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24 B. SIMON

Definition.  is called an analytic vector for A, a given operator, if e D(4A")
for all n and

Y 14 :p“ "< o forsome t>0.
n=0 n:

Deﬁnition. Let A be a symmetric operator. Suppose that

YeCo® (4) = nD"(A).
Let

N —_—
D'I’= {nzo a,,A"lll} and]et '#W—-:D'I"

Define the operator A, on #, by A, = A[Dy. ¥ is called a vector of
uniqueness if 4, is essentially self-adjoint.

We are heading towards a theorem of Nelson which tells us that a
symmetric operator with a dense set of analytic vectors is essentially
self-adjoint (Nelson, 1959). Our proof is patterned after one given by
Nussbaum (1965).

NuUsSBAUM’S LEMMA. Let A be a symmetric operator with a dense set of
vectors of uniqueness. Then A is essentially self-adjoint.

Proof. We need only show that Ran (4 4+ i) are dense. Given ¢ e,
find ¢, a vector of uniqueness, with || — || < &/2. Since Yy es#, and
A, is essentially self-adjoint, find nes#, with (4, +)n — ¥l < ¢/2.
Then [(4 +i)n — ¢| <& Since ¢ was arbitrary, Ran (4 + i) is dense.
Similarly, Ran (4 ~ i) is dense. m

THEOREM 1.7 (Nelson’s Theorem). Let A be a symmetric operator. If

D(A) contains a dense set of analytic vectors for A, then A is essentially
self-adjoint.

Proof. By Nussbaum’s lemma, it is enough to show that every analytic
vector ¥ is a vector of uniqueness. Define C: #, — #, by

o3 awv)= § aes

It is not hard to see that C is well-defined and a complex conjugation.
Moreover, CAy, = A,C. Thus A, has self-adjoint extensions. Let B be
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any self-adjoint extension of A4,. By using the spectral theorem (see
Section 2) one can show that if

A" .
nl l//ll <o for t<0 then €'By =

n= 0 n

A"y

n!

@ity

e

Thus ¢y is independent of which self-adjoint extension of A, is taken.
Similarly any ¢ € D,,, has €"B¢ determined. Thus if B is another self-adjoint
extension, e*® = ¢*® on D, and thus on 4, It follows (by Stone’s
theorem) that B = B. m

Remarks. 1. Nelson’s proof while not as slick is more transparent and is
not particularly complicated.

2. There is a close connection between vectors of uniqueness and the
uniqueness aspect of the classical problem of moments. Using this connection,
Nussbaum has found a simple extension of Nelson’s theorem which we
discuss below.

Application

Nelson’s theorem is the simplest way of showing that field operators
in Fock space are essentially self-adjoint. Nelson’s theorem has been extended
in a variety of directions.

Nussbaum (1965) has used the theory of the moment problem to prove
a slightly stronger theorem: A vector, ¥, is called quasianalytic if and
only if yeC®(4) and 32, [|4"| " = co. Every analytic vector is
quasi-analytic but the converse is not true. Nussbaum proved that A is
essentially self-adjoint if D(A4) contains a dense set of quasi-analytic vectors
for A.

A second generalization employs positivity to obtain a stronger theorem.
Call y € C*(4), semi-analytic if

o 4"
;0 I !ﬂ l

"< oo forsome ¢>0.

Then:

THEOREM 1.8 (Nussbaum). Let A be a symmetric operator and suppose there
is a fixed constant c¢ so that (Y, AY) = — c|\y||* for all yeD(4) (A4 is
then called semi-bounded). If D(A) contains a dense set of semi-analytic
vectors, then A is essentially self-adjoint.

Proof. See Nussbaum (1969), Masson and McClary (1972) or Simon (1971d)
or Chernoff (In press, a). »
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_In the various discussions of Theorem 1.8, two other useful criteria are
presented:

THEOREM 1.9 (Krein, 1947; Simon, 1971d). If A is semi-bounded and has
a unique semi-bounded self-adjoint extension, then A is essentially self-
adjoint.

T HEOREM 1.10 (Nussbaum, 1969). Ler A be a symmetric operator and
define D(4%) = {Yy e D(A)| Ay € D(A)} and A*> on D(A*) by A%y = A(AY).
If A* is essentially self-adjoint, then A is essentially self-adjoint.

Proof. Let YeD((4*)?). Then a simple exercise shows that i e D(A?*)
and (AD)* = (A¥%, ie. (4¥)? < (4%)*. Thus if A* = + iy has
solutions, then (4%)*J = — ¢ has solutions. But A? is positive so A2
is positive. If A% is essentially self-adjoint, (4%)* = 42 s0 (Y, (4®)*¢) =
— ||| is impossible. m

Application of Theorem 1.8
Let
o .

d
H=—.__. 2 4 2 .
dx2+x +x* on LYR)

Any finite sum of Hermite functions is a semi-analytic vector, so H is essen-
tially self-adjoint on &, the Schwartz space.

T

As a final general criterion, we consider the “perturbation” result
of Rellich (1939) and Kato (1951a).

THEOREM 1.11 (The Kato-Rellich theorem). Let H, be a self-adjoint
operator. Let V be symmetric obeying:

(i) D(V) > D(H,),
(ii) For some a < 1,b > 0, and all Y € D(H,).
V¥l < alHoyll + bllY]l. (1.1)

Then Hq + V defined on D(Hy) A D(V) = D(H,) is self-adjoint and any
core for Hy is a core for Hy + V. If H, is semi-bounded, so is Hy + V.

Proof. Since (by the equality ||(H, + i)y = ||Ho¥li2 + &2|l¥)|* for «
real), [|(Ho £ i)™ | S a™! and [Ho(Ho i) 1| <1 we see that

WWHo i)™ <a+ba™t.
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Taking « large, we can be sure that (1 + V(H, + i®))~! exists and is
given by a geometric series. In particular, 1 + V(Hy + i«)™! has o# as
range. But then

{Ho + V+ia)y|yYyeD(Hy)}
={l+VHoxin))P|p = (Ho L io)y;yeD(H,)|
=Ran(l + V(H, + i)™ ")

is all of 5. By the fundamental criterion, H, + V is self-adjoint. The
rest of the theorem follows in a similar vein. m

Remarks. 1. 1t is fairly easy to see that an inequality of form (1.1) holds
for all y € D(H,) if and only if for some a’ < 1, b’ > 0,

IV¥1* < & | (HI® + " 1. (1.2)

2. Condition (1.1) is also equivalent to the statement that
IV(Hy + ia)~ 1 < 1 for some a.

3. It is enough to establish (1.1) or (1.2) on a core of H.

Application (Kato)
Let Hy = — A on I? (R%).

A 62 az 52

4G gr + )}

This differential operator is essentially self-adjoint on & (R®). Alternately,
one can explicitly define D(— A) by using the Fourier transform

f(k) = (2n)—3/2 j e-—ik.xf(x) dx.

feD(— A) if and only if feI? and k?f(k)eI? (R?). Using the Fourier
transform, it can be proven that

lﬁ(y) ly.

((Ho + k)™ 1) () = f

Let We I? (R®). Then, W(H, + k*)~! is a Hilbert-Schmidt operator with
Schmidt norm ck™*?. Thus for k large, |W(H,+Kk) 'l <3 If
Pel? |P(H, + k*)~ ) <ck™® <} if k is large. We conclude:



8 B. SIMON

TreoreM 1.12 (Kato, 1951a). Let Ve (I? + L*) (R®). Then —A+V is
self-adjoint on D(— A) and any core of — A is a core for — A + V.

Example: V= cr™! (Coulomb potential). Vis not in I? or L® but the small
r part of Vis in I? and the large r part is in L® so Ve I* + L®.

- Now let Hy=3Y"_, (2;1,) A in I? (R*") and let ¥;; be multiplication
by a function ¥V; of ry=r; . First notice that for any ¢e % (R*)

IVyol? < all = Aygll® + B 11911 (1.3)

where A;; is the Laplacian in the variable r;;. For we have just proven
(1.3) if ||.|* is the integral over r; when ry, ..., P, ...,P ... 1, are
fixed. If we then integrate over the other variables, we get (1.3). Next notice
that — A;; in k-space (after Fourier transform) is multiplication by
Ak; = k)* while H, is multiplication by 37, (2p) ! k;*. Thus || — Ud)ll 2 <
c[lHoqbll2 for any ¢ €& (R*) with ¢ independent of ¢. Since a in (1.3)
can be made arbitrarily small (by making b large), we conclude by using
Remarks 1 and 3 above that:

TreoREM 1.13 (Kato, 1951a). Let Ve (I’ + L) (R®) and let V;;(ry) stand
for multiplication by V;(r; —r)) on I (R*). Then —%i., Qu) 1A +
2. Vij(riy) is self-adjoint on D(— A).

Remarks. 1. We have seen some multiplication operators on I* (R3) obey
an inequality of form (1.1) with Hy = — A. One can ask precisely which V
obey such an inequality. The answer is simple:

PROPOSIIIO& Let 'V be a multiplication operator on I* (R®). Then the
following are equivalent:

(a) V obeys (1.1) with Hy = — A for some a and b.

(b) V obeys (1.1) with Hy = — Afor any a> 0 if b is chosen suitably.
. (©).Vis Wiformly locally 12, i.e. s \V(x)]* dx < cfor any sphere S of radius 1.

2. One can ask what happens on R*. For #n =1 or 2 the proposition in
Remark 1 holds. For n > 3, the situation is not as simple. However, one
can give I sufficient conditions. For n > 4:

ProposiTiON (Nelson, 1964b). Let n >4 and let VeI? (R") + [* (R
with p > nf2. Then for any a > 0, there is a b so that (1.1) holds.

ProrosITION ‘(Simon, Inpress, a). Let Ve I* (R®) + L® (R) withV > 0. Then
— A + V is essentially self-adjoint on Cy® (R").
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This last result does not use smallness techniques directly*. For n > 5,
smallness techniques extend slightly further than indicated in Nelson’s
proposition:

ProposiTiON (which follows from results of Strichartz, 1967). Let n = 5.
Let u be Lebesgue measure. Let V be a measurable function on R. If
"2 u{x}||V(x)| >t} >0 as t— oo, in particular if V eL"|*> + L®, then
(1.1) holds for any a > 0 (with b dependent on a).

The Kato-Rellich theorem has a variety of generalizations:

THEOREM 1.14. Let H, be self-adjoint. Let V be a symmetric operator so that
() D(V) = D(Hy),
(it) For some b > 0 and all y e D(H,):
IVl < THoY | + & Iyl (1.4)
Then Hy + V is essentially self-adjoint on any core for H,.
Proof. See Wust( 1971). We note that the self-adjointness on D(H,) part
of Theorem 1.11 does not hold in general, for example, take V= — Hy. ®

Application (Konrady 1972)
In the spatially cutoff (¢*), field theory one is interested in an operator Hy
-+ V where one has the following structure:

(i) There is an operator, N (the number of operator) which commutes
with Hy and 0 < N < cH,,.
(ii) For d, e, suitable, | Vi[> < 3d|IN*¥|* + e lly]>.
(iii) For suitable, f, + [N, [N, V]] < 31N> + f.
(iv) For suitable,g,+ N < Hy + V +4.
All estimates hold on C*® (H,). Let us prove that C® (H,) is a core for
H, + V. By (i) and (ii), Vis a small perturbation of H, + dN? in the sense
of Theorem 1.12, so C® (H,) is a core for Hy + dN* + V. If we can
establish that (dN?)* < (H, + dN? + V)? + h* for some constant £,
then we can apply Theorem 1.14 to H, + dN? 4+ V — dN* Thus we
must show that _
(Ho + V)2 + d[N> (Hy + V) + N* (Ho + V)YI= A+ (Ho + V)’
is bounded from below. But
A=[N,[N,Ho + V]] + 2N(H, + V)N
> — 3N —f+2N(Hy + V)N  (byiil)
> IN3>-29N%2—f  (byiv)
> —h  forsomeh.
Since (H, + V)* = 0, we have the requisite estimate.

* Added in proof. T. Kato (Berkeley preprint) has improved the last proposition to require
Vel V=0,
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* Let us briefly refer to other methods of proving self-adjointness which
are useful in the study of Hamiltonian operators of quantum physics:

(1) Differential Equation Techniques. See Stumamel (1956) or Ikebe and Kato
(1962). The most interesting operators treatable by these methods are
operators H = — A + V where V' does not go to zero at . For example :

THEOREM 1,15% (Carlemann, 1934; Stummel, 1956; Jaffe, 1965). If V is a
C® function on R" which is bounded below, — A + V is essentially self-adjoint
on Co” (R?).

TueOREM 1.16 (Stummel, 1956; Ikebe and Kato, 1962). Let V=V, + V,.
Where -V, is a continuous function, |V(x)— V()| < Clx—yl| if
[x = y| > 1 (So V, grows at worst linearly) and let V, be a sum if a bounded
function and a function in L. Then — A+ V (on R®) is essentially self-
adjoint on Co* (R).

(2) Hypercontractive Semigroups. This is a technique which can be used to
prove essential self-adjointness of some spatially cut-off two-dimensional
Bose field theories. The basic hypotheses and some of the estimates are due
to Nelson (1966). The self-adjointness proof in the concrete situation
is due to Rosen (1970). Its proof has been abstracted and simplified by Segal
(1970) and further discussed by Heegh-Krohn and Simon (1972). An
application is found in Simon (In press a).

(3) ‘Limit Methods. Certain kinds of limits of self-adjoint operators are self-
adjoint. The oldest theorems are due to Trotter (1958). Extensions can be
found in Glimm and Jaffe (1969, 1972). In Glimm and Jaffe (1972), the
application to two-dimensional Yukawa field theories are discussed.

2. SI;ECTRAL PROPERTIES OF DYNAMICAL GENERATORS

" There has been intensive study of “spectral” properties of the
Hamiltonians in quantum mechanical systems and to a lesser extent of
Liouville operators. We will first describe what we mean by “spectral”’
properties and then describe some of what is known about the spectral
problems for Hamiltonians and Liouville operators,

The spectrum of a self-adjoint operator H is the set, o(H), of
A€ C for which (H — 2)~* does not exist. In the proof of the fundamental
criterion for self-adjointness, we essentially showed that + i¢o(H) if
H is self-adjoint. In a similar way, one sees that o(H) = R.

