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Estimation of Unknown Parameters

In statistics, we take data and draw conclusions (called “statistical inferences” ).
Typically, we assume that the data are “observed values” of random variables
whose distributions are known in advance except for the unknown wvalues of
certain parameters.

Example 1: Suppose we run an experiment involving n “trials”, each resulting
in “success” or “failure”. Let X = observed number of successes. Assuming
that P(success) = p, the same on every trial, we know that

X ~ Binomial(mn, p).

There are 2 parameters of this distribution, n and p, but usually we know n.
So the “unknown parameter” is p.

Q: If we observe X = x, what can we infer about p?
A: One common kind of inference is to estimate p. To do this, we need to define
an estimator T = T'(z).

Since p is the probability of success, it is natural to estimate p by the observed
frequency of success — ie.

Example 2: Suppose we run an experiment whose outcome is a set of observed
values of random variables iild + normally distributed:
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where i and o2 are both unknown parameters. If we want to estimate p, a
natural choice is

et Xi+...+X
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T
the “sample mean”, If we want to estimate o2, a natural choice is
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the “sample variance”. {Note! Sometimes the term “sample variance” refers to

n—1

That ambiguity will be discussed later.)



Def: The k** sample moment of a sample z;,..., T, (not necessarily distinct

numbers), is the &' moment of the sample distribution — i.e. the distribution

giving probability L to each z;.

"
In general, if we observe random variables Xy, X3, ..., X, whose joint density
function (discrete or continuous) depends on unknown parameters €4,..., 6%,

then a good estimator Ty = T} (z1,...,2,) of 8, (say), based on observed values
X =m1,... . Xu = 2, i8 a Ty such that the

estimation error = T7 — €4

is “small” — that is, T} is close to €1, at least most of the time.

Note: One definition of “closeness” (to be discussed later) is the so-called
“mean square error”

MSE (8) = Es, (T — 81)%,

5

where “Eg,” means that the expectation is computed assuming that B, is the
true value of the (first) unknown parameter. In the binomial example, ©; = pis
the unknown parameter, and if T) = £ is the estimator, then the mean square
error (MSE) is
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= n—lzvc;rp{x;a = % = %.

So the MSE is different for different p in this example,

Q: Are there good general methods for choosing estimators?
A: Yes, quite a few.

Q: Is there a best method?

A: No, for reasons to be discussed later,

One general method, the so-called “Method of Moments™ (Sec 8.4 of Rice)
is based essentially on the idea: “estimate a parameter that is the frue mean
(expectation) of iid rv's X, ..., X, by using the sample mean X,,". Similarily,
the true variance is estimated by the sample variance, and parameters that can
be written as a function of the true mean or variance or k' moment should be
estimated by the same function of the corresponding sample moments.

Comment: We're skipping the Method of Moments. For the last 75 years or
s0, it has been used mainly as a “gquick and dirty” method to derive estimates.
A frequently better method is called “Maximum Likelihood Estimation”.

Q: What is “likelihood”?
A:r If Xq,..., X, have joint density function

fe(z1y... 2n),



where @ is a single unknown parameter or © = (©1,...,8), a vector of un-
known parameters, then for observed values X; = x1,..., Xy = o, the lkelihood
function is
Note: The likelihood function is

— a function of the unknown parameter or parameters

and

— it's a random function, in the sense that it depends on the values of the
random variables X;,..., X, that happen to be observed.

Def: A mazimum likelihood estimator (mle) of © is a value © = O (zy,...,z,)
such that

o, (9) =max Ly, ., (8).

Example 3: In Example 1 (binomial) after observing X = x we can compute
the likelihood function — a function of the unknown parameter p — as

1= ()1
To find § that maximizes this, take logarithms,
log L.(p) = log (:) +zlogp + (n—x)log(l —p)
and find p maximizing this by taking
i,

I
= Ei .

(1)

If = = 0, this is negative, so log L.(p) is decreasing and p=0. fx =n, p=1
by similar reasoning and = 0. If z € {1,...,n— 1}, then (1) is positive for
p near 0 and negative for p near 1. Hence log L;(p) as p poes from 0 to 1 is
initially increasing and finally decreasing, changing sign of the derivative at p
where (1)} is zero — i.e.

S e
Pl
which leads to § = Z. This formula gives the right answer for x = 0 and x = n,
too.

