Communications in
Commun. math. Phys. 63, 277—301 (1978) Mathematical

Physics

©by Springer-Verlag 1978

Scattering Theory for Systems
with Different Spatial Asymptotics
on the Left and Right*

E. B. Davies** and B. Simon***
Department of Mathematics, Princeton University, Princeton, New Jersey, USA

Abstract. We discuss the existence and completeness of scattering for one-
dimensional systems with different spatial asymptotics at + oo, for example
2
dx?
extend our results to higher dimensional systems periodic, except for a
localised impurity, in all but one space dimension. A new method, “the
twisting trick”, is presented for proving the absence of singular continuous
spectrum, and some independent applications of this trick are given in an
appendix.

+ V(x) where V(x)=0 (resp.sinx) if x <O (resp.x >0). We then

§1. Introduction

This paper began with a question posed to us by G. Papanicolaou: Consider a

potential W on R which is periodic and let V' be the potential which is zero on
2

d . .
(— «,0)and equal to W on (0, «©0), so that — e + V is a quantum Hamiltonian
X

for a “half-line of solid”. It is well-known [19,30, 31,37] that the spectrum
2

of — e + Wisaseries of bands [a,,f, | u[a,,f,] ... wherein general §; < o, .
X

Suppose that one sends an electron into the half-solid system from the left
with energies strictly in some gap (f;,;, ;). How can one prove total reflection
from the half-solid?

This is one of several scattering problems on the line involving different spatial
asymptotics as x — + co. Here are two others: (i) (Hard wall). Suppose that
V(x) - 0 faster than |x|™' "¢ as x > — oo but that V(x)— c© as x > + . One
expects total reflection at all energies. (ii) (Klein paradox). Suppose that
|x|'"*4(V(x)— ay)—>0as x> + oo but witha, s a_.Ifa_ <a, one expects total
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reflection for energies in (a_,a,) but a “normal” scattering theory for energies
above a, . Among our results are proofs of existence and completeness of scattering

states for all the above problems.
2

We have called (i) above the Klein paradox because if %is replaced by

1
— o 4 + f | where o is the two by two matrix 0 and = Lo then
dx 1 0 0 -1

one has the famous problem analysed by Klein [26]: if a, — a_ > 2m then “more
isreflected than went in”. In their analysis of this problem Ruijenaars and Bongaarts
[40] supposed that V(x) = a, if + x > R for some R. While we shall not give any
details, it is easy to see that our methods can be adapted to the Dirac case; thus
our results subsume those of [40] in both the Dirac and Schrodinger case. We
also note that Alsholm and Kato have existence results for problem (ii), [3].

Our solution of these problems is motivated in part by work of several authors
[10,14,32,41] on the effect that severe local singularities can have in scattering
theory. In particular we rely heavily on technical devices from Combescure and
Ginibre [10].

In one dimension it would be easier to use the Deift and Simon method [14],
which we mention since it “explains” why these problems are quite easy. Deift
and Simon decoupled finite singularities from the questions of existence and
completeness by surrounding the singularity with a Dirichlet surface. In one
dimension we need only note that adding a Dirichlet boundary at the origin
decouples the left and right to conclude that the method of [ 10, 14] should allow
control of existence and completeness for the problems mentioned above.

In the above problems there are natural comparison dynamics for forming
wave operators, albeit different comparison dynamics on the left and right. It is
nevertheless illuminating to make the analysis in two steps, the first of which

makes no mention of any comparison dynamics. In Section 3 we consider operators
2

H=— e + V on LXR) for an extremely large class of V, including all ¥V which
X

are bounded below irrespective of how wild their behaviour is at infinity. We will
show that the projection P,  onto the absolutely continuous subspace of H has
two natural decompositions

P,,=P'+P =P +P]

where Ran P (resp. Ran P) consist of states which move towards — oo (resp. + <o)
as t— Foo. In cases where there are natural comparison Hamiltonians
H,(resp. H,), which can be different on the left and right, we shall show that for
¢eRan P} there is an 1, such that
lim |[e”™ ¢ —e iy, ||=0
t—=+ o0

with a similar result on the right. This will provide a complete analysis of the
basic scattering questions for the problems mentioned at the start of the section.
Even in cases where there are no comparison Hamiltonians, one can still obtain
some scattering results. We shall show in Section 4 that there is a function R(E)
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defined in terms of P;" alone, and which equals |r(\/E)|* whenever there is a
natural comparison dynamics. We discuss the relationship of this result with
other geometric approaches to scattering theory and also study the class of
“homogeneous” potentials, defined as those for which P;” = P.