. See fobtnote, added in proof, page 29.
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In Section 4, we will briefly sketch the proof of the following basic theorem
for self-adjoint operators:

THEOREM 2.1 (Spectral Theorem). Let A be a self-adjoint operator on a
separable Hilbert space, #. Then, there exist measures {u,}¥_, (N may
be finite or infinite) and U : # — @Y _, L? (R, du,), an isometric isomorphism
S0 that:

(@) ¥ e D(A) if and only if
N
2:1 IxP? {(U), (I d, < o0

(b) if ¥ € D(A) then (UAY), (x) = x Uy, (x).
Here we write a typical

N
fe ® I (R,du,)
n=1

as {f1(x), ....f.(x), ...> with f,e L? (R, du,).

The relation of the “spectrum’ to the spectral theorem is given by:

THEOREM 2.2. We say A¢Supp{u,} if and only if for some ¢> 0,
H, (A — e, A+ &) =0 for all n. Then o(H) = Supp {i,}.

Proof. If A¢Supp {1}, suppose u,(A — & A + & = 0. Then multiplication
by (x —2)~! on @Y_,I? is a bounded operator. U™ (x — )™ U is
precisely (H — 1)~!. Thus Aég(H). Conversely, suppose A¢a(H) so
M(H — )~ =& ! for some & We claim that p, (A — ¢, 1+ ¢) =0 for
all n. For suppose not. Then we can find f# 0 in @®)_, L? with
Ifl =1 and ||(x — )"/l <e But then letting Y = U™1f

e>H-DYI = IH-H N HHEH-D'H-Dyl=¢
This contradiction proves that 4 ¢ Supp {y,}. =
The problem with ¢(H) is that it is a crumby invariant of H, i.e. it does

not distinguish rather different operators. For example let A; be
multiplied by x on I? ([0, 1], dx). o(4;) = [0, 1]. 4, has no eigenvectors.
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Let A;-besgiven=on I, by A,<ay,ay, ...> = <4181 920z, - .» where
{g,}>, is a counting of the rationals in [0,1]. Then ¢(4,) = [0,1]. A,
has a complete set of eigenvectors.

~ To get_better. invariants for A4 we first distinguish certain invariant
_subspaces forA ‘

"’Deﬁmtwn Let H- be a self-adjoint operator on # and let U and
{1,}¥ ., be the elements of a spectral representation as in Theorem 2.1.
The measure p,-on R given by

Jrerdanio - 3 [ron@n.er due
is called the spectral measure for .

While it is not completely obvious, it can be shown that u, is
independent of the precise choice of U and the p,. We will see this in Section
4,

Definition. Y e ,, (the pure point space) if and only if p, is a pure
point measure (recall that v is a pure point measure if v(4) = ¥, v ({x})).
Y €#,,. if and only if  is a linear combination of eigenvectors. Y € #, ..
(the absolutely continuous space) if and only if p, is absolutely continuous
relative to Lebesgue measure (recall that v is absolutely continuous
relative to Lebesgue measure if and only if v(4) = [f(x)dx for some
locally L' function f). y € #,, (the singular or continuous singular space) if
and only .if v is singular relative to Lebesgue measure and continuous
(recall that v is smgular relative to Lebesgue measure if v(R\4) = 0 for
a set A of Lebesgue measure 0 and v is continuous, if v({x}) = 0 for all x).

THEOREM 2. 3. # = 9? @% @ H g, Each subspace is an invariant
subspace for A

Proof This is essentlally a consequence of the Lebesgue decomposition
theorem, that any measure is uniquely a sum p,, + Uy, + Ky, That
the spaces are invariant is a consequence of the fact that v pure point implies
¥ given by dV = xdv is pure point and similarly for the other cases. m

Now, one defines

Definition. 6, (H) = 0(H [ #,4.0); Osing (H) = 6(H | H 5ing) 0, (H) = {Al2
is an eigenvalue of H 1

0,5.(H) is not quite 6(H | 7, ».) rather ¢ (H) = o(H | #,,). Essentially
all. leog,, or ‘o, ~are equally 1mportant but the eigenvalues in
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o(H | #,,) are special so we single them out. Theorem 2.3 immediately
implies ¢ = 0, VO, UG, ,. But 0,., 6,, and 0, , need not be disjoint.
We then have a perhaps overlapping ‘“‘decomposition” of ¢ into three
pieces. As we will see this decomposition has physical meaning in many
cases.

There is another different decomposition of ¢ into two disjoint subsets
whose union is .

Definition. A€o (H) is said to be discrete if and only if
(i) 4is an isolated point of ¢(H), i.e.
A—ei+ e na(H) = {4} for some ¢ > 0.
(i) A is an eigenvalue of finite multiplicity, i.e.
dim {y | HY = 2y} < o0.

The discrete spectrum, o, (H) = {Aeo (H)|A is discrete}. 0,5 (H)
the essential spectrum is defined by o, (H) = o (H)\gy;,. (H).

In this definition, o,,, seems rather artificial. It is not. First, it has an
intrinsic definition:

ess

THEOREM 2.4. A€o, (H) if and only if one or more of the following hold:
(1) A€oy, (H) = e, (H) L O sing (H),
(i) 4 is a limit point of o, , (H),
(iii) dim {y | H} = Ay} = 0.

In addition, o,,, has an invariance property:

THEOREM 2.5. Let Hy,H, be self-adjoint operators and suppose that
(Ho + )71 = (Hy +i)~Y is compact. Then 6,5 (Ho) = 0.5 (Hy).

For proofs of Theorems 2.4 and 2.5 (the first is easy, the second is deep)
see Reed and Simon (In press, a).

Examples

(1) If Hy — H, is compact (in which case D(H,) = D(H,) by Kato’s
theorem), then

(Ho+i)™' ~ (Hy + i)™t = (Hy +1)"* (Hy — Ho) (H; +i)™*

is compact.
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- (2):Consider A= — d%dx* + V(x) on I[*[0, ), dx) with V(x) a
nice: function. Suppose D(4) = C,*(0, ), the smooth functions with
support strictly in (0, o). 4 is not essentially self-adjoint but any two self-
adjoint extensions Ay, 4, have the property that (4, + i)' — (4, + i)™*
has rank 1 so 0,,,(Ag) = 0.ss(A;). The essential spectrum is thus the
spectrum independent of boundary conditions.

0,5 is always closed; 6, may not be closed.

Given “a physical Hamiltonian, the spectral questions one usually
asks are:

(1) What is o,(H)?
" (2) Is 64, (H) finite or infinite?
(3) What is 0, . (H)?

(4) As we shall see, vectors Y € # g,y have a “non-physical” behaviour
so we hope g, = {0}, i.e. that oy, = &; so one asks: Is

sinq g ?

(5) How do oy, and g,, differ? Put differently: Can there be
eigenvalues embedded in the continuum?

Kato'(1967b) reviews the answers to some of these questions in cases
A and B.

A. Two Body Quantum Systems

The Hamiltonian (after centre of mass motion has been removed) is just
— A+ V on I?(R® where V is a multiplication operator on R*® which
we suppose is in I+ I~

i N

) In phys1ca1 two-body systems, V— 0 at infinity at least in the
weak ‘sense that VeI’ + (L), = {fe> + L |(Ye)f = f1, + f,. with
fi.€I? and |f, 2||a, < &} (Consider ¥ =r~! again). We have already seen
that V(H, +i)"! is a Hilbert-Schmidt integral operator if VeI?.
If Vel + (L), V(Ho+i)"! is a norm limit of Hilbert-Schmidt
operators and so is compact We conclude that for any VeI? 4 (L°),,
Ho+)™'—H+)'=H+i) ' [V(H,+i)"*] is compact. By
Theorem 2.5, 0,,(H) = 0,.(Hy) = [0, 0] so:

THEOREM 2.6 (Courant and Hilbert, 1953; Rejto, 1966). If VeI? +
(L*),(R%), and H=Ho+V = — A + V, then o, (H) = [0, ).
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(2) This problem has been studied by several authors: Birman (1961),
Faddeev (1957), Schwinger (1961). The basic result is:

TueoreM 2.7 (Courant and Hilbert, 1953). Let V e I? + (L), and suppose
for some R >0 and some ¢>0,V(t) < —r~**® for r=[r| > R. Then
04sc(H) is an infinite set (with limit point 0). Suppose for some R > 0 and
some &> 0|V()| > —r~27° for r > R. Then o4, (H) is finite.

Proof. See Simon (1970). n

Birman, Faddeev and Schwinger have refinements in case V does not have
simple power behavior at infinity or is in the r ~% border line.

(3) As Hepp will explain, the problem of locating o, . turns out to be
related to scattering theory. Using methods of time-dependent scattering
theory, Hack: (1958) and Kuroda (1959) have proven

THEOREM 2.8 Let Vel? + I'; 2<p<3. Then o,.(H) = [0, ).
A+ |r)"*e? + IP for some 2<p<3 solong as a>1.

Thus Theorem 2.8 breaks down precisely at Coulomb fall-off where it
is known that scattering theory in an unmodified form does not hold.
Potentials with r~! fall-off have been shown to have o, . (H) = [0, o)
by Dollard (1964) and with r~¢ fall-off « > 0, by Buslaev and Matveev
(1970). These authors use a modified scattering theory. For additional
discussion, see Lavine (1969) or Amrein et af. (1970).

(4) The basic idea behind the proof of Theorem 2.9 is that states which
describe “‘asymptotically free” particles must be in 4, .. “Bound States”
are in s, ,. Physically we expect only bound states and scattering states
to occur so we hope that >, = {0}. This has been proven for a variety
of situations by a variety of authors: for example, see Agmon (In press),
Ikebe (1960), Lavine (1972), Rejto (1966), Simon (1971a), Weidmann
(19672), Kato (1968), Aguilar and Combes (1971). Typical is the following
result which was the first one of its genre:

THEOREM 2.9 (Ikebe). Let Ve I? + (L®), and suppose
(a) V is Hélder continuous outside a finite set,

(b) r2*¢ V() - 0 as r - oo for some & > 0.

Then — A + V has no singular continuous spectrum.
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The other results either remove smoothness conditions or allow slower
fall-off at infinity.

(5 The occurance of an eigenvalue at E = 0 is not very exceptional.
For square well potentials of the right strength they occur. But
“eigenvalues at E > 0 are “unphysical”, for “a particle of positive energy
should be able to reach r = o and so be unbound”. Nevertheless, there
are explicit examples (von Neumann and Wigner (1929), Weidmann (1967a))
of potentials with positive energy bound states. These potentials fall off
‘slowly (as r~1) and have rapid oscillations at infinity. The earliest result
‘assuring no positive energy bound states is due to Kato (1959) (who is
-tesponsible for earliest results in many aspects for the subject). An extension
of Kato’s result is:

THeoREM 2.10 (Agmon, (1970; Simon, 1969). Suppose VelI? + (L°),,
and that

(1) V obeys some regularity conditions (Ve C* outside a finite set is more
than enough).

V = V] + V2
Ewhere

2 rVi@)—->0asr— o
3 Vz(r)andr%:i x)~>0asr— co.
Then — A + V has no eigenvalues in [0, o).
" In the above theorem, V; is a potential which dies out somewhat rapidly.

¥, need not die out rapidly but it cannot “‘wiggle”’ too much.

‘B. N-Body Quantum Mechanics

The basic operator is

A=

N

A
- —ZJ—;- + Z Vi, — 1)

i<j

B

1

in I*(R®*"). One first removes the centre of mass motion; that is one writes
R* = R3xR3™® where the first factor is relative to the coordinate
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r=(Zu) "' Zyr. Then (R™) = F(RHQ AR Hand A =4, @1 +
1 ®H where Ay = — A/2M (M = Zp)). The exact form of H depends
on the coordinates we use (but up to unitary operators which change
coordinates, H is uniquely determined). If we take coordinates n; =1, —r,
(i=1,...,n—=1)in R*"! and write m; = (;”* + p,” )"}, then

n—1 n—1
H=— 21 @m)~t A, + izl(u,,)'l Voo - Vo,
i= I Al

i<j

n-1 n—1 .
+ iz< Vi —ny) + i; Vis(my).

J
ij=1

The problem with H is that, V=3,;V;; + ¥ V;, does not go to 0 at
infinity but remains large in tubes where

}n.‘, [:f? = oo
i=1

while some #; or some #; — #; remains bounded. Given a subset, D, of
{1, ...,n} with m elements A, is the operator on I? (R3™) obtained by
only taking the sums over i, and i and j in D. Hp is the operator obtained
from A4;, by removing the center of mass for D.

(1) One has the beautiful theorem of Hunziker (1964a):

THEOREM 2.11. Suppose each V;;e I? + (L*),. Theno . (H) = [Z, o)
where

L= inf  o(Hp, + Hp).
Dy, D2<{1,..,n}
DinD:=@

This has a simple physical interpretation: States with energy less than X
cannot “‘decay” into two bound clusters Dy, D, and so must be bound.
Hunziker’s theorem is further discussed in Hepp’s lectures.

(2) That this is a hard problem is perhaps best shown by a recent
conjecture of Effimov (1970) which at first sight seems contrary to intuition
but which may be true. The reader interested in the problem may consult
Kato (1951b) (who had the first result!), Simon (1970), Uchiyama (1966,
1970), Zhislin (1960), Sigalov and Zhislin (1965). A typical result is:
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TueoreM 2.12 (Zhislin). Atoms have ise infinite. Explicitly if

Sy

V‘J(‘li ~ W= nT for 4,j<n—1
and e
~@-1)

V;'n(ni) = |’fl,|

b

then adi,;(H) is infinite.

