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In reply to "Topology", posted by Alexci on April 20, 2003: 
>Q9) A topological space is called normal if any two disjoint closed  
> sets can be separated by disjoint open sets.  
> Prove that a metric space is normal. Construct (or find) 
> a space which is Hausdorff, but not normal. Justify your answer. 
> 

A basic proof that metric spaces are normal: 

Let A and B be closed and disjoint. 

Then for each a \in A we have that there is an epsilon e(a)>0 
such that B(a,e(a)) misses B. This is true because all a \in A are NOT in B 
and B is closed.  
Similarly, for each b \in B there is an e(b)>0 such that B(b,e(b)) misses A. 
Now consider  
U = Union {B(a,e(a)/2): a in A} and V = Union {B(b,e(b)/2): b in B} 
These are open as unions of open balls, and a is in B(a,e(a)/2) for each a in A, 
so A \subset U and also B \subset V. 
Suppose that x is in U /\ V. 
Then for some a \in A ,b \in B we have that x is in B(a,e(a)/2) /\ B(b,e(b)/2). 
Suppose that e(a) <= e(b) (or reverse the role of a and b in the sequel). 
Then d(a,b) <= d(a,x) + d(x,b) < e(a)/2 + e(b)/2 <= e(b)/2 + e(b)/2 = e(b). 
So d(a,b) < e(b), but then a is in B(b,e(b)) which couldn't be because of the choice of e(b). 

This shows that U and V are disjoint open neighbourhoods of A and B.
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As to a Hausdorff but non-normal example: 
Let X be R with the topology generated by the usual topology (called R-open sets, for now) and the 
subset Q. 
So we take the smallest topology that is larger than the usual one in which the rationals 
are also open. So open sets are O (O R-open) or O /\ Q (with O R-open again).  
Then X is Hausdorff, because it is already Hausdorff with the R-open sets, so all points 
can still be separated. 
But the irrationals P = R\Q are now a closed set, disjoint from the point (or closed set) 0 (resp. {0}). 
Suppose U and V are disjoint neighbourhoods of 0 and P respectively. 
V cannot be of the form O /\ Q (because it contains P), so V is R-open. 
It is easy to see that cl(V) = X, so that V intersects U. 
Hence X is not normal (or regular). 

Henno Brandsma 

Copyright © 1995-2006 by Topology Atlas. All rights reserved. Message board software based on Web Forums 1.1 by David 
Turley. 

Linear Algebra 
View step-by-step answers online. Your actual textbook 

problems.  
Hotmath.com

1000's of Ringtones
Download Ringtones to Your Cell. Works With All Cells. 

Get Them Now!  
www.BestRingtonesOffer.com

Drafting & Drawing Tools
Large selection compasses, dividers scales, tr

protractors, etc  
www.draftingsteals.com

Ads b

Page 2 of 2normality of metric spaces and non-normal Hausdorff spaces.

9/26/2006http://at.yorku.ca/cgi-bin/bbqa?forum=ask_a_topologist_2003;task=show_msg;msg=0130....