The analogue of P;, in higher dimensions would be two projection-valued
measures P¥(E) on the Sphere S*~ ! such that if ¢eRan P*(E) then as t > F o0,
e~ "¢ lies asymptotically in the cone {xeR": x/|x|e E}. When the ordinary wave
operators (or most types of modified wave operators) exist and are complete,
one can prove the existence of such projection-valued measures, with P*(S*"!) =
P,.. Even in multiparticle systems, when one has asymptotic completeness such
a decomposition exists. The distinction between multichannel systems and the
one-channel system is that in the latter case P*(E) is absolutely continuous with
respect to the usual measure on $* ! and in the former case it is not. However,
we do not see an a priori method of proving the existence of P*(E) in general
multichannel systems or even in one-channel systems in dimension v > 1. This
is unfortunate since one can use the ideas in Sections 3 and 4 to replace the usual
modified wave operators of long range scattering in one dimension.

There is a special but physically interesting class of systems in higher dimension
which can be analysed by the methods herein, namely those systems which are
periodic in all but one dimension. This includes in particular the multi-dimensional
analogue of the half-solid. The key to the analysis is borrowed from Davies [11],
whose results are subsumed by those in Sections 5 and 6. One uses the symmetry
to realise the Hamiltonian as a direct integral of operators each of which can be
viewed as a Schroédinger operator on L*(C), where C is a one-dimensional cylinder
whose (v — 1) dimensional base is a basic cell for the lattice of periods. As the
parameter in the direct integral changes, so do the boundary conditions on ¢C.
Since we have a direct integral of “essentially one-dimensional” systems, we are

able to extend the ideas of Sections 2, 3 and 4, using some technicalities from [ 10].
@
If we denote the direct integral decomposition above by H = | H(0)d0 then

the scattering states constructed in Section 5 correspond to direct integrals of
states in Ran P, (H(0)). It can happen (indeed for systems periodic in all directions

@
it does happen) that f Ran P, (H(0))d0 is a strictly proper subspace of Ran P, (H).
In Section 6 we show that a direct integral of eigenstates of H(6) can lie in
Ran P, (H), and that such states have an interpretation as “surface states”. The
natural spectral theory requirement that o, (H(0)) = J for all 0 then has the
important physical consequence that any state in Ran P, (H) is a sum of a surface
state and a scattering state. Even in the half-solid case this spectral requirement
does not seem to be susceptible to any of the usual methods of eliminating singular
continuous spectrum. We therefore develop a new method, which we call the
“twisting trick”, and which allows us to embed H(f) in a problem which can be
treated by a limiting absorption principle. With these results we are able to
analyse scattering from a “surface impurity” in Section 6.

The twisting trick is certainly the most significant new technical method in
the paper. It has wider applicability than to the systems so far discussed. We
examine some of these in Appendix 1. Included there is a proof that the Dirichlet
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Laplacian exterior to an arbitrary closed bounded set in R* has empty singular
continuous spectrum.

§2. Asymptotic Projections: Some Abstract Nonsense

Definition. Let A be a self-adjoint operator on a Hilbert space # and let J be
a bounded operator. J is called an asymptotic projection for A if and only if

s-lim e“4'Je~ 4 = P_(J;A)

t—>+ o0

exists and is an orthogonal projection.

Proposition 2.1. If J, is a bounded operator such that
(i) [A4,J,] is trace class

(i) (J§—J,) and (J§ —J,) are compact then J =J,P,(A) is an asymptotic
projection for A.

Proof. The existence of P(J;A4) under hypothesis (1) is a standard part of the
Kato-Birman theory (see [33, 36]). Moreover, since e~ ** commutes with P(J; A)
it follows that

P(J;A) = lim &P, (A)J P, (A)e”
so that
P*(J;A) — P(J;A) = lim &P, (A)(J* — J)P,(A)e .
The right hand side vanishes since the compactness of (J* — J) implies that
s-lim (J* — J)P, (A)e ' =0.
t—t oo
Similarly
P(J;A)? = lim e“'J je " 'P(J; A)
=lim[e“'J e P, (A)
+ e M(JE = J)e P, (A)
+ e e M(P(T;A) — e e P, (A))]
= P(J;A).
Remark. Condition (ii) can be replaced by the hypothesis that (J5— J,)E[(A)
and (J§ — J,)E(4) are compact for each bounded interval I, where E,(A) is the
relevant spectral projection of A. Similarly (i) can be replaced by a variety of
conditions, for example J,Q(4) < Q(4) and E(A)[ J,, A]E(A4) trace class, or the

single condition that [(A4 + ¢)™",J,] is trace class for some n (see [36]). Below
we shall use Proposition 2.1 even under these alternative hypotheses.