Proof.+See* Zhislin (1960), Simon (1970) or Uchiyama (1966). m

(3)‘;One“ca;n usé scattering theory to prove:
THEOREM 2.13. If Ve 2 + Bfor2 < p < 3, then

aa.c. (H) = [Z’ w) = O-ESS(H)‘
Proof. See Hack (1958) or Hunziker (1968b). =

.(4) That o,,, =@ for some 3-body systems has been proven by
Faddeev (1963). For some n-body system with repulsive forces, 0,5 = &
is a result of Hepp (1969a) and Lavine (1971a). In all these cases (except
Faddeev’s three body results), the Hamiltonians have X = inf o,(H) =0
and are what are known as 1-channel Hamiltonians because no subsystem
has bound statest. The jump to a small but interesting class of general
n-body systems has been made by Balslev and Combes (1971):

THEOREM 2.14 Let V,;(x) be functions of |r| = r which have analytic continua-
tions to the sector {r|largr| < a} for some o« > O so that the continuation
goesto zero asr — oo (in the sector) and with V;;€ I + L. Then o,,(H) = ¢-

Proof.. Sgp‘palysvl’gy; and Combes:(1971) and Simon (In press, c). ®

This class of potentials include the Coulomb and Yukawa potentials.
The class of potentials introduced by Combes (unpublished) for which
Theorem 2.14 holds is larger than we have indicated—it is defined by
certain abstract conditions and includes certain non-central of non-local

or momentum dependent potentials. We have just described the class in the
central, local case for simplicity of presentation.

t Another 1-channel result (weak potentials) has been got by Iono and O’Carroll (1972).
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(5) It is not so pathological for bound states to occur in [Z, o0].
Very often they occur for reasons of symmetry. Explicitly, it can happen
that for reasons of symmetry # = #, @ #, where H leaves both #,
and s, invariant but X%, = infe,(H [ X,) > X, = . Bound states
occurring in 3, below X, seems to be embedded in the continuum
[Z, ©]. For example, if H= — A; — A, — Q[r)) — 2/r)) + (1] |ry — r3])
(Helium atom Hamiltonian), and 5,y is the set of states of natural
(unnatural) parity, then X, =—1;%,=—% On M, H has an
infinite number of bound states in [Z,, Z,). (See Sigalov and Zhislin, 1965;
Balslev, In press). 4

For proofs of the absence of bound states in (@, ) where a =0 or
a > 0, see Weidmann (1967a), Agmon (1969) and Alberverio (In press, a).

C. Spatially Cutoff P(¢), Hamiltonians

In his lectures, Glimm will discuss the model H = H, + Jg(x) :P(¢(x)) : dx
where H, is the free boson Hamiltonian of mass m, > 0 in two-dimensional
space time and where g > 0,g € L' n I2. P(X) must be a polynomial which
is bounded below when X is real.

(1) THEOREM 2.15. Let E, = info(H), Then o.5,(H) = [m, + E,, ).

Proof. That o(H) N (— o0,mq + E,) is purely discrete was proven by
Glimm and Jaffe (1970b) by approximating H with operators which have
discrete spectrum in (— o0, mg + Eq). (See also Heegh-Krohn and Simon,
1972). That [mq, + E,, ) < o(H) has been proven by Heegh-Krohn
(1971) and Kato and Migubayashi (1971). m

(2) Very little is known about spectral properties in general. But the
P(X) = X? model is “exactly soluble” and its spectral properties have been
examined by Rosen (In 1972a). If this model is a guide, one expects that
04isc 18 finite, at least when g has compact support.

(3) Using ideas from scattering theory, Heegh-Krohn (1971) and
Kato and Migubayashi (1971) have proven:

THEOREM 2.16. 0, . (H) = [mo + Eo, ©0) where Ey = inf o(H).
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! (4) No:results are known except in the ¢ model. In that case it is
known that as,,,g(H) = ¢.

(5) No real results but it is known that in general models, there can be
elgenvalues in the continuum below E, + 2m essentially for symmetry
reasons as in the Helium atom (see Simon, In press, b)—the symmetry here
is (=1)¥ where N is the number operator).

D.* L/i(i)u‘"yijlex Operators

There are actually several Liouville operators:

(a) Constant energy surface operators. In phase space there are 6n — 1
dimensional energy surfaces, Q, with a natural Liouville measure, dL. The
dynamics on I*(Qg,dL) induces a Liouville operator, Lg. Sinai’s work in
ergodicity for the hard sphere gas implies:

THEOREM 2.17. (Sinai, In press). The Liouville operator, Lg, in the case of a
hard sphere gas in a spherical box, has o(Lg) = 0,.(Lg) = 0,.(Lg) = (— oo,

©); O ging{Lp) = Oyi5e(Lp) = Q,a“,(LE) = {0}. O is a simple eigenvalue; the
absolutely continuous spectrum is of infinite multiplicity.

(b) Full operator in a box. Very little is known about the spectrum of L,
the operator discussed after Theorem 1.4. In the case of non-interacting
particles in a box, one has:

THEOREM 2.18. Under certain conditions (non-interacting particles in a
spherical box with smooth wall forces)

) = 0,00) = 0,0 0) = (= a0, 0);
. adisc(L) = o-sing(L) = ap.p.(L) = {0}

For the exact conditions and a proof, see Prosser (1969).

(©) Full operator in all space. Again, a limited amount is known.
However the scattering theory of Hunziker (1968a) gives some information:
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THEOREM 2.19. Let L be the Liouville operator for an n-particle system (with
center of mass removed) with two-body forces which are C® and bounded
by r=27% at infinity. Then o(L) = 0,,(L) = 6,..(L) = (- o, ).

3. QUADRATIC FORMS

A striking result in the theory of bounded operators is the one to one
correspondence between bounded self-adjoint operators and bounded
symmetric quadratic forms, where:

Definition. A quadratic form, ¢, is a map a:0Q(e)xQ(a) - C, where
Q(a) is a dense subspace of 2, so that a(y,.) is linear and a(., @) is
conjugate linear. a is called a bounded quadratic form if and only if

Q(a) = 5 and |a(y, )| < C Y1l ¢l
It is a trivial consequence of the Riesz lemma that:

THEOREM 3.1. There is a one-one correspondence between bounded quadratic
Jorms and bounded operators given by a«— A with a(y, ¢) = (Y, AP).

We wish to discuss unbounded forms and their relation to unbounded
operators. We restrict ourselves to the case of symmetric forms. For
“sectorial forms” see Kato (1966b) or Reed and Simon (In press, Vol. I):

Definition. A quadratic form, a, is called symmetric if and only if
a, d) = a(d,¥) for all ¢,y eQ(a). a is called bounded below or
semibounded if there is a C with a(¢, ¢) > — C || ll¢|l. If C =0 can be
taken, a is called positive. If a is a semibounded form, introduce the norm
I-lser or Bllera by [¥lir,a=a, )+ (C+ DY If Q@) is a
complete space in ||. ]| 4, We say a is closed. If @ has a closed extension, we
say a is closable.

Example. Let Q(a) = Cy* (R) the smooth functions of compact support.
Define a(y, ¢) = ¥(0) ¢(0) for ¢,¥eQ(a). Let ¢, be a sequence of
functions in Q(a) with ¢,(0) =1 and ¢,— 0 in I*(R) = #. Then (a)
ln — Gl 41 = s — dumll >0 as n,m—> 0. (b) [nll+1—1 as n— co.
Suppose a has a closed extension to a form @ on Q(@). Then there is a

$<0@ with Ig,~ ¢l ~0. In particular, [$ls1 = limlg,lss = 1.

Butsince ||.]| < | l+1, ¢u— ¢in L, We conclude ¢ =0, Thls contradiction
shows that this particular a is not closable.
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< We thus see: A4 positive symmetric form may not be closable. In this
respect forms are not as nice as operators. On the other hand, recall an
operator could be closed and symmetric but not self-adjoint. This is not the
case for forms. First we define when a form is “self-adjoint”.

Déﬁrjftion. Let A be a semibounded self-adjoint operator. Passing to a
spectral representation let

Q) = {y ; § Qx4+ DU |2 dia(x) < 00 } = D(AP)

and define the form of A, g, by

ay, ¢) = ;I X (Ua(x) (U)a(x) dpt,(x).

It is not hard to prove that a is closed and is the smallest closed
extension of the form (, A$) defined on D(A).

THEOREM 3.2. Let a be a closed, semibounded, symmetric quadratic form.
Then a is the form of a unique self-adjoint operator.

Proof. Denote the Hilbert space, Q(a), with norm ||. ||, by #,,. Denote
its dual by s _, (supressing the natural map ., - #_,). Map i:
H > H# by identification and let j: # — #_, be the adjoint of i
Explicitly, given ¥ € 5 define j({) by

JW) () = ¥ (in). (3.1

We suppress the maps i and j and use the standard (. ,.) for action of a vector
on the dual. (3.1) then becomes

The left-hand side of (3.2) denotes the action of Y e s _; (really j(¥))) on
n€H 4, and the right-hand side the inner product in of ¥ and # (really
¥ and i()). Now map B: # ., » # _, by

(B, ¥) = a($,¥) + (c + D (4, ¥) = (&, V)41

Notice that on the one hand

(Bo, 9) _ ldliy

Bol. > _
1B el > g = Tols

= ¢l 41
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while on the other.hand (Bo, y) < [[4]44 (W] .+, for all ¥ so

1Bol-1 = lp]l+1-

We conclude that B is injective, and Ran B is complete, hence closed. If
Ran B+# #_; we can find 0#pes*, =#,, with (Bp,n) =0 for
all¢p e # 4. Letting ¢ = n we see that ||5]| ., = 0 so n = 0. This shows B is
onto. Thus B is invertable. Let D(4) = B~ [#] = (Y€ # ,,| B, e #}
(really { erani|By eranj}). B! | # is an everywhere defined map on
s which is injective and symmetric, for

W, B71¢)= (B~ v, B (B $)
=aB ™, B ¢) + c+ DB Y, B ¢)
=aB7 B )+ + DB 4, B71Y)
= (6. 877).

Thus B™!|# is sclf-adjoint and (by the spectral theorem and the
injectivity of B~! | ) its inverse B:D(4) —» # is self-adjoint.

Finally, let A: D(4) - s be given by 4 = B — ¢ — 1. A is self-adjoint,
and it is easy to see that a is the form of 4. To prove uniqueness, one shows
that any other possible operator C with g the form of C has Cc= A4
soC=A4.nm

One thus needs criteria for forms to be closed (or closable). One simple
one is:

THEOREM 3.3. Let a and b be closed, semibounded, symmetric quadratic
Sforms with Q(a) n Q(b) dense. Then a + b defined on Q(a) N Q(b) is closed.

Proof. Without loss of generality, suppose that @ > 1,5 > 150 [/l 445 =
a@,y) + b, ¥). If ¥,eQ(@ Q) and ¥, is |.[+1,q4+5-Cauchy it is
Cauchy in || 41,0l 41,6 and | ||, since | | < 1| 41,4 < Il 41,045 and
I l+16 < I 41,045 Thus, there is ¥ € Q(a) nQ(8) so that [y, — Ylls1,4 o 5
— 0. Then [, — ¥l +1,045 = 050 @ + b is closed. m

WARNING. It can happen that 4 and B are self-adjoint operators with
A>0,B>0 and A + B defined on D(4) n D(B) essentially self-adjoint
but so that the form associated to A + B is not a + b.
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Example. Let V be a function on R” such that [s|V(x)|d"x < co for any
bounded open set, S, with S disjoint from a closed set I of measure 0 (so
V is locally I! away from I' where it can have singularities) and let
V> 0. Let Hy = — A on I? (R"). Then — A and V are self-adjoint, positive
operators and Q(Hg) n Q(V) is dense since Cy® (R\I') is dense and
contained in Q(Ho) N @(V). Thus, as a form sum we can define a self-adjoint
operator which we naturally associate with — A + V. In a certain sense the
natural meaning in quantum mechanics for C = A + B where 4, B, C are
observables is that (¢, CY) = (), AY) + (f, BY) for all ¥ so a physical
case can be made for taking a form sum.

There is also a perturbation theory result similar in appearance
(although not in proof) to the Kato-Rellich theorem:

THreorReM 3.4 (KLMN Theorem). Let H, be a positive self-adjoint operator
and let V be a symmetric quadratic form so that

(i) 0H) = o),
(ii) For some a < 1,b > O and all Y € Q(H,)
Vb, V)1 < a(y, Ho ) + b, ). (33)

',i{'Then Hq + V defined as a sum of forms on Q(Hy) is closed and thus the
Sform of a unique self-adjoint operator, H.

Proof. Since H, is positive and (3.3) holds
H@,¥) = (b, Hoy) + V(i ¥) = (1 = a) (b, Hoh) — b(Y, )
= = b, ¥)

so H is semibounded. Moreover, lettmg I 44 and || 44,4, be the form
norms associated with H and H,, it is easy to see that (3.3) implies
Coll-lano < U llsn < Call- s ap Since Q(Ho) is complete in | [.+1,10

it is complete in {. ||+ 1,5 Thus H is a closed form. m
Application
- Let R be the set of functions on R? with

[Vl V)l

3,.73
I~ d’xd’y < o

Let VeR + L” and let Hy = — A.Then ¥ obeys a condition of form (3.3)
for any a@ > 0(b is a-dependent of course; the bound is proven as we

-



TOPICS IN FUNCTIONAL ANALYSIS 45

proved Theorem 1.13, using the fact that if We R, [W|"? (H, + E)~!|W|"/2
is Hilbert—Schmidt). Thus:

THEOREM 3.5 (Simon, 1971b). Let VeR + L®. Then Hy + V defined as a
sum of forms on Q(H,) is the form of a unique self-adjoint operator, H.

The “Rollnik class” described in Theorem 3.5 contains the Kato class,
ie. I + L® =« R+ L®. Moreover, it allows worse finite singularities;
r~*eI? + L* only if 0 <o <3 while it is in R+ [® if 0 <o < 2. We
also note that there are ¥e R with D(V) n D(H,) = {0} so the form sum is
essential. The quantum mechanics for systems with potentials Ve R + L*
is developed in Simon (1971a).