Example 4: In Example 2 (iid Normal) the likelihood function is, after taking
logarithms

n 1 z; —p)’ A
108 Ly (10 =~ log2m —mlogo - £ Y B (9)



1. If o is known and g is unknown, then regardless of what the value of o
is, it is clear that {2) is maximized by minimizing 3 (z; — p =Y 22 -
24y x; + np?. This yields

i=X,.

2. If both o and u are unknown, then the values ji, & that maximize (2) are
obtainable as follows: first maximize over u for fixed ¢ > 0 and note that
the answer (in 1) is i = X ,, which doesn’t depend on &. So the maximum
over i and o will certainly have that value of (i, and the maximizing value,
&, can be found by differentiating (2) with respect to o (with g = j) to
yield
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which changes sign from positive to negative at

S Bw=w . . Ty

g2 = or :I=‘|k||'—.
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A standard way of evaluating the performance of estimators is the following,

Def: f T = T{X;,...,X,) is being used to estimate g(©), where g is a given
function of the unknown parameter(s), then the mean squared error of T is

MSEr(8) = Eo(T — g(©))%.

The idea here is that we square the “error”, which is T — (@), and then take
the expectation, assuming © is true. Sometimes MSE(©) is constant in ©, but
often it is not.

Example 1: If X;,..., X, are iid NV {,u,::rz} then the mean squared error of

the sample mean, X, as an estimator of p is
i 2
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Cme can evaluate this by expanding the square first, but a more insightful way
to do it is to note that since E, -z X, = y, the M5SE equals

2

Var, - {Xﬂ] =

il
This depends on &, ebviously, but is constant as a function of .
Example 2: Suppose X1,..., X, are iid exponentially distributed random vari-

ables with
Nero= g =l
Ixm) = {u otherwise,



Then g(A) = 1 is the mean, E3 X, and a natural estimator (also the mile) of §
is X,,. Its mean squared error is

g =7 s e
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Here the MSE is not a constant function.

There is another property that estimators have that can he important.
Def: If T = T(Xy,...,X,) is being used to estimatee ¢(8), then its bias is
defined as

br(8) = Ee (T —g(@)).
Mote that this could be called its “mean error” (but it isn't}.
An estimator T is called an unbiased estimator of g(®) if br(0) =0, ie. if

EaT = g(©) for all B,

Note that X ,,, for example, is always an unbiased estimator of the true mean of
the population from which the X's are sampled. A simple and interesting way
to express the MSE (though not necessarily the easiest way to calculate it) is
this:

MSE7(8) = Varr(0) + Ee (T — g(©))*
= Vare(®) + (br(0))* 3)

In other words, the mean square error of an estimator equals its variance plus
the square of its bias.

It is tempting to infer that unbiased estimators, since they minimize the last
term in (3), tend to have smaller (hence better) MSE's than biased estimators.
This is not true!

Example: Suppose X1,..., X, are iid ~ uniform on [0,8], where © > 0 is
unknown. The mle (as shown in lecture) is
6 = max(Xy,..., Xn).

This is elearly not an unbiased estimator of © since the X's are less than ©
(being unformly distributed on [0, 8]) and therefore the error © — © is negative
100% of the time! But this example is typical of many problems in which a slight
modification of an estimator can be made to make it unbiased. The density of
max{Xi,...,hq) 5, for <t <&

i.ﬁa (max(X,,....Xq) =t) = % [.Pe (X1 = f:l]ﬂL
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(Note that © is a scale parameter.) We get

B
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So an unbiased estimator is
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To compare its mean squared error with that of © — and with all estimators of
the form T = Cp max (X;,...,X,) we can compute

MSEr, = Eg (¢, max (Xy,...,X,) — 0)°
= ¢} Ea(max)? — 28¢, Eg max +©°

We know Eg max = —2-0 and calculate
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and we notice that all of these estimators have mean squared error of the form
“constant times ©°" (this happens because © is a scale parameter). It is clear,
then, that we can compare any two of these estimators and will prefer the one

that makes " -
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smaller. Here are some choices
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Cn Value of (4)
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So we see that the unbiased estimator can be improved upon (in the sense of
slightly better mean squared error) by an estimator that has a slight bias. One of
the homework problems concerns a similar comparison, where the improvement
is larger.



In general?

Unbiasedness is considered too restrictive a condition to impose universally
on the selection of estimators, but generally we want the “bias term” to be small
compared to the “variance term” in the mean squared error.
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