Proposition 2.2. Let J be an asymptotic projection for A. Then
(i) ¢ L Ran P,(J;A) if and only if || Je ¢ || -0 as t - F 0,
(i) peRan P, (J;A) if and only if |(1 — J)e "¢ | >0 ast— F .
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Proof. (ii) follows from (i) if we note that
P.(1-J;A)=1—-P.(J;A).
(1) holds since

lim [ 7o~ = | P.(J:A .

t—=F o

Proposition 2.3. Suppose that J, is a bounded operator such that J,P,(A) is an
asymptotic projection for A and J§P,(B) is an asymptotic projection for B. Suppose
moreover that

s-lim €8] je TP, (A) = Q*(B, 43J )

t=F o
and

s-lim ¢**J¥e”"Bp_ (B)

t— F o

exist. Then Q% is a partial isometry with initial space Ran P (J P, (A); A) and final
space Ran P (J§P,(B),;B). Moreover if ¢eRan P, (J,P,(A);A) then

lim e ™p—e ™y, | =0

t—F o0
wheren, = Q*(B, A;J ).

Proof. 1t follows from Proposition 2.2 that Q*(B, 4;J ,)¢ = 0if ¢ L Ran P, (J,P,_ X
(A);A). On the other hand if ¢eRan P (J P, (A);A4) then

| Q*(B. A4 o)¢ || = || s-lim e*Pe™ g | = o |

We conclude that Q* are partial isometries with initial space Ran P, (J,P,(A4); A).
Similarly (2*)* has initial space P, (J¥P,(B);B).

§3. One Dimension

Although our results in this section are mainly specialisations of those in Section 5,
they are presented here because of their technical and conceptual simplicity.
2

Throughout this section H, will denote the operator -—% on L*(R). We let
X
d

p“—“‘—lzl‘;c.

Definition. We say that the potential V lies in £ if and only if its positive part
V, lies in L} and its negative part V_ obeys Q(V_) = Q(H,) and
(@, V_¢) Sl Hod) + (¢, §) (3.1

for some « < 1 and all Q(H,). Given VeZ one can define the quadratic form

sum H = H, + V with form domain Q(H,)n Q(V,). We denote the set of such
Hamiltonians H by 0.

Since Q(H,) = Q(H) we have
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Lemma 3.1. Let He( and let E < infspec(H). Then p(H — E)~ ' is bounded
with a bound on the norm which only depends on the o, B of Equation (3.1).
We shall need to use the space

L) ={f: i (nf If(x)lzdx>l <

introduced by Birman and Solomjak [7]. Roughly speaking /,(L?) requires ' ~°
fall-off at infinity. We note that if f, g are non-zero then f(x)g(p) is trace class if and
only if both f'and g lie in [,(L?) (see e.g. [42]).

Theorem 3.2. If fel,(L?) and HeO then f(x)(H — E)™' is trace class for all
E&spec(H).

Proof. We write |||, for the trace norm and assume, without loss, that E < inf
spec (H). Suppose that we can show that

If)H - B~ |, <] £, (32)

for all feL? (0,1), with ¢ depending only on the o, § of (3.1). Then by translation
covariance (3.2) holds for feL* — n,n) so that if fel,(I*) and yx, denotes the
characteristic function of (—n, n)

K

lfH=-E = X | foH=-E

n= —oo

S el faly <o

n= -0

Pick ne Cy equal to one on [0,1]. Then
JH—-E) ' =fH-E 'n+flnH-E""]
=f(H—-E) " "n+fH-E '[H-En]H-E""
=f(H—E)"'n+f(H—-E)'p(—in)(H—-E)""
+f(H —E)"'(— in)p(H — E)™"

given fel? (0,1). By Lemma 3.1 it suffices to show that f(H — E)~'? and
(H— E)~'? ' are Hilbert-Schmidt. But (H, — E)"/*(H — E)™'/* is bounded by
Lemma 3.1 and f(H,— E)" "> and (H, — E)'/? i’ are easily seen to be Hilbert-
Schmidt. It is straightforward to check that the norm estimate of (3.2) is satisfied.

IIA

Theorem 3.3. Let He(. Then there are four projections P; and P} such that
(i) P,e=P' +P =P +P’
(ii) ¢peRan P if and only if

im [ [(e )| dx = 0 (3.3)

t=>F o a

for all ae(— o0, ), and similarly for P} with | replaced by | .