Remarks. (1) Itis hard to describe precisely which multiplication operators,
¥V, on R? obey an estimate of type (3.3) with H, = — A. It is certainly
larger than R + L*: for example r~2(1 +|Inr))"*eR + L* only if
o > 1, but obeys an estimate of type 3.3 with a arbitrarily small if ¢ > 0.

(2) On R", n = 1,2 one can develop a theory analogous to the Rollnik
class theory. In R, V obeys an estimate of form 3.3 if and only if V is
uniformly locally L'.

(3) By the results we discussed after Theorem 1.14, in R*(n = 4), r % is
a small operator perturbation of — A if « <2 (for r~*e}"** in that
case). On the other hand if « > 2, — A —r™* is not bounded below on
Co®, so r~% is not even a small form perturbation of — A if a > 2, The
3 <o < 2 case filled by the Rollnik class in R? does not exist in R" if
nz=4!

(4) It is a general result that if Ho > 0 and |[V¥/[* < a[Ho¥|? + b |y,
then (¥, Vi) < a(¥, Hoy) + (¥, ).

Example. To see that Vin Theorem 3.4 need not be an operator, it is an
amusing exercise to prove that on I? (R), for any a > 0, there is a b with
|$(0) < a ||djdx $||* + b ||p]|? for all ¢ e D(d/dx). Thus (— d?[dx?) + 6(x)
can be defined. It is instructive to find which piecewise C® functions are in
D((— d*/dx? + 8(x)) and explicitly see the cancellations involved in the

form sum.
As a final general result:

THEOREM 3.6, Let A be a symmetric operator with (Y, AY) =20 for all
Y eD(A4) (We say A is positive). Then the form a with Q(a) = D(4) and

a(y, ) = (, Ag) is closable.
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Proof. Let |W[2 .= a(y, ¥) + [¥|* as usual. Let 3, be the abstract
completion of D(A) with || || 4, ,,. Leti = 3, — # by extending the identity
map i = D(A) - # which is continuous from |. [, to || {. If we show that
i-is injective, we can define @ on i (#.,) by AW, ¢) = (W, $)+1 — (U, @)
a will be a closed form extending a. Suppose ¥ € # ., and i({) = 0. Then
there are lP,,——' Y with ¢,—>0 in #. But then for any ¢eD(4)
(6, ¥ e1 = (6, AV + (6, ¥,) = (4 + &,,) > 0. Since D(4) is dense
in o4y, (¢s¥) =0 for all &, 4. This implies Y = 0. We conclude
that i is injective. m

. As a corollary we have:

THEOREM 3.7 (Friedrichs). Let A be a positive symmetric operator. Then A
has a posmve self-adjoint extension Ag.

Proof ‘That the operator Ay associated with the form a of Theorem 3.6
extends A4 is left to the reader (see the proof of Theorem 3.2) m

Remarks.” (1) Ay, the Friedrichs extension, is canonically associated with A.
It has the property

inf (Y, 4y) = lnf (W AR).
: yeD(4)
There may however be other self—adjomt extensions of A with this
property..

(2) Historically, the Friedrichs extension was found by Friedrichs
(1934) and Stone (1932) without using forms although some proofs, e.g.
Freudenthal (1936) were disguised form theoretic results. That forms are so
nice, (Theorem 3.2) was realized by Kato (1955), Lax and Milgram (1954)
and Lions (1961). The # ., —» s# _, language to prove Theorem 3.2 was

introduced by Nelson (1964a). It is for these authors, we use the term
KLMN theorem.

As a final application of form methods, let us sketch how they can be used
if one wants to carefully treat quantum statistical mechanics in boxes of
arbltrary shape. For additional details, see the technical appendix to
Lebowitz and Lieb (In press) or see Robinson (1972). Q will stand for an
arbitrary bounded open region of R*". Usually it will be of the form
{{Xg, .. X0 1 X;€ Qo) for some set Q, = R%. To take care of hard
cores, one need only remove {x,,...,x,|xeQ,lx; — X;] < a for some

i,j} from Q. We won’t worry about statistics or spins. They both can be added
with trivial modifications:
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A. The Free Hamiltonian

Let Cy® () be the C* functions with support compact in Q. — A defined
on Co® (Q) is a positive symmetric operator. Its Friedrichs extension on
L2(Q) will be denoted by H,%; it is just the “zero boundary condition”
extension of — A. Notice if we want hard cores, we just remove the core
region from Q and H,® has the hard cores built in. H,® has one very
important property:

THEOREM 3.8. Let Q < Q'. Let I2(Q) be mapped into I*(Q') in the natural
way. If ¢ € Q(Ho®) it is in Q(H,%).
Proof. ¢ €Q(H,") means that there are ¢,eCy°(Q) with ¢,— ¢ in
I}(Q) and such that V ¢, is I>(Q)-Cauchy. Since Co®(Q) = C,®(Q"), any
¢eQ(H,") is in Q(H,Y). m

Notice this theorem would not be true if Q were replaced by D; for a
function in Q which is C® and vanishes on 4Q is in D(H,?) if Q is a nice

region. If Vi does not vanish on 9Q, and Q' contains Q, { will not be in
D(H,*). For comparison of operators, form domains are enough:

THEOREM 3.9 (Weyl’s min-max principle—form version) Let A be a self-
adjoint operator which is bounded from below. Let

1(4) = max ( min W, Atl/))

serrbrn ve
Fureerdn-s ¢[¢1Q(¢n 12
el =

Then either (a) p, is the nth eigenvalue from the bottom of o(A4) (counting
multiplicity) or

(b) Ky = infaess(A)'
In particular, 0,,,(4) = & if and only lf hm t(4) = 00, e"P is trace class,

if and only if Texp[— Pu,(4)] < and in that case tr [exp (— BA)]
= a1 exp [— B (4)].

We then have:

THEOREM 3.10. Ho® has purely discrete spectrum and exp (— BH,®) is trace
class. If Q = Q, then
Zo° (B) = tr [exp (— BHo™] < Zo® (B)-

Proof. By Theorems 3.8 and 3.9 p,(H,® > p,(H,%) if Q = Q. By explicit
computation, Zexp [~ Bu,(H,%) < oo if Q is a cube. The theorem then
follows easily. m
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B. Interacting Hamiltonians

2 Now let ¥;; be a function on R® which is a Rollnik potential. Then, as
we .have seen, for any a>0(y, V;¥) < a(y, — Bpa¥h) + 0(Y,¥) for
suitable n independent of . Now view V; as a function of r, —r; on
R3": As in our proof of Theorem 1.14, (¥, Vi) < a (Y, — Agsn ) + b’
(i, ) for Y € Q(— Agns). But, by Theorem 3.8 (boundedness of Q played
no role until Theorem 3.10), any ¢ € Q(H,®) is in Q(— Ags») and so obeys
W Vi) < a@, H®¥) + b’ (Y, ¥). Applying Theorem 3.4, we conclude:

THEoREM 3.11. Let {V,}%;-, be functions in (R + L) (R?). Let Q c R*"
open. Then Ho® + ¥, V,; defined as a sum of forms on Q(Ho?) is the form of a
self-adjoint operator, Hn

‘ We also have:

THEOREM 3.12. Let Q be a bounded region of R3" and let H® be as in Theorem
3.11. Then e "8 is trace class forany >0. If Qe Q':

Zo(p) = tr [(exp — BH)] < Zo/(B).

Proof. By the basic Rollnik estimate, u,(H®) > (1— a) p,(Ho™) + b. The
discreteness of ¢(H®) and existence of Z, follow from the analogous facts
for H," The inequality on the partition functions comes from the
inequality u,(H®) > p,(H®) proven as in Theorem 3.10. »

4. THE GEL’FAND THEORY OF COMMUTATIVE BANACH
ALGEBRAS

The material we discussed in this section is of a more standard nature
than that of Sections 1.3. A beautiful pedagogic discussion can be found
in the little monograph by Gel’'fand et al. (1964).

Definition. A Banach algebra (with identity), B, is a complex Banach space
together with

(i) An associative, distributive multiplication with identity, 1,
(i) llabll < Yal fibl,
(i) 1 = 1.

Our first goal is to construct a natural map from B to continuous
functions on a compact Hausdorff space when B is commutative. We
first need a technical Jemma whose content is familiar from operator
theory on a Banach space X (with B = L(X), the bounded operators on X):
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Lemma 4.1 (a) The family of invertable elements, 1, of B is open. Inverse
is continuous on I.

(b) Maximal proper (i.e. not equal to B) two-sided ideals are closed.

(c) If xeB, the spectrum of x, o(x) = {AeC|x — Al is non-invertible}
is a compact subset of C.

(d) For any xeB,o(x) # <.

(e) Let spr(x), the spectral radius of x, be defined by spr (x) = sup |4|

is given by (Gel’fand spectral radius formula). Aeolx)
spr (x) = lim |x"|| /",
Remark. (e) asserts lim ||x"]| /" exists.

n—0

Proof. (a) Let Ael and let |B|| < |4~ ~1. Then the geometric series
AT — AT BA L+ AT BA™ Y — .. (= 1)"A"Y(BA™Y)" + ... converges
and yields a two-sided inverse for 4 + B. This proves that I is open
and if x,,xel and x,— x, then x,”' - x~1,

(b) If I is a maximal ideal, (which is proper) 1¢1 so 1¢1I by (a). Since I
is also an ideal and is proper since 1 ¢ I, I = I by maximality.

(¢) o(x) is bounded, for if A > ||x|, then 1 + A7 'x+ (A" 1x)2+ ...
+ (A 1x)"+ ... converges to C; and (x — ) 1= (-1 -1 =
(=A)™1C;. o(x) is closed because I is open, the map M:1—->x— 4
is continuous and C\o(x) = M~! (D).

(d) Consider the function f(A) = (1 —Ax) 1 =A"1 (A1 =x)"1 fis
a vector valued analytic function in the entire plane if o(x) = ¢f and in
addition lim |f(A)} =0 since lim (17! —x)~!' - (—x)~!. By the

A= o0 A

vector-valued Liouiville theorem, f(4) = 0.
(e) We first note that lim [|x"||*/* exists and equals inf ||x"||/", For let

I(m) = log | x™||. Then (m + n) < I(m) + I(n). Fix n and write k = an + q.
Where @ and ¢ are integers and 0 < g <n — 1. Then I(k) < al(n) + (@)
As a result

Ik
TP

This proves the limit exists and is equal to the inf.
Next we note that Hadarmard’s theorem implies the radius of
convergence of 1 + px + p?x* ... is (lim |x"[|1/")~%. It is also the inverse

of the sup |4| because the nearest singularity of (1 — ux)™* to u=0
A ea(x)
determines the radius of convergence. n

1) I . [
*n—SO mT < inf [_k_J .
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TueEOREM 4.2. (a) (Gel’fand-Mazur theorem). Every Banach field (in fact,
every Banach division ring) is canonically isomorphic to C.

- (b) Let B be commutative. There is a canonical bijection between maximal
ideals, I ¢ B and continuous non-zero homomorphisms, I, from B to C, given
by'I =kerl

két};ark. By using (b) of Lemma 4.1, one can show that any homomorphism
of B into C is continuous.

Prq‘kbf. (a) Let xeB. Then o(x) # &J so x — 1 is not invertible for some 4.
The only non-invertible element in a division ring is 0 so x = 41 for some 4.

" (b) If I is a maximal ideal, it is closed by Lemma 3.1 so B/I is a Banach
space. Since I is an ideal, B/I is an algebra and simple manipulations prove
it'is"a Banach algebra. Finally since I is maximal, B/l is a field; hence
B/I ~ C, The natural homomorphism 7n: B— B/l defines a (unique)
homomorphism from B to C with I.

Remark. Homomorphisms from B to C are sometimes called multiplicative
linear functionals,

ijefinition. The set of maximal proper ideals of a commutative Banach
algebra, B, (equivalently the set of multiplicative linear functionals) is called
the spectrum of B; o(B).

THEoigEM 4.3 (Gel'fand). Let B be a commutative Banach algebra with
spectrum o(B). Then:

(2) Viewing o(B) as a set of multiplicative linear functionals, o(B) is a
_ weak *-closed subset of the unit ball of B.
(b) o(B) with the induced topology (induced from the weak *-topology
7 Yon B¥) is a compact Hausdorff space.
(¢)" Given xeB and le o(B), define £(I) = I(x). The function % on o(B)
has the property ranf = o(x).

(@ *:B - C(e(B)) is a homorphism and ||%] < ||x|.

Proof. (a) Let le o(B) correspond to the maximal ideal, I. Let x € B. Then
Ix—I(x)1) =0 so x—I(x)el. Thus x —I(x) is not invertible, i.e.
Ix)ea(x). As a result of the spectral radius formula, |I(x)] < ||x] so
I/lge < 1. To see that o(B) = B* is weak *-closed, let I, — 1 in B* with
l.eo(B). For any x,yeX, L (xy) = [,(x),(y) and [,(z) > I(z) for z = x,y
or xy. Thus I(xy) = I(x) I(y) so leo (B).
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(b) This is just the Banach-Alaoglu theorem which says the unit ball
of B* is weak *-compact.

(c) Our argument in (a) shows that ran% < a(x). So suppose € o(x).
Then x— 4 is not invertible so (x —A)B={(x—A)y|yeB} is a
proper ideal in B. By a Zorn’s lemma argument, (x — 1) B is contained
in a maximal proper ideal which corresponds to some /eo(B). Then
() =Il(x) =1 so AeranX.

(d) That * is a homomorphism is obvious. Finally [|£], = spr(x) =
lim 17" < x]. w

Remark. The weak *-topology on o(B) is called the Gel’fand topology and
% is called the Gel’fand transform.

Why is o(B) called the spectrum of B? A partial answer is:

THEOREM 4.4, Let B be a commutative Banach algebra. Suppose B is generated
by xeB, ie. {XN_oa,x"} is dense in B. Then the map £: o(B)—a(x) = C
is @ homomorphism of ¢(B) and o(x).

