Cy T(¢.® 4’3) = Zﬂaacp b(a,p) =B(f,.9 1

'V.4 inductive limits: generalized functions

and weak solutions of partial differential
equations :

In an intuitive sense, the distributions of the last section had the restriction
of being polynomially bounded at infinity. We saw this in Theorem V.10
which told us any T € %" is the derivative of a polynomially bounded function.
The growth of a tempered distribution T € &’ is in some sense dual to the
decrease restrictions imposed on functions f'e &. This suggests we construct
“ distributions”” without any growth restriction at oc as the dual of a space
with the severest possible decrease conditions at oo, that of vanishing outside
of a compact set. That is, we want to topologize the C* functions of compact
support, CF(R", so that it is a complete focally convex space. If K is a com-
pact set in R", the functions CJ(K) which are C™ and have support in K
have a natural topology given by ||If |, , =supa.| D% |. CF(R") is not com-
plete when given the {ll‘lls, o }ac1,» family of norms (see Probiem 38), even
though C3(K) is for each compact set K. In some sense, we want to think of
CF(R" as | J,CT(K,) for some family of compact sets {K,}.-, with
(Um Kn=R", and topologize it with a “limit” topology. To do this we
describe a general construction.
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