Proof. Let j, be a C* function which equals 1 for x <(a— 1) and 0 for x > a.
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since j, = j* and (j2 — j,),j, lie in CZ, we see by Lemma 3.1 and Theorem 3.2 that
(j2—jJ(H — E)"! is compact and (H — E)”'[H,j,](H — E)"! is trace class. By
Proposition 2.1, P,(j,P,(H);H) exists and since (j, —j,)(H — E)~' is compact
it is independent of a; we call it P> or Pj*(H) whenever we need to make explicit
its dependence on H. We similarly write P for P, ((1 —j,)P,(H);H) and deduce
(1) from

P (jPoH):H) + P ((1 = j)P,(H);H) = P..(P,(H);H) = P,(H).

The equivalence of ¢geRan P;* with (3.3) follows by Proposition 2.2, as does the
corresponding result for P*.

Theorem 3.3 has a direct scattering interpretation. It says that any ¢eRan P,
is the sum of a wave which comes in from the left and one which comes in from
the right as ¢ grows from — co. We explore this further in Section 4. For a conven-
tional scattering theory we need a comparison dynamics.

Theorem 3.4. Let H=H,+V and H=H,+V, lie in O and suppose that
(V = V)1~ 0. lies in 1,(L?) for some a, where x_, , is the characteristic function
of (— o, a). Then

s-lim e™te” "™ pE(H) = QF(H,, H)

t—>F o0

exists and defines a partial isometry from Ran P;*(H) to Ran P;*(H)). In particular,
for any peRan P;*(H) there exist n, such that

lim |e ™y, —e ™p|| =0.
t—=F oo
Proof. By Lemma 3.1 and Theorem 3.2, (H, - E)“"(H Ja—J.H)(H — E)~ ! is trace
class so s-lim ¢4 e """ P, (H) and s-lim ¢""j,e”""'P, (H,) exist by the Kato-

t—F o t—>F+

Birman theory [33, 36]. Proposition 2.3 completes the proof.
Example 1. Let V be continuous on ( — oo, c0) with

lim |x|**¢|V(x)—a,|=0

x—>t o0
with a, % a_ allowed. If we put H=H,+a_ and H,=H,+a, we have a
complete scattering theory with two “channels”. This is somewhat special in
that P(H,)=1— P}(H,), something which is definitely not required.

Example 2. Let V be continuous on ( — o0, ) with
lim |x|"**|V(x)]=0
and
lim V(x)=co.
x>+ a0
TakeH,= Hyand H, = H, + V(x) + V( — x). Then H, has purely discrete spectrum

so that P;(H,) = 0. Hence P;"(H) = 0so P;"(H) = P; (H) = P,(H) and “everything
bounces of the wall”.
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Example 3. Let W(x) be a periodic L} -function. Let V be a function in L]

loc

such that y_, ,V and y, ,(V — W) lie in I'(L?) for some a and b. Then one can
take H,= H,and H, = H, + W. In particular H|Ran P(H) is unitarily equivalent
to H,|Ran P*(H,). Clearly o(H,|Ran P (H,)) = o(H,); in fact we shall show in
Section 4 that the spectra are equal in this case (but the multiplicity is 1 for H,|Ran
P and 2 for H, itself). Thus for any interval I disjoint from o(H,)—a gap—
E/{H)P; = E,(H)P; and we have answered Papanicolaou’s problem.

We shall show in Section 6 that the Hamiltonians of these three examples
have no singular continuous spectrum if the potentials approach their asymptotic

values exponentially. This condition is surely unnecessarily strong. We next
note that

Proposition 3.5. H|Ran P;" is antiunitarily equivalent to H|RanP; under
complex conjugation. Hence their spectral multiplicities are equal.

Proof. 1f Cyy = then CHC = H so

CleHj e~ H)C = ¢~ tHj oH
and thus CP;" = P;". It follows that

C(HP/)C=HP.

Finally we consider extensions of the theory to potentials which may diverge
to — o0 as x - + oo. For simplicity we suppose that Vel?  with } | V(x)|>dx

—n

polynomially bounded as n increases. We let H denote some self-adjoint extension
of (H,+ V) defined on 9, = {nel* nDom H, jirg) (1 +x)" 'illigln(y)l =0 for
all m}. The point is that if ¢ € L* has compact support then
(Hy+1—-1)"'¢pez,, so
(Hy+1—=i) Y=Hy+1-i) —H+1-)"V(H,+1-0)"" (3.4)

for any bounded function j of compact support (applied to all functions in L?)
and for any L? function j of compact support (applied to all functions in CY).
The following is motivated by ideas from [6] and [10].

Theorem 3.6. Let V, H be as above. If je L? has compact support then (H + 1 — i)™ ']
is trace class. If € CY then (H + 1 — i)™ 'np is bounded.