Proof. % is continuous and o(B), o(x) are compact and Hausdorff so it is
enough to prove that £ is bijective. By (c) of the last theorem, £ is
subjective so we need only prove it injective. Suppose £(/y) = X(0,).
Since /, and /, are multiplicative, I; (Xh-o a, x") = I, (N~ @, x"). Since
I, and /, are continuous and x generates B,/; = /,. m

Remark. More generally, if x,, ..., x; generate B, ¢(B) is homomorphic
to the joint spectrum of Xy, ..., X, a subset of C* under £, ® ... ® %,

As a final element of the abstract theory we can precisely describe for
which B, * is a isometric isomorphism of B and C(a(B)).

Definition. A Banach *-algebra is a Banach algebra, B, with a map *
obeying
(i) * is conjugate linear,
(i) x** = x for all xeB,
(i) (xy)* = y*x%,
@v) fx*[ = lxl.

A C*-algebra or abstract C*-algebra (also called B*-algebra) is a
Banach *-algebra obeying the additional property

™) |la*al = lal
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Remarks. (1) (v) implies (iv).
(2) If f*() = 1), we say * is a *-isomorphism.

THEOREM 4.5 (Commutative Gel’fand Naimark theorem). * is an isometric
*_isomorphism of B onto C(a(B)) if and only if B is an abstract C*-algebra.

Proof. (1) If * is isometric and *-isomorphism, the C* property follows

from /1% = 1/1* I

#(2) Let B be a C*-algebra. Let s be a hermitian element of B, i.e.
h'=h*. Then k is real, for let u, = ¢'*" with 7e R defined by

e"”' = i ———-(it?" .
n!

n=0

Then u*=u., and uruy =ug = 1. Thus Ju,) = |u—,]| =1. But for
1€6(B), l(u) = "™ and I(u_,) = e "™, Since |l(u,)| and |I(u_,)| are
not greater than 1 we conclude |/(,)] = 1,i.e. /(h) is real.

(3) If xeB, x = y + iz with y and z hermitian

[y=4x 3% 2= 0% = 2]

SO
() = I(x*) = I(x) = 2.

Thus * is a *-homomorphism.
(4) Let h be hermitian. Then [Ah2 = [#?] so [A|*" = ||h*")]. Thus
1h) o = spr (k) = lim [|B*"||1/*" = ||A].
. b~ x
<0 5 — S~
(5) ForxeB, R = [I2%] o = |x*x|lo = Ix*x} = lIx[|®so * is isometric.
(6) By 5, ran * is complete, thus closed and * is injective.

(7) *is closed, a subalgebra of C(¢(B)) and is conjugate symmetric by 3.
Moreover, 1 = leran * and if [y # [, in a(B), £(/;) # £(/,) for some £ so
ran ~ separates points. By the Stone-Weierstrass theorem, £ is surjective. ®

Theorgms 4.4 and 4.5 have one elementary synthesis:

THEOREM 4.6. Let B be a commutative C*-algebra. Suppose xeB, so
that x and x* generate B; then o(B) — o(x) is a homomorphism.
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Before discussing the application to the spectral theorem we need one
more abstract theorem. First note if xeB, by enlarging B we can
sometimes shrink o(x):

Example. Let B be the algebra of functions analytic in {z|]z] <1}
continuous on {z|[z] < 1} with ||f]| = sup |f (2)|. Let z be the obvious
z|=1

clement of B. Then gg(z) = {4|]A] < 1} (We use oy to emphasize this is
the spectrum with respect to B). Let C = C({z||z] = 1}) with |.{,-norm.
Then B < C and ac(2) = {A]]|4] = 1}.

This shrinkage cannot happen for elements of C*-algebras:

THEOREM 4.7 (Permanence of spectrum). Let xe B < C where B and C
are C*-qlgebra (not necessarily commutative). Then op(x) = oc(x).

Proof. We note that this theorem is proven if we can show that whenever
x — 2 has an inverse in C, this inverse is in the C*-algebra generated by
x and x*. Equivalently, we need only show if aeC and a is invertible,
then ¢~ is in the C*-algebra generated by @ and a*. First suppose
a = h is hermitean and h~! exists. Since o() = R we can obtain A™! by
analytically continuing (h — 4)~! along the imaginary axis from A =
2kl =hy (h—2A) Y= YA+ A" Yh+ 42K+ ...) is in the
C*-algebra generated by 7 and at each stage in the continuation all
the Taylor series coefficients are in the C*-algebra generated by #h.
Thus A~1 is in the C*-algebra generated by k. Now let a be arbitrary.
If a~! exists then a*a inverse (equal to a™' (a~1)*) exists. Since a*a is
hermitian, (@*a)~! is in the C*-algebra generated by a* and @ .Since a™! =
(a*a)~' a*,a" 1 is in the C*-algebra generated by g and a*. m

Application

Let us apply the Gel'fand theory to sketch a proof of the spectral
theorem. First, let A be a bounded self-adjoint operator on a Hilbert space,
. Let L(s#) be the bounded operators on & and let B be the subalgebra
generated by A. B is abelian and both B and L(s#) are C*-algebras since
|A*A| = || A||> for operators on a Hilbert space. Thus og(4) = o(4).
Then * :B — C(c(4)) is an isometric isomorphism of B onto C(a(A)).
Let ¢:f— f(A) be its inverse. Suppose temporarily that B has a cyclic
vector, i.e. {By | BeB} is dense in 5 for some . Let u, be defined on
C(a(A4)) by py(f) = (W, S (AW). p, is a positive linear functional and thus
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there is a measure dp, with py(f) = j,0fdu. Map U: C(o(4)) - by
Uf = f(A)W. Then

WUFI? = b fHAS D> = [ duf*f = 1 f | Zoco, ang

By the cyclic assumption, U extends to a unitary map of I*(c(A), duy)
onto . A simple computation shows that (U~!'AUf)(A)= Af(A).
More generally, if B does not have a cyclic vector, we can find (using
Zorn's lemma), orthogonal subspaces {#,},.; in # with @,H#, =
and . vectors y,e#, with {By,|BeB}= #, Then we construct
U: @, X(a(A4),dp,) » # with U™! AU = multiplication by A.

‘In the same way we can realize any bounded normal operator as a
‘multiplication operator (by a non-real-valued function). Finally, if 4 is
self-adjoint but unbounded, (4 + i)~ exists and is a bounded normal
operator. By realizing it as a multiplication operator, we can realize A4 as
a multiplication operator.

5. THE GNS CONSTRUCTION

The GNS (for Gel'fand, Naimark and Segal) construction which we will
describe can be viewed as a non-commutative version of the Reisz—Markov
theorem which describes positive linear functionals on C(X) where X is a
compact Hausdorff space. Since we now know (Theorem 4.5) that any
commutative C*-algebra, B, is isometrically isomorphic to C(c(B)) we can:

1st Translation of Reisz-Markov

Given a linear functional ¢ on B, a commutative C*-algebra, obeying
¢(x*x) 2 0 for all x, there is a measure y on o(B) with ¢(x) = |,z () du()).

We want to somehow eliminate 6(B) from this picture since there is not a
really. nice analogue of ¢(B) when B is not abelian. A fairly standard way of
“eliminating’™ a measure space is to transform conclusions into statements
about the Hilbert space I? (M,dy). In the above case, letting # = [2
(M, dy) we have for each xeB, a bounded operator, n(x) on J# given by
(n(x)f) () = 2D 1. Moreover, since C(a(B)) is dense in I’ (a(B), du)
thg vector , =1 on ¢(B) has the property that {n(x)Q,|xeB} = C(o(B))
is dense in I*. Or Q, is cyclic for n(B) where:

Definition. Qe is called cyclic for 2, an algebra of bounded operators
on #, if {AQ,| A€ U} is dense in .
Thus:

2nd Translation of Reisz-Markoy

Given a linear functional ¢ on B, a commutative C*-algebra, obeying
¢(x*x) > 0, there is a representation, @, of B as operators on a Hilbert
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space, (i.e. @ is a *-homomorphism of B into L(s#)) and a vector
Q, € o which is cyclic for n(B) and so that

(Qos T(X)Q0) = P(x).

This is the form of the Reisz-Markov theorem that has a non-commutative
analogue. First, we define:

Definition. Let B be a C*-algebra. A linear functional, ¢, from B to C is
called positive if ¢(x*x) > for all xeB.

There are other candidates for positivity and we discuss some of them
below.

THEOREM 5.1 (The GNS Construction). Let ¢ be a positive linear functional
on a C*-algebra B. Then there is a Hilbert space, #, a representation
n: B — L(o#) and a cyclic vector Qy € # for n [B] so that ¢(x) = (Qo, 7(x)Q).
Moreover, the triple {H#, n, Qy) is uniquely associated to ¢ in the sense that
if (V7D QMY s another triple with ©¥ a representation, Q,*"
cyclic and  ¢(x) = (Q,V, a V(%) Q') then there is a wunitary map
u: #Y - # so that uQ,P =Qy and un(x)u~?! = n(x).

Proof. We must first find #. There is only one object around from which to
build 5, namely B! And there is only one candidate for an inner product.
Define [.,.] on BxB by [x,y] = ¢(x*y).[.,.] has all the properties of
inner product but the definiteness condition. Letting |x|l, = ¢(x*x)
we conclude from the Cauchy-Schwartz inequality that

lp(x*N) < VO*X) Vo (¥*y). G.Dn

We first show that ¢ is continuous. (Notice we haven’t assumed it
continuous). First let 4 be hermitian; and let B, = B be the C*-algebra
generated h. B, is abelian so B, ~ C(s(B,)). ¢ thus acts as a positive
linear functional on C(6(By) by ¢(x) = ¢(*'x). Since [hll+h>0,
S(IAll + k) = 0 or |¢(h)| < ¢(1) lh]l. For general y e B, ¢(y*y) < ¢(1)ly*y|
since y*y is hermitian, so by (5.1)

[P < (M) Iy*yll = (D) Iyl

Now let 3, = {xeB| | x|, = 0}. 3, is clearly a subspace. In fact it is a left
ideal. For applying (5.1), if xe3,:

Iy xlly = (@Ce*y*y x))* < $(r*y x x*y*p) p(x*x) = 0.
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Thus ||yxf, =0, ie. yxe3J,.

Now we note that B/3, is an inner product space so it has a completion .
We define [x]e#, to be the class of B/J, containing x. We define
a(»)[x] by n(»)[x] = [yx]. Since I is a left ideal, n(y)[x] is well defined.
Moreover:

< y*x*xp*y) $(x) < o) IIx00° 112 i

POy x*xy*y)* dlx*x)*

Pl xpy*yy*x*x)® |y NIX]°
PCGeyy*yy*x*xxtxyy*yy*x®) |y1® 11x01*°
o) I xf® Nyl

By repeating this argument:
L Do < vl 10,

50 7(y) extends to a bounded linear transformation of ¢ into . = is thus
a representation of B. Next, we define Q, = [1]. Then n(x)Q, = [x] so
n[B1Qy = B[J, is dense, i.e. Qq is cyclic and

and -

IDyx20e

INININN

(QO$ ﬂEX]Qo) = ([1]’ [x])
=[1,x]y = ¢(x).

ThlS completes the proof of existence. Uniqueness is left to the reader. ®

Applications and Refinements

(1) Non-Commutative Gel’fand-Naimark Theorem

Suppose, B is an arbitrary C*-algebra. We have essentially defined a
positive element to be an xeB of the form x = y*y. A detailed and deep
analysis of C*-algebras shows that:

THEOREM 5.2. Let B be a C*-algebra. Then x is of the form y*y if and only

if x is Hermitian and 6(x) < [0, c0). The set of all positive elements in B
is a convex cone.

Proof. See Dixmier (1964) or Reed and Simon (In press, Vol. III). m

An a’fjplication of the Hahn-Banach theorem shows that for any

0+# xeB, we can find ¢, a positive linear functional, with ¢(x)# 0. We
thus conclude:
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THEOREM 5.3 (Non-Commutative  Gel’fand—Naimark theorem). Any
C*-algebra is isometrically isomorphic to an algebra of operators on a
Hilbert space.

Proof. Let ® be a family of positive linear functions separating points,
Let #=@®#, and n: B—L(:#) by [n(xW ] = my(x)ry where

ded
(Hy,my, Q4> is the representation associated to ¢ by the GNS

_Construction. 7 is clearly an isomorphism so we need only prove it is
lsometric. By our construction in Theorem 5.1, |n(x)| < |x|l. Since
120G 2 = lz(x*x)] and |[x*x| = x|, =@ = [=* @)z, we
need only prove |n(h)|| = ||A| for A hermitian. If % is hermitian, let B,
be the C*-algebra generated by % and =, = n[B,]. =, and B, are
algebraically isomorphic so they have the same maximal ideals. Since

[, = 151(111;)) lI()] we conclude |h|y, = [7(h)|,. This completes
the proof. m "

(2) Pure States and Irreducible Representations

A positive linear functional ¢ on B, a C*-algebra is called a state if
¢ =1. If {H 41y, Qp» is the triple associated to ¢ via the GNS
construction, [Q4]|2 = ¢(1) = 1. The states form a compact convex set
when given the weak *-topology—this set is a cap for the cone of
positive linear functionals, i.e. each half line from O interests the states in
precisely one point. We want to ask when the representation r is irreducible;
it is unclear that it is ever irreducible at this point! We recall the basic
definition and Schur’s lemma:

Definition. A representation 7 of B is called irreducible if the only subspaces
of S left invariant by all the n(4) are {0} and #.

SCHUR’s LEMMA. = is irreducible if and only if n[BY = {C| Crn(4) = n(4)C
Jor all AeB} = {A1}.