Proof. Let ¢eCy equal 1 on the support of j. Then
H+1-i)""VH,+1—=0)"=H+1-i)""VH,+1-0)"j+C
where
C=H+1-i)""W(Hy+ 1) [¢,Hy(Hy+1—1i)"Yj
= {(Ho+ 1 =) —(H+1— i)} [ Hol(Hy + 1 =)
by (3.4). Using (3.4) once more leads to
H+1-)"Y=4,+A4,+A4;+ 4, (3.5)
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where
A, =H,+1-0)7"Y
Ay=—H+1-i)""VoH,+1—-10)"
Ay={Hy+1—-)"'—H+1=-i)""¢"Hy+1—-0)""
Ay={Hy+1-)"'—=(H+1-)""Ri¢'p(Hy+1—1i)" .

By a Sobolev estimate (H, + 1 — i)~ '/*W is bounded if WelL?. This together
with (3.5) implies the boundedness of (H + 1 — i)~ 'j. Replacing j by np in (3.5)
where neCy and ¢eCy equals 1 on the support of # we similarly find that
(H+1—i)"'ypis bounded. Since (H, + 1 — i)~ 'jis trace classand (H + 1 — i)~ ' V¢
is bounded and (H + 1 — i) '¢’p is bounded we finally deduce using (3.5) that
(H + 1 — i)~ 'jis trace class.

We immediately conclude from Theorem 3.6 that

Theorem 3.7. Theorem 3.3 extends to self-adjoint extensions H of (H,+ V)

provided that j |V(x)|2dx is polynomially bounded as n increases.

—n

Example 4. Suppose that Vel? with V(x)= —ax? — f. Then H is essentially

loc

self-adjoint on C¢ and one has the ordinary kind of P,.

Example 5. Suppose that H is limit circle (see [ 35]) at both + o0 and — co0. Then
one can choose boundary conditions so that waves reaching + oo are sent back
in at — 0. Because of this coupling it seems surprising at first that P, exist. The
point is that P, = 0!

Example 6. Suppose that V — 0 at — oo like |x| ™!~ but that H is limit circle

at + 0. Then P;" % 0 but P = 0. The boundary conditions at + oo must involve
total reflection.

§4. Geometric Scattering and Homogeneous One-dimensional Systems

We use Theorem 3.3 to see how much scattering theory can be developed without
reference to a comparison dynamics. Thus, rather than thinking of scattering as
a perturbative phenomenon we consider correlations between the dynamics,
e~ " ‘and the configuration space geometry, x — + co. The description of scatter-
ing in terms of correlations between spatial and temporal asymptotics is not new;
among previous examples of that philosophy we mention:

(1) The Lax-Phillips theory of acoustical scattering [29], which is the example
par excellence of geometric scattering theory. It has been extensively developed
but does not seem to be applicable to Schrodinger operators with potentials of
infinite range. However, Enss [ 21] has recently developed an approach to scattering
which overlaps the Lax-Phillips approach in some methodological aspects and
our approach on some points of philosophy.

(2) Certain C*-algebraic approaches to long range scattering [5,9,22,28] are
partly geometric in nature. Those that deal with asymptotic momenta can be
thought of as looking at the asymptotic form of ¢ Xe™ .
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(3) Various authors (see [4,45]) beginning with Ruelle [38] have attempted
to describe the orthogonal complement of the span of the eigenvalues of H in
purely geometric terms.

(4) There have been attempts at describing the usual time-dependent theory
in more geometric terms [18, 47].

We should distinguish our attempt to describe scattering theory in geometric
terms using primarily time-dependent methods (mainly the Kato-Birman theory)
from recent papers [ 15, 20, 43, 44 ] using geometric methods to study the more usual
spectral and scattering problems.

We suppose throughout this section that H|Ran P;' has simple spectrum.
By using Dirichlet decoupling [14] and the fact that second order operators
on (0, o0) with a regular boundary condition at 0 always have simple spectrum
[8], it should not be hard to prove this hypothesis for all VeZ. The operator
PP P} is a non-negative self-adjoint contraction on Ran P;” which commutes
with H, so by the simplicity hypothesis there is a function R on o(H|Ran P;")
such that 0 £ R(E) £ 1 and

PP P} =R(H)|Ran P;".
Moreover R is uniquely determined almost everywhere with respect to Lebesgue
measure by this equation. We call it the reflection modulus. 1t is easy to show that

Proposition 4.1. In the short range case R(E)= ‘r(\/FT)IZ where r is the usual
reflection coefficient.

There is an asymmetry in the definition of R, since we could just as well have
considered R, defined by

PP/ P =R(H)|Ran P, .
Proposition. 4.2. R(E) = R(E) for almost every E in
o(H|Ran P;') = o(H|Ran P;).

Proof. By Proposition 3.5, CP; C = P, where C is complex conjugation. Since
R is real and

CR(H)P;C=CP} P[P/ C=P PP =RH)P

we see that R = R.
There is a second proof of Proposition 4.2 which is important because it
implies a left-right symmetry.

Theorem 4.3. Let A be a self-adjoint operator and P, Q two orthogonal projections
commuting with A. Then there is a partial isometry U from Ker (PQ)- which commutes
with A and satisfies

PQP = U(QPQ)U*.

Proof. (Motivated by [13]). If U is defined by the polar decomposition PQ =
U|PQ| then since PQ commutes with A so does U. Moreover QP = |PQ|U* so

PQP = (PQ)(QP) = U| PQ|?U* = U(QPQ)U*.
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Theorem 4.3 provides a second proof of Proposition 4.2 and also leads to the
following result.

Proposition 4.4. Define the function R, on o(H | Ran P) by
P PP} =R/(H)|Ran P/

and extend R and R, to all of (— o0,0c) by setting them equal to 1 outside
o(H|Ran P}), resp. o(H|Ran P;"). Then R = R, almost everywhere.

Proof. The functions 1 — R(E)and 1 — R (E)on(— o, co)are the spectral functions
of

1- {(1 -Pzﬁ)‘f'Pl_PlﬂLPl-} =P1_Pr+Pl_
and
1-— {(1 — Pf) + PfP:Pf} = P,JrPl_P;r

respectively. By Theorem 4.3 these are equal.

Examples 1 to 3 of the last section show that o(H |Ran P;') and o(H |Ran P;")
need not be equal, so that the extension procedure used in Proposition 4.4 is
important.

Returning now to the study of comparison dynamics, we feel that if one wants
them to have a reasonable physical interpretation the following restriction is
necessary.

Definition. A Hamiltonian H in O is called homogeneous if and only if

(i) P, =P, (no reflection)

(ii) H has purely absolutely continuous spectrum.

These criteria are useful for understanding why the free field is a suitable
comparison dynamics in the Haag-Ruelle theory [ 25, 36, 39] and for understanding
the choice of comparison dynamics in magnon scattering [23, 36, 46].

2

d o2
{f:f(k) =0 for k <0}

where ~ denotes the Fourier transform.

Theorem 4.5. IfV is periodic and in L;

Example. Hy = — is homogeneous since P;" and P, both have range

then H is homogeneous.

loc?

Proof. Without loss suppose that V(x + 1) = V(x). The analysis of H as an explicit
direct integral [ 19,31, 37] shows that (ii) is obeyed. Moreover there is an eigen-
function expansion

fik) = L6, k) f(x)dx ke[ —n,m]

K
769= 5 6000k
7,00 =509 0
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where

(a) &,(k) is real analytic and non-constant on (— =, 7).

(b) u,(x, k) =e *¢,(x,k) is a periodic function of x with period 1 and if
x is restricted to (0,1) is an analytic function of k on (— 7, n) with values in
L*(0,1).

Homogeneity is proven if we show that Ran P;" and Ran P are both equal to

7 0
{f :f(k) = 0 for those k,n with jﬁi@ < 0}.

This follows by a density argument if we show that if [ a, b] is an interval on which
e,(K)
ok

> 0 (resp. < 0) and ge CZ(a, b) then

b
fx)=[¢,(x, kglk)dk
obeys
fle™™f)(x + y)|*dy £ Cy(1 + | x| + [¢])™Y (4.1)
0

provided x/t <0 (resp. x/t = 0). (4.1) is proven by a stationary phase argument
[24, 36]. Starting from

(e ™f)(x) = } u,(x, k)g(k)e 1?0 =k gjc

b ‘ oe “to V.
= i _n_ _ — i(ten(k) — xk)
{un(x, k)g(k)[z(t e x> ak} e ik

we integrate by parts N times and use the fact that, since u is periodic,

u
FT (x+y)

is uniformly bounded in x, to deduce that the left-hand side of (4.1) is dominated by

1

|

0

2
dy

e N
t——X

Cy sup k

a<k<b

Og,
ok

We note the following restatement of a theorem of Levinson—see Deift and
Trubowitz [16] for extensive discussion and proofs.

This yields (4.1) since

has a positive lower bound on [a, b].