Proof. We first note that since n[B]* = {n(4)*| AeB} = {n(4*)| AeB} =
n[B], V' is invariant if V is invariant. If ¥V and V< are invariant, the
orthogonal projection onto V commutes with all n(4). Thus, if = is not
irreducible, then there is a projection P # 0,1en[B]’ so n[B]’ # {i1}.
On the other hand, if C # Al en[B]’, we can find C self-adjoint in n[BY]’
with C # A1. But then C has non-trivial spectral projections P which are in
n[B]’. P is then a non-trivial invariant subspace. u
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. To determine which states lead to irreducible representations, we note:
THEOREM 5.4. Let ¢ be a state and let {3 4,74, Q,> be the corresponding
GNS triple. Suppose \ is a positive linear functional with y < ¢, i.e. ¢ —
'is ‘positive., Then there exists a unique Te L(# ,) with Y(B*A) = (=(B) Q,,
‘,Tn(A) Qd,) and this Te n,[BY and obeys 0 < T < 1. Conversely, if Te n,[BY
and 0 < T< l then Y(A4) = (Q4, TA Q) is a positive linear functional with

V<o |
‘Proof Let IIJ be glven First notice that

‘ ll//(B”‘A){2 !P(B*B)I/I(A*A) $(B*B) $(4*4) = |[B]| |LATY.

"Thus, Y lifts - to. a bounded sesquilinear function / on 4, with

I([B],[A])'= y(B*A). By the Reisz lemma, there is a unique 0 < T < 1

with /([B], [4]) = ([B], T[A]) or y(B*A) = (n[B]Q,, Tn[A]Q). Moreover
[[B, (Tn(d) — n(A)T) [C]] = $(B*AC) — Y((4*B)*C) = O

s0 Ten,[BY. The inverse is trivial. m

. o

To identify the states which yield irreducible representations under the
GNS construction, we must do a little geometry:

'Deﬁni'tion An éﬁ(tféme point of a convex set C is a point xe C for which
x =4y +4z with y,zeC implies y =z = x. An extreme point of the
convex set of states ona C*-algebra is called a pure state.

The Kreln—Mllman theorem assures us that there are lots of pure states,
enough so that the weak* -closure of the convex combinations of the pure
states is all states.~ We also need a simple geometric lemma:

LemMMA. A state d) zs a pure state if and only if Y, W, positive functionals and
‘1’1 + 'pz = ‘/’ ‘mpltes Yy=4 ¢ and Y, =4, ¢.

Proof If ¢ is: not pure, then ¢ =4¢, + 3¢, for ¢, # ¢ # ¢,. So letting

=14, we sce,,that ¢ =y, + ¢, with ¥, # 1, ¢. Now suppose ¢ is
pure We first -note that if 0 <A< 1 and ¢ = l¢1 + (1 — A)¢, where
¢1; ¢, are states.then ¢, = ¢ = ¢,. (Interior points of line segments are
midpoints of some:smaller line segment). Suppose ¢ = ¥, + ¥, with
Y1, ¥, positive functionals. If ,(1) = 0, the conclusion is trivial so suppose
V(1) # 0 for i=1,2. Let ¢;=y;(1)"'¢;. Then ¢; is a state and
¢=Ady+ (I~ where 4 = ¢ (Dand (1 — 2) = ¢(1) — ¥, (1) =, (1).
Thus ¢y = ¢y = ;= 4,¢. m
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We can now prove:

THEOREM 5.5. Let ¢ be a state on a C*-algebra and let (4, 7,4, Qy) e
the associated GNS triple. Then ny is irreducible if and only if ¢ is pure.

Proof. m, is irreducible if and only if m4[B]’ = {A1}. But by Theorem 5.4,
ns[B] = {A1} if and only if 0 < ¢ < ¢ implies Yy =1¢p. But 0 <y < ¢
ifand only if ¢ = + (¢ — YY) and ¥ > 0, ¢p — ¢ > 0 so we conclude that
Ty is irreducible if and only if ¢ =, + ¥, with ¥y, ¢, > 0 implies
Y1 = A¢ (and thus ¥, = (1 — A)$). By the lemma, this happens if and only
if ¢ is pure. m

(3) Group Covariance

In applications, one often has more structure than a C*-algebra, B. One
has a set of automorphisms f: B — B in addition. In fact, one often has a
topological group, G, and a representation of G by automorphisms of B,
ie. B, B, = B, which is continuous in the weak sense that g — f,(4) is
weakly continuous, i.e. /(,(4)) is continuous in g for any fixed / and 4f.
One has the following nice result:

THEOREM. Let B be a C*-algebra, G a topological group continuously repre-
sented by automorphisms, B,, of B. Suppose ¢ is a state of B left invariant
by the B, in the sense that ¢(B,(A)) = ¢(A) for all geG and AeB.
Then there is a strongly continuous unitary representation of G on 34 with
U(g)Qy = Q4 and U(g)n(A)U(g)™* = n(B,(4)). The Ulg) with these
properties are uniquely determined.

Proof. We first notice that B;: 3,3, for if ¢(x*x) =0, then
B(By(x)* B,(x)) = ¢(B,(x*x)) = Pp(x*x) = 0. Thus [B,(x)] is only dependent
on [x]. Moreover, by the above computation B = Ix]] so by
continuity [x] — [B,x] extends to an isometry U, on i, Since
U,”' =U,_,, U, is surjective, i.e. U, is unitary. Moreover U, is weakly
continuous for ([y], U,[x]) = ¢(y*B,(x)) = L(B,(x)) with L(.)= d(3*.).
Strong continuity follows from weak continuity by abstract nonsense.
Moreover,
Uy Q, =U,[1]=[B,(N]=1[1]1=9Q,
and :
Uyn(x) U, ' [y] = Uy n(x) [B,7 ' y] = Ulx B,~ ' ¥]

= [B,()B,™' ¥1 = [B,(x) y) = n(B,(x)) [¥].

T Editor’s note: Sometimes, g+ I(8,(4)) is continuous in g only for a dxstmgulshed
subclass of states /, the “regular” states.
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By continuity,
U,n(x) U,~" = n(B,(x)).

The proof of uniqueness is left to the reader. ®

Remark. 1. If m, is not irreducible, there will be many ¥, with
V,n(x) V,”! = n(B,x); for let Ben[B]' and V,=BU,B™'. Tt is the
condition U, Q, = Q, that fixes U,.

2. It is a useful exercise to prove that [{U,} v {n(B)}] = {0} .if
and only if ¢ is an extreme invariant state.

(4). Non-Commutative Ergodic Theory

Let T be a continuous map of a compact set X into itself. Let B be
C(X) and let By: B—>B by (B;f) (x) =f(Tx). Then p is an invariant
measure for T if and only if ¢ofr=¢ where ¢(f) = [f(x)du. The
extreme points of {¢| P o fr = ¢} are precisely the ergodic measures of T.
More generally, this definition can be extended: if B is a C*-algebra and
a group C acts by automorphism on B, then extreme invariant states are
called ergodic states and the GNS construction plays a role in the
development of this ergodic theory. Some of its nicest features are
described in Ruelle’s book. (Ruelle, 1969a).

(5) Change of Hilbert Space

In passing to the infinite volume limit in quantum field theory or in
discussing “‘spontaneously broken symmetry”’, the phenomena of change
of Hilbert space occurs. This is described in the field theory case in
Glimm and Jaffe (1970a) and in the broken symmetry case in Wightman

(1969a). Both applications are also discussed in Reed and Simon (In press,
Vol. III).

(6) Quantum Statistical Mechanics in Infinite Volume

As will be discussed in Hugenholtz’s lectures (see also Ruelle (1969a),
quantum statistical “states™ in infinite volume are naturally associated with
states on a certain C*-algebra. However, the GNS construction does
not produce physically reasonable objects (although it is sometimes a
useful technical device for studying the states): at temperature T# 0, a
statistical equilibrium state is not “physically’® a vector state but should be
a density matrix or a more general object—(a constant family of density
matrices if we look at finite volumes). To see how physically absurd the

GNS triple (o, 1y, Q) is we note that the energy is not bounded below
on . '
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6. VON NEUMANN ALGEBRAS: AN INTRODUCTION

We can only scratch the surface of the theory of von Neumann
algebras in this short discussion. We will try to explain why the ultraweak
topology is not mysterious but is qulte natural. We will not have a chance
to discuss the general theory. There is some discussion in Reed and Sxmon
(In press, Vol. IIT) and Kadison (1958) and a great deal in Dixmier (1957)
and Schwartz (1968). A nice presentation of type theory may be found m
Lanford (1972).

Definition. An algebra, U, of operators on &, a Hilbert space, is callea
a von Neumann algebra if 1€, A* = {A*| AU} = A and A is clqé’gd
in the weak vector topology. S

Remark. The condition 1 e is often dropped.

We are first heading towards proving that a von Neumann algebra, 2,
is in a natural way the Banach space of continuous linear functionals:on
Wy, the normed linear space of weakly continuous functionals on 2.

We first recall some elementary facts and definitions from duality
theory:

Definition. Let X and Z be vector spaces and suppose there is a map m:
Z x X into C which is bilinear. We write m(z, x) = (z, x). Let Y be a subset
of Z and let [ Y] be the algebraic closure of Y, i.e. o

n

[Y] = { 'Zl aiyil}"h Y€ Y;“h .,OC"EC;II = 1’2’ e
Then the o(X, Y)-topology is the weakest topology on X making (y, .)
continuous for each yeY. We say Y separates points of X if for all
xeX,x#0,3yeY with (y,x) #0. We say X separates points in. Y if
for YyeY,3xe X with (y,x) # 0. :

THEOREM 6.1. (a) If Y separates points of X, then the o(X,Y) topology is
Hausdorff. Henceforth, we suppose Y separates points of X.

(b) o(X,Y) = o(X,[Y]). . -

(¢) If Y is a subspace and X separates points of Y, then X7 x.y, the set
of 6(X,Y) continuous linear functionals on X is Y in the sense that every
le X7 x.y) is of the form I(x) = (y, x) for a unique yeY. ,

(d) More generally if Y is a subspace and ky(Y)= {yeY|(3,x) =0
for all xe X}, then X%y v, = Ylky(Y) in that every le X,* is of the form
I(x) = (y, x) for a y € Y unique precisely up to elements of kx(Y).
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. () Suppose X separates points of Z and Z separates points of X. Given
Y < X a subspace define Y° < Z by Y° = {zeZ|(z,y) =0 for all yeY}.
Similarly if M = Z we define M° = X. If Y< X, a subspace, Y°°, the
double annihilator of Y relative to the (X, Z) pairing is the 6(X, Z) closure of Y.

‘Proof. (a) and (b) are simple and (c) is a special case of (d). Since each
YeY defines a o(X, Y)-continuous functional and there is uniqueness
up to ky(Y) trivially, we only need show that every /e X,* is of the form
I(x) = (y,x). Since leX,*,I"* ({A[]A < 1}) is a o(X, Y) neighbourhood
~of 0 and so contains a set of the form N = {x | |(y1,X)| < &35 . -, | (Vi X)] < &}

. forsome y;, ...,y €Y; 8, ..., € R*. Without loss of generality suppose

‘Y1 .-,y are linearly independent. Let k., (X) = {xeX | (), x) =0
foryy, .., ). I x€kyy,, .. 50 (X), then px e N for all p so I(ux) = 0 for all
p,ie. I(x) = 0. Thus / lifts to X/k,, ., (X) which is finite dimensional
of dimension k. Its dual space is spanned by y;, ..., so / is a linear
combination of y,,...,y, and soin Y.

- (e) (Remark: If X = Z is a Hilbert space, with (,) the inner product,
this result says Y** = Y). That Y% is closed is simple as is Y < Y%, so
Y < Y%, Suppose x¢ Y. Then by the Hahn-Banach theorem (admittedly
for ‘locally convex spaces!), we can find a o(X, Z)-continuous function /
with /(x) =1 and I(y) = 0 for all ye Y. Then /eZ by (c) and so /e Y°.
Since I(x) # 0, x¢ Y°° = Y. This proves Y= Y. u

And we recall without proof some facts about duals of normed linear
spaces:

THEOREM 6.2. (a) Let X be a normed linear space and X its completion.
Then X*, the Banach space of continuous linear functionals on X is
isometrically isomorphic to (X.)* under the map r:X*— X* given by
restricting le X * to X.
(b) Let X be a normed linear space and Y a closed subspace. Let X|Y be
the quotient normed linear space with |[x]]| = inf ||x + y|. Let ky(X*) =
Y

UeX*|I(y) =0 for all ye Y}. Then (X|Y)* isy isometrically isomorphic to
ky(X*) under the map ri(X]Y)* - ky(X*) given by r(l)=1lon where
™ 18 the canonical projection n: X — X|Y; n(x) = [x].

(©) Let X and Y be as in (b). Let X, be the completion of X, Y, the
<.:losure of Y in X, and (X|Y). the completion of X|Y. Then (X]Y), is
1Sometrically isomorphic to X /Y. under the natural map. In particular
(XY )* is isometrically isomorphic to (X[Y)*.

So much for the abstract nonsense.
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We now need one special case of the general theorem we will prove for
von Neumann algebras:

THEOREM 6.3. Let # be a Hilbert space and let X = L(3#), the C*-algebra
of all bounded operators on #. Let Z be the Banach dual space of X. Let Y
be the set of elements of Z of the Jorm A— (f, AQ) for Y, pe A and
let [Y] be the linear span of Y in Z. Then

(@) The o(X, Y) = o(X, [Y]) topology on X is the weak vector topology.
(b) [Y] is the set of o(X, Y)-continuous Jfunctionals on X.

(©) X is isometrically isomorphic (as a Banach space with the operator
norm) to the Banach dual space of [Y] (with the norm ||y| = sup|y(A4)]/|A])
under the association r: X — [Y]* by r(4) (3) = y(A4). As%

Remarks. 1. [Y] is not a Banach space but only a normed linear space.

2. The reader may have seen this theorem in a slightly different light:
(Y] has a natural realization as all finite rank operators, with the norm on [ Y]
the trace class norm. The completion of [Y] is then I,, the trace ideal
$0 (c) says I, * = L(s#). (See Reed and Simon (In press, Vol. I)).