Theorem 4.6. Let V' be short range in a suitable sense, for example

T (14 x?)|V(x)|?dx <

— 0

suffices, and let H= H,+ V be homogeneous. Then V is zero almost everywhere.
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Consideration of this example demonstrates the importance of condition
(i1) in the definition of homogeneity. There are reflectionless short range potentials
(“KdV solitons” see e.g. [13, 16]) that have non-empty point spectrum. We feel
that the theory of homogeneous Hamiltonians is worthy of further study, and
pose the following unsolved problems.

Question 1. If V is almost periodic is H, + V homogeneous? It may be possible
to answer this for a large class of almost periodic V' using the results of Dinaburg
and Sinai [17].

Question 2. Can one find a proof that H, is homogeneous without using the
Fourier transform? This might yield a simplification in the proof of Theorem 4.5
and even a solution of Question 1.

Question 3. Let W be periodic and V short range. If H, + W + V is homogeneous,
does it follow that ¥V is zero almost everywhere?

Question 4. Are there any homogeneous Hamiltonians He(® for which V is not
almost periodic?

§5. Systems Periodic in All but One Dimension

In this section we consider potentials VeZ on R’ for which there exist v — 1
periods, that is linearly independent vectors a, , ..., a,_; such that V(x + a)) = V(x).
Without loss of generality we can suppose that the span of a,,...,a,_, is {(0,
Xyy oo Xy)

Example 1 (Infinite Sheet). Let W be a potential on R” such that
[Wx)| < C+|x]) .

Let L be the lattice of integral combinations of a,, ..., a,_, and define
V(x)=) W(x+b).

beL
Then — 44 V describes scattering from an “infinite sheet” or “thin film” of
scatterers, each of which is described by a potential W centred at a point of the
lattice. Notice that

Vx)| < CA+|x )1

For this example we recover the result of [11] that Q*( — 4 + V, — A4) exist and
are complete in the sense that their ranges are equal. It may happen that this
common range is not all of Ran P, (— 4 + V) as we shall see.

Example 2 (Half-solid). Let W be a function on R" which has v periods and
suppose that the plane x, = 0 has rational indices, that is there is a set of v — 1
independent integral combinations of the periods which lie in the plane. Let
V(x)=0if x, <0 and V(x) = W(x) if x, = 0. Then — 4 + V is a direct analogue
of the Papanicolaou example. Our analysis below implies the existence of plane
scattering waves from the left and Bloch scattering waves from the right. We
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have completeness in the sense that the span of the two types of wave from the
past equals their span from the future, and in particular there is complete reflection
from the interface at energies in “gaps” for the solid.

Example 3 (Lattice Dislocations). Let W, and W, be two potentials each periodic
with v periods, which may be distinct for the two potentials, and suppose that
the plane x; =0 contains a set of v— 1 independent vectors which are integral
combinations of each of the two sets of periods. Let V(x) = W (x) if x, <0 and
V(x)= Wy(x) if x; = 0. Our results below yield existence and completeness in
the same sense as in Example 1. The case of particular physical interest is where
W,(x) = W, (Tx) with T a Euclidean transformation. The plane x, =0 is then
a “lattice dislocation”, called a shear if T is purely translational.

The restriction to rational indices in Examples 2 and 3 is an annoying one
from a mathematical point of view, and arises from the fact that for a direct
integral decomposition of the type we shall use, strict periodicity is essential.
This emphasises the mathematical need for methods of analysis applicable to
almost periodic Schrodinger operators. However, from a physical point of view
the restriction to rational indices is not so serious, for as J. Hopfield has emphasised
to us, a microscopic view of sliding together with the notion that an atom cannot
be sliced in half indicates that almost periodicity is impossible for the kind of
physical systems we are considering.

Motivated by [11] we now proceed to make the direct integral decomposition
v—1

of L2(R") induced by the group of symmetries x — x + Y. n,a;. Let C be the cylinder

i=1
over a basic cell for the periods, so that xe C if and only if
v—1
(O,xz, e ,Xv) = Z yiai
i=1

where 0 <y, < 1. Let e T =[0,2n) "' and let H,(0) be — 4 on L*(C,d"x) with
the domain given by requiring that the set of f € L*(C) which have C* extensions
to R" such that

flx+a)=e*f(x)
is a core for H(0). Finally let H(0) = H,(6) + V. Then by [19, 37]

D
H=—A4+V~ [H©)do
T

@
and for any function f on R multiplication by f(x,) in LA(R") is just | f,d6, where

T
f, is multiplication by f(x,) in the fibre L*C) corresponding to 6; that is the
decomposition respects geometry in the x,-direction.
We begin by analysing H() by a method analogous to that in Section 3.
Before starting we note that if 2,0 are defined as in Section 3 and Ve# then
(3.1) holds for all 0, with H, replaced by H ,(0). We shall need to use the space

w0 1/p

LN =lg: ) | ]g(x)]pd“x < o

n=— o0 xeC
nsx;<n+1
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Theorem 5.1. Let Ve? and fel,(L{C)) for some q = 2,q > v. Then if E§o(H(0))
(a) d,(H(0) — E)~ ' is bounded
(b) f(H(0) — E)"* is trace class for sufficiently large k.