Proof. (a) is trivial and (b) is Theorem 6.1 (c). Let us prove (c). X maps
Naturally into [Y]* and ||r(4)lly» < [|Allx (trace through the definitions).
On the other hand

ldlx = sup (¢, 4)| < [r(4)] Sup (¢, . Wl < lIr(ADll

Nell, vl =1 ol el =

SO r is isometric. It is thus sufficient to show every /e [ Y]* is of the form r(4)
for some A. Since Ie[Y]* and (¢, -l < H1@l1 W] (act’ually equall),
B(¢,¥) = I(<o, . ¥>) obeys |B(¢, Y)| < |III [1$ll [l B(., .) is clearly con-

jugate linear in the first variable, linear in the second and thus is of the form
B(¢,y¥) = (¢, AY), for some A e L(#) by the Reisz lemma. Thus I and r(A)
agree when applied to elements of Y. Since Y generates [Y],/ = r(A4). n

We are now ready to prove:

THEOREM 6.4. (Dixmier’s theorem). Let U be a von Neumann algebra on a
Hilbert space #. Let Wy be the family of weakly continuous linear functions
on U, Wy is a subspace of W* (since the weak topology is weaker than the norm
topology) and so Wy is a normed linear space U is isometrically isomorphic
to Wy* under the duality map r: U - Wy*; [r(A)1(y) = y(4).

Remarks 1. Dixmier’s theorem was first proven in Dixmier (1953).
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.2, This theorem is usually stated in terms of the ultraweak topology,
of which more later.

3, An example, the reader might like to work out. Let ¢ = I? ([0, 1]);
QI L°([0,17) .acting as multiplication operators. Then Wy (with its
.norm) is [}([0,1]) and U = Wy*. In this case, Wy is a Banach space
‘which is not generally the case.

*-4. This theorem is really a consequence of the Hahn-Banach theorem,
Reisz lemma and abstract nonsense.

'P}bbf. Let Z be the set of norm continuous functionals on L(#). Let
'Y and [Y] be as in the last theorem. Let ko(Y) = {ye[Y]]y(4) =0
for all A [ %]}. [The reader should use the Hahn—Banach theorem to convince
himself, that . ky(Y) # & if U # L(#)]. Then, by Theorem 6.1 (d),
WQ,_[Y]/km(Y) Let E([Y]*)—-{le[Y]*Il(oc) 0 for all cxekm(Y)}
By. Theorem 6.2 (b), Wy*= k([Y]*) which is a subset of [Y]*.
Theorem 6.3, [Y]* = L(s#), so k([Y]*) is a subset of L(#) (check that the
norms come out right!). Explicitly

RIY]* = {AeL(#)]|y(4) =0 forall yeky(Y)}.

It is thus the double annihilator according to the {L{(s#),[Y]) pairing
of A, It is thus the o(L(o#),[Y]) (= weak!) closure of U« by Theorem
6.1 (¢) and thus is . m

Thus any von Neumann algebra is the dual of some Banach space
(namely (Wm)c by Theorem 6. 2(a)). Sakai (1956) has found a beautiful converse
of this theorem yielding a theorem of Gel’fand Naimark type:

THE();;EM 65 (Sakai). An abstract C*-algebra, Y, which is the dual of a
Banach space, B, is isometrically isomorphic to a von Neumann algebra.

'Remarks. 1. We will not prove this result. The basic idea is to show that B
contains enough positive linear functionals on 2 to separate points.

+2.'The theorem actually says more; namely there is a representation

n of A w1th 7(A) von Neumann so that (Weaw). is isomorphic to B
under z*.:-.

. 3.-&N0t’every C*-algebra can be represented as a von Neumann algebra.
For the spectral theorem implies any von Neumann algebra contains lots
of ‘projections. The reader should use this idea to show C([0, 1]) is not
isometrically isomorphic to any von Neumann algebra. This provides a

proof that C([0, 1]) is not the dual of any Banach space (the Krein-Milman
theorem proof is easu:r N.
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In the “usual” textbook presentation of the theory of von Neumann’s
algebras, the ultraweak and ultrastrong topologies play a featured réle
in the proof of von Neumann’s double commutant theorem:

THEOREM 6.6 (von Neumann). Let U be a *-algebra of operators on a
Hilbert space with 1€ (U is not assumed closed in any topology). Let
W = {AeL(s#)| AB = BA for all Be¥}.

Let W' = (A')'. Then

W =Wy = U
where Wy, s, is the weak (strong) closure of .

von Neumann actually proved more; namely A"’ = Uy, = g = Ays = Wyw
where UW and US are the ultra-topologies we will shortly turn to. If one
only wants to prove Theorem 6.6, the ultraweak topology does not
simplify things. (See Reed and Simon (In press, Vol. III)). So far I have
tried to explain where the ultraweak topology is often used but is not
particularly crucial. What is it and why is it so important?

As we have remarked before, Wy is not always a Banach space, i.e. it
is not always closed in U*. Thus:

Definition. The norm closure in A* of Wy will be denoted by U,. The
ultraweak topology on U is the o(A,Uy) topology. An ultraweak
continuous state on W is called a normal state.

Remarks 1. By Theorem 6.1 (c), Uy is the set of ultraweakly continuous
functionals on 2. '

2. By Theorem 6.1 (a), and Dixmier’s theorem, 2 is the Banach space
dual of Uy, This is the more usual formulation of Dixmier’s theorem.

3. In the notation of Theorems 6.3 and 6.4 Uy =([Y]/kq,(Y))c and
fﬁ generates the ultraweak topology on L(s#). Thus by Theorem 6.1 (c),
the restriction of the L(s#)-ultraweak topology to U is the -ultraweak
topology. We thus speak of the ultraweak topology without specifying the
algebra.

4. WARNING. The ultraweak topology on U is not weaker than the
weak topology. It is stronger.

5. Uy is easy to describe. To each /€ Uy, is associated an operator
peL(s#) with Tr(p) <o and I(4) =tr(pA). Thus the ultraweakly
continuous states on L(s#) are density matrix states in a physicist’s
language. By Remark 3, and a Hahn-Banach type of argument, ultraweakly
continuous states on any von Neumann algebra, U, are restrictions of
density matrix states.
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" 6. By’ a “simple density argument, the weak and ultraweak topologies
coincide on bounded sets of 2.

We have already seen the ultraweak topology is not needed to prove
Dlxmxers theorem or the double commutator theorem. Why is it useful?
Two’ mmple answers we can give already:

(a) In quantum statistical mechanics, the natural local states are density
“matrix states which are not weakly continuous but they are
ultraweakly continuous.

22<(b).In infinite volume limits, we often take limits of states. On the whole

~algebra, these limits are only weak *-limits but on nice subalgebras,

*,they are limits in norm (Glimm and Jaffe (1970a)). Thus the natural

; sets of states are norm closed. U is norm closed by (our) definition.
WQI is not always norm closed.

“

The last ‘Teason involves the “invariance” of the ultraweak topology
under weakly (or ultraweakly) continuous isomorphism. To put this final
result in perspective, recall that any isomorphism of C*-algegras was norm
isometric (look at the proof of Theorem 5.3); in particular, any norm
continuous bijection of C*-algebras ; and A, has a norm continuous
inverse. In thls sense, the norm topology is natural. The following example
shows that the weak topology is not natural in this sense:

Example....Let #y be a Hilbert space with U; = L(#;). Let
= @2, #," =# ®I*> where each #,™ is a copy of #,. Let
AW, = A, @ 1,,1.e. each operator in 5, is of the form (A [Yy,. .., ¥,... 1=
[A¥(, ..., AY,, ...] for some AeU,. Then A, is a von Neumann
algebra'and ¢! is an isomorphism of 2, and A,. ¢~ ! is weakly continuous
but its inverse is not weakly continuous. It is however ultraweakly
continuous with ultraweakly continuous inverse. This is no coincidence:

THEOREM 6.7. ‘iLet A, and N, be von Neumann algebras. Let ¢:A, - A, be
an isomorphism with the property that ¢(a,)— ¢(a) in the UW,-weak
topology.if-a; — a in the N, -ultraweak topology. Then

(a) ¢ is ultraweakly continuous,
© (b) ¢! is ultraweakly continuous.
In particular, an ultraweakly continuous isomorphism is bicontinuous.
Remarks. 1. If ¢ is weakly or ultraweakly continuous, the hypothesis
and thus the conclusions of the theorem hold.
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2. The last statement follows from Remark 1.

3. This theorem shows that the ultraweak topology is a natural (i.e.
intrinsic) and not “representation dependent” topology.

Proof. Let Wy, and Uy, be the weakly and ultraweakly continuous
functionals on ;. Consider ¢*: AU,* -, *. The continuity hypothesis
assures us that ¢* [Wy,] = Uy,. Since ¢ is automatically norm continuous
and Uy, is mnorm closed, ¢*[ Wy,]= ¢*[Uy,]. Moreover,
(* T UD*: A, »U, is just ¢ by the duality definitions. Since ¢ is
surjective, ¢* | Uy, is injective. Since ¢ is injective, ran (¢* | Uy,) is dense
in Uy,. But ¢* is norm preserving so ran (¢* | Uy,) is closed. Thus ¢* is
a bijection of A, -»A,. Since it is isometric, it has an inverse,
(* 1A~ = y. Y: A, - A, is automatically continuous from the weak
*-topology on Ay, to the weak *-topology on ;. That is y* is ultraweakly
continuous. Similarly ¢ is ultraweakly continuous since ¥* = ¢~', the
theorem is proven. m

Remark. In a sense we missed the boat in the above discussion. This is
the penalty for having a non-expert on operator algebra tell you about
operator algebras. There is another definition of Uy which is purely algebraic
and shows that if & and B are von Neumann algebra and ¢:U - B is
an algebraic isomorphism, then ¢* is a bijection of Ug and Ug. So Uy
is a purely algebraic concept. If P, P, are projections in U, we say
P, > P,if P, — P, is a projection. If P, is a net of increasing projections
and U is a von Neumann algebra, sup P, exists as a projection in U.
/> 0is in Uy if and only if

! (sup Pa) = sup l(P)).
This is a purely algebraic definition.

7. THE CCR AND CAR

In this final section, we present an approach of J. Slawny (In press)
allowing us neat proofs of some basic facts about the canonical
commutation relations and the canonical anti commutation relations.

A. Quasi-equivalence of Representations

As a technical preamble, we describe the notion of quasi-equivalent
representations. Let 2 be a *-algebra with unit not a priori normed or
“complete”. We are interested in *-representations of U on Hilbert Spaces
taking the unit into 1. In the usual way, one defines unitary equivalence.
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Definition. Let m, andm, be representations of . We say that =, is
quasi-equivalent to , if and only if there are identity operators Iy, and I,
(i.e. Iy, is the realization with n(4) =1 operating on #,) so that
7y ® I, is equivalent t0 7, ® Iy,

~_ The basic proposition is:

THEOREM 7.1. If 7y is irreducible and =, is quasi-equivalent to ©y, then m, is
unitarily equivalent to some direct sum of copies of ny (equivalently to 7,® I,
for some ;).

Proof. m, is a subrepresentation of 7, ® I, so it is enough to prove that
every subrepresentation of w; ® I, is unitarily equivalent to some direct
sum of copies of =,. Since U is a *-algebra, every representation is a
direct sum of cyclic representations so it is enough to show that every
cyclic subrepresentation of 7, ® I is a direct sum of copies of n;. Let ¥
be a vector in V; ® o, where V; is the representation space for n; and
let ‘#(f) be the closed subspace generated by {n(A) @ Iy} Ae A}. We
will show that # () = V, ® # for some subspace 2 and so = | # ()
is a sum of copies 7. In a standard way we can write Yy = Y%, «, ¢, ® 1,
where the «, > 0 and the ¢, are orthonormal in ¥V, the 5, orthonormal
in"#;. Let 5 = the linear spin of 1,. Obviously, # () = V, ® . We
will prove the converse. Since 5 is irreducible, the strong closure of
{n (W)} is all of L (V). Thus we can obtain P, the projection onto ¢, as a
limit of operators m,(4,) with sup |n, (4)] <1 (this follows from a

density theorem for algebra called the Kaplansky density theorem;
alternately, one can use the ultrastrong topology). Then lim n(4 )¢ = P,y =
@ ¢y ®@n e (Y). Since L (V) is the weak closure of n, (), V, ®n, €
A W) Similarly, V@15, V@#s, ... cH#WY) so V, @ F < #W). u

B. Multipliers: The CCR

- Formally, the CCR built up from some real inner product space, S, are
operators @(h), n(h) for all heS obeying ¢, = linear on S and
[=(h), ¢ (9)] = — i(h,g); [n(h), n(g)] = [¢(h), n(g)] = O. Since the =, ¢ are
unbounded, one avoids pathologies by dealing with exponentiated formulae:

Qgﬁnitiqn. Let S be a real inner product space. A representation of the CCR
over S is a set of unitary operators U(k), V(h), for all heS obeying:

(@ UO)=7(0) =1,
B (b) Uhy + hy) = U (h) U (hy),




TOPICS IN FUNCTIONAL ANALYSIS 69

(€} V(hy + hy) = V(h)V(hy),
(d) Uhy)V(hy) = @™ V(hy)U(hy)
(e) t— U(th) is strongly continuous for e R.
(Think of U(h) = *®; V(h) = ¢™™). One often wants to take stronger

continuity notions than (e). In most of our discussion, (e) will play no role
s0 we ignore it temporarily.

We immediately generalize this setting.

Definition. A multiplier » on a locally compact abelian group, G, is a
continuous function 5: G x G to {ze C||z| = 1} so that

(@ b(g,1) =b(l,9")=1,
(®) b(9,9")b(g +9',9") =b(g,9' +9")b(g’,9").

A projective representation of G with multiplier b is a family of unitary
operators U, on a Hilbert space with '

(l) Ug Ug’ = b(g’g,) Ug+g,
U,=1,
(iif) g —» U, is strongly continuous.

Remarks. 1. We are not going to be complete in our history of the
general ideas we discuss, but we will give references for our specific
approach. Other general references are Gel'fand et al. (1961), Reed (1969)
and Segal (1959a).

2. The conditions on a multiplier are precisely consistency conditions
for projective representation, (b) being a statement of the associative law.

Let U be a projective representation for G with multiplier b; let V be a
strict representation of G. Then U ® V defined by (U® V), =U,®V,
is a projective representation of G with multiplier b.

Example. Let S be a real inner product space. Let G =S @ S with the
discrete topology. Then b(sy, s,;58,’,5,") = e *»s2) is a multiplier and
projective representations of G with this multiplier are precisely
representations of the CCR without the continuity condition [U(s) V (s,) =

U(sy, 521
C. Fell’s Remark

In all our considerations, the following simple remark of Fell (1962)
will play a crucial role.
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THEOREM 7.2. Let G be a locally compact Abelian group with multiplier b.
Define the regular b-representation B on L*(G) by

(B9))(g") =blg".9)f(g + ).

Let U be a b-representation and let R be the regular representation of G

(R(@)f)(g) =f(g +9).
Then U® R is quasi-equivalent to B.

Remark. That B is a b-representation follows from the computation:

(B(9) B Ng")=b(g",9)blg" +9,9)/(g +9" +g")
=b(g,9)b(9".9 +9)f(g +9' +g")
_ =b(g,9) (Blg +9)/)(g").
Proof. U@ R acts on # @ I?(G) which we think of as [*(G; ), the

functions on G with values in #. So [(U® R),f1(9") = U,(f(g +9")-
Define A = I*(G;#) -~ ¥ (G; #) by (Af) (@) = U,f(g). Then

A[(U® R),f1(g") = Uy (U@ R),f)g")
=Uy Uy flg +9')
=b(g",9) Uysof(g +9")
= b(g',9) (Af)(g + )
= [(Bl9)® Le)(4N] (4.

Since 4 is unitary, U ® R is equivalent to B(¢)® I, and quasi-equivalent
toB.=

D. The Associated Bicharacter

The measure of the non-commutativity of the U in a projective
representatxon is the function

Bg.9") = blg,g") b(g’,9) ™}

U(g) U(g") = B(g,9) U(g") U(g).

since

Definition. Let b be a multiplier on a group G, Tpe function

B(9.9") = b(g,9") b(g',g)"" = blg.g")b(g"9) is called (pe associated
bicharacter
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THEOREM 7.3. B is a multiplier; it is antisymmetric (i.e. B(g,9') " = B(g’,9))
and for each fixed g, B(g,.) and B(. ,g) are characters.

Proof. Let us prove B(g,.) is a character. The rest is easy:

B(g.9' +g") = blg,g' +9")b(g' +g",9)""
= [b(g,9" +9")b(g’,9")1[b(g".9")b (9’ +9",9)]*
=b(g,9")b(g +9',9")b(g",9" +9)" ' b(g",9)~"
= b(g,9)b(g’ +9,9")b(g',9 +¢") " b(g",9)™*

= b(g,9") b(g’,9)" " [b(g’,9) b(g9’ + g.9"")
x b(g',g +9") "1b(g”,9)"*

= b(g,9')b(g’,9) " b(g,9"") b(g",g)~*
= p(g,9")B(g,9"'). m

B (and hence b) induces a natural homomorphism y: G — G, the dual
group by y,(g") = B (g,9"). We call this the natural map.

Example. Let S = R" with the usual inner product (x, y) =3>7%_, XpVum
and with the usual topology. The multiplier associated with the CCR on S
is b(p,q;p’,q") = P where (p,q) is a general point of S® S = R*"
with p,g, € R". Then B(p,q; p’,q’) = /®"979"P) Under the natural association
of R*" with R*" by x — /(y) = *, the natural map associated to b is
X<p.q> = <g, — p> (which is the standard canonical transformation!).
Thus yx is a topological homomorphism. )

Example. Let S be a real vector space which is infinite dimensional. We
cannot put a locally convex topology on S, and keep it locally compact,
so we put the discrete topology on S. The map x: S®S—> S® S is not
bijective but since ¢, = <g, — p) [still (1], x is injective. Moreover
it has a dense range by the following fact:

It is an amusing exercise to prove that when G is a discrete abelian group
and H is a subgroup of G separating points then H is dense in G. One
slick way of proving this is as follows. Let P be the family of normalized
positive definite functions on G. G are the extreme points of P.
Essentially by the Stone-Weierstrass theorem on G the closed convex hull
of H is all of P. By the “converse” of the Krein—-Milman theorem, H is
dense in G. In any event, in the two cases where we need this result, i.e.,
where G is a vector group and where G is a sum of copies of Z, it can

be proven directly.



72 B. SIMON
E. von Neumann’s Theorem

von Neumann’s uniqueness theorem now has a simple and elegant proof
and formulation.

THEOREM 7.4. Suppose b is a multiplier on G for which the associated natural
map is a bicontinuous bijection. Then all b-representations of G are
quasi-equivalent.

Remarks. 1. In general, using the Krein—-Milman theorem, one can
show .that G has irreducible b-representations. From Theorem 7.1, we
conclude there exists a unique irreducible representation and all others
are direct sums of that irreducible. We don’t give details for this argument
since we can write down an irreducible b-representation explicitly in the
case of interest.

2.If G=H@®HA where H is a locally compact abelian group and
b(hy, xlgh;, x2) = 11(h2) x2(h,) this result was proven by Mackey (1949).

3. We see explicitly how the hypotheses fail to extend to infinite
dimensional CCR’s.

Proof. Since quasi-equivalence is an equivalence relation and we have
Theorem 7.2, we need only prove U and R® U are quasi-equivalent-
R is unitarily equivalent to its Fourier transform R on I (6) b,y
R ¥) @ = x(@)¥ &) for yeG. We show R U and U are quast

equivalent. Again realize I2(G) ® # as I (G, #) so
(R® U)h) () = 2(9) Uk ().

The intuition now is the following. Each yx is of the form Xg Since
Uy U, Us' = Bg',) Uy = 1,.(g) U, U and z,,U are unitarily equivalen®
for all ;. Thus we define C: 12 (G,#) —» I2 (G, #) by (CF) (x,) = Us /U’
since X, — ¢ is continuous, C is well defined. Then,

© CIR® U () = (U7 1) U,k ()
=U, U, 1h ()
= [(ILZ(G) ® U)g Ch] (Xg’)'

Thus C(R® U),C™! = (I® U),s0 Uand R® U are quasi-equivalent- .
alizing

This proof, then, proceeded by looking at R® U and first trivi o

in the U direction so We obtained B® I and trivializing in the R dir®
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so we obtained I ® U concluding that B® I and I ® U are unitarily
equivalent. ‘
As a corollary of this theorem and Theorem 7.1:

THEOREM 7.5 (von Neumann Uniqueness theorem). Let U (@), V(b) be
continuous representations of R" on # obeying, U (@) V(b) = “° V(b) U ().
Then there is a unitary operator D: # — I? (R", X ; dx), the square-integrable
Sfunctions on R* with values in some Hilbert space, X, so that

(D U@ DY) (x) = " f(x)
(DV(®) DY) (x) = f(x + b).

Proof. The “‘usual” Schrddinger representation on I*(R" C,dx) is an
irreducible representation. The hypotheses of Theorem 7.4 are valid for the
multiplier B(ay, by;a,,b,) = e7*¥" on R*" so every representation is a
direct sum of Schrodinger representations. m

F. The Weyl Algebra: Simplicity of the Weyl Algebra

THEOREM 7.6. Let G be a discrete abelian group with a multiplier b whose
associated bicharacter B is non-degenerate, i.e. the natural map of G into
G is injective. Let UD, U® be two b-representations of G and let AM, Y@
be the C*-algebra generated by the {U,V} and {U,®}. Then there is a
(unique) isomorphism «: Ay ~A, so that a(U, V) = U,

Proof. Quasi-equivalent representations generate isometrically isomorphic
algebras, for if UP =UN @I, AP =AVQI and « can be
defined by a(4) = A ® I. By this remark and Theorem 7.2 we need only
consider the case where U® = R® U™ or more conveniently R ® U,
It is enough to show that for any function f on G with finite (= compact)
support,

Zq:f () U

and

Y.f(9) R® U),

L3(G,#)

Y@ UM

F 4]

= ess sup
X€G

are equal.

We first note that the function 3,1 (g) x(g) U, is norm continuous on G
so we need only show || 3, (g) U, | and | &, x(9)f (9) U,V || are equal
for a dense set of x’s in G. Let y = y, for some g’ e G under the natural
map of G — G. Such X, are dense since B is non-degenerate (see remark
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in (iv)). As we remarked in (v), U, U, U;! = %, (9) U, so

Y@@ U,®| = U, (;f(g) Ug‘”) Uyt UM\

Tflis proves the theorem. m

Remark. Thus the C*-algebra generated by {U,} for the CCR -over S is
independent of the representationf (even independent of continuity
conditions). This abstract C*-algebra is called the Weyl algebra over S.

~~We have a very useful property of the Weyl algebra which is a corollary
of the above:

THEOREM 7.7. The Weyl-algebra is simple, i.e. has no non-trivial two-sided
star ideals. Every representation is faithful.

Proof. If I is a two-sided non-trivial ideal, its closure is also, so we
need only show U has no two-sided closed ideals. If I is such an ideal
A/I is an algebra and a Banach space and it is easy to see it is a C*-algebra.
Let = be a representation of /L. It yields a representation 7 of A in a
natural way, with I < n(¥). Since unitaries go into unitaries under
*-representations, n yields a representation, U, of the CCR. The C*-algebra
generated by U is manifestly not isomorphic to % under a map « with
® (Ug) = U,. The contradlctlon shows that % is simple. m

G. The CAR: Reformulation
The CAR are defined by:

Definition. Let S be a real inner product space. A set of bounded
operators b(f), one for each fe S obeying

b(f+49) =b(f)+ b(g)

b* (f)b*(g) + b*(9)b* () =0

b*(f)blg) + b(g)b* () = (f.9)

b(Nb@) +b(g)b(f)=0

is called a representation of the CAR over S.

One consequence of the basic relation is that b%( DB + BYB*(S) =
71 and since b (£)6* (f) > 0,6* (/)BA) < I7N2 or o)) < 1]

This has several nice immediate consequences.
,(a),b. is continuous automatically

1 1t is'independent of separability or inseparability of 3¢,
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(b) By continuity, b is automatically linear

(c) b can be extended automatically to the completion of S so we may
as well suppose S is a Hilbert space

(d) If S is a Hilbert space and ¢, is an orthonormal basis, then
b(f) = 2<{¢,.f> b(¢,) which is norm convergent, so we can recover
b from the b, = b(¢,). Thus we may as well look at the discrete CAR

by* byt + by b* = 0
By bu* + b b,* = Sy .0
by b + by b, = O.

Remarks. 1. We will only deal with the case where S is finite dimensional
or a countably infinite dimensional Hilbert space. Using index sets, the
general case is easy.

2. (c) and (d) above are false in the case of the CCR and are one
reason the CAR are easier to deal with in many ways.

We would like to prove a uniqueness theorem in case dim S < co and
that the generated C*-algebra is simple and independent of representation in
case dim S = oo. These results have the flavour of our general setting above
so we must reformulate the CAR to look like a projective representation
of a group. Trivial computation shows:

PROPOSITION. Let {b,}n—, obey the relation 7.1. (N may be infinite). Let
U,,=b,+b*,Uy,_y =1/i(b,— b,*). The U’s are unitary and obey

U,Up=—U,U,m#n

7.2
U, =1 12

Conversely if {U,}2%, is a family of unitaries obeying (1.2), then
b, =3[U,, + iU,,_,] obey (7.1). '

Now comes the trick. Let G be the group G = @, Z,, i.e. geG is
a 2N-triple (or sequence) of O and I's with only finitely many Is;
g = (41,9, - - .). Letg e Gand {u, )2 obeying (7.2). Let U, = [T2", (U,)*".
(7.2) can be expressed by ' ' '

U,Up =+ U, (7.3)

where + is a simple function b (g,9") of g and g’ we would write down

explicitly but don’t need to for the time being. To see that b is a
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multiplier we need only show some representation of the CAR’s exist.
This is left as an exerCISe in tensor products of Pauli ¢ matrices.

H Jordan—ngner Theorem

We want .to: show that in case N < 0, (7.2) has a unique irreducible
r_epresentatxon If we can show B induces an isomorphism of G and G we
can apply Theorems 7.1 and 7.4. G is a finite group so it is naturally
1somorph1c to G under the map g -1, where 7,(g") = (— 1) 210w,
What is B? Letting 8, be the obvious element of g, f(5,,5,) = — 1 if
n# m; :by (7 2). Since ﬁ is a bicharacter f(g,g’) = (— 1) #4995 (Notice,
if g =19,,9" = 6,, this gives the right answer and is a bicharacter). Let
G be the element G = (1,1,...). Then letting g — ¥ be the mapping
mduced by B, '

g = N(#a)G-9

where #g = Z 1gl (Again, check it for §,). But since 2N is even (!),
(#9)G ~ g = 0 implies g = 0. Thus B does induce an injective map and
since G =G is finite, an isomorphism. By Theorems 7.1 and 7.4, we
conclude:

THEOREM 7.8 (Jordan-Wigner theorem). If N < oo, every representation
of the CAR over RY is a direct sum of copies of a basic irreducible represen-
tation (of dimension 2~ it turns out).

Remark. Representations of (7.2) when {U,}M, has an odd number of
elements are not unique. Notice where the above proof breaks down.

L. The CAR Algebra: Its Simplicity

In case N is infinite, G = @Y, Z, is no longer self-dual, but B is still
given by p(g,g') = (— 1)¥*19%/, B is non-degenerate trivially [5(g,9,) =
— 1if #g is"odd and g, =0 and if #g is even and g, = 1]. Thus using
Theorem 7.6 and the method of proof of Theorem 7.7, we conclude:

THEOREM 7.9. All representatlons of the CAR over a fixed inner product
space S generates isomorphic C*-algebras. The resulting algebra (which)
is only dependent on the Hilbert space dimension of the completion of S
is simple,