Proof. (a) This is identical to the proof of Lemma 3.1.

(b) This is similar to but somewhat more complicated than Theorem 3.2.
Namely as in that case we can suppose that f(x) is zero unless x, €[0, 1], so that
felt Let ne CY(R) equal one for x,€[0,1] and regard » as a function on C. If
p= —i0, then

fH—=E)™ '=f(H-E)"'n(H-E)™"+2f(H—E)"'p(—in)(H—-E)™""!
+f(H—E)"''(H-E™"! (5.1)
where we do not make explicit the dependence of H(f) on 6. We claim that
f(H — E)”* lies in the trace ideal S uy Where a(k) = max(1, g/k). This is proven
inductively, the result holding for k = 1 by the following lemma. But part (a), the

lemma below, and (5.1) together show by Holder’s inequality that f(H — E) *e.#
implies f(H — E)™*"'€.4 11,

Lemma 5.2. If ¢=2,q>v and felXC)

then f(H(0)—E) '?es,.

Proof. As (H,(0)— E)'/*(H(0) — E)""/* is bounded we need only prove that
X =f(Hy0)— E)’”zef This is done by Fourier analysis, considering C as a
locally compact abelian group with dual group C. Regarded as an operator on
L*(C) one sees that (H o(0) — E)~'/? is multiplication by a function g which lies

in 14C) for all g >v. Hence X = f(Q)g(P) lies in & , by complex interpolation
between g = 2 and g = o (see [42]).

Theorem 5.3. If He( then
P,(0)=P(0)+ P (6)= P, (0) + P, (0)
for all 6. Moreover neRan P;(0) if and only if neRan P, (0) and
lim | [e”™9(x)]2d"x=0

t=+ o xi12a

for all a.
Proof. By Proposition 2.1 it suffices to show that j,Q(H(6)) < Q(H(6)) and that
E(H(0))[Jj,, HO) JE(H(0))e 7,

for all 1, 0, where j, is a C* function of x; which equals O (resp. 1) if x<a—1
(resp. x > a + 1) and E; is the spectral projection of the bounded interval I. The
first condition is implied by the trivial inclusions j,Q(H,(0)) = Q(H,(0)) and
J.0(V_.) = O(V,). The second condition is a consequence of the identity

El[jaa H(@)]E, = E}(éxja ‘jaa1)E1

and the results of Theorem 5.1.
In Appendix 2 we shall prove that P (6) is measurable in 0. Since P

a(k)

0)=0

sing(
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for all 6 by Appendix 1 it follows that P, (0) and hence

Pl+ (9) = s-lim eitH(G)jae~itH(0)PaC(6)

t— —©

are measurable. There is therefore no difficulty in defining projections such as
~ e ®
P,.=[P.(0d0, P ={[Pi(0)do.
T T

Proposition 5.4.
P,,=P  +P =P +P,.
If n,€Ran P} then

lim [ |(e7"n.)(0)?d"x =0 (5.2)
t—+ x1>b
for all b.

It is important to note that P, and P, need not be equal. Each H(f) might
have an eigenvalue A(f) which is an analytic and non-constant function of 6.
Then by [37] any direct integral of the corresponding eigenvectors lies in

Ran P,.n(Ran P, ).

It seems physically plausible that all # in this subspace should be “surface states”,
that is should be “concentrated” near the surface for all time:

limsup | |(e” " n)(x)|*d*x =0. (5.3)

a-o o |xy|>a

This would lead to a converse of Proposition 5.4.

It turns out that the truth of this conjecture is related to the question of whether
the singular continuous spectrum o, (H(0)) is empty. This is the problem we
examine in the next section.

§6. Surface States and Surface Impurities

We continue with the notation of the last section. Since the projection P, (6)
onto the span of the eigenvectors of H(0) is measurable by Appendix 2, we can
define the projection P, onto the “surface states” by

®
P,= [ P, (0)do.
T

Proposition 6.1. If neRan P, then n is “concentrated” near the surface x, =0
for all time in the sense that

limsup [ |(e”™n)(x)|?d"x=0. (6.1)

aTot xyl>a
Proof. Since the direct integral decomposition respects respects the x,-geometry
sup | [(e”"y)(x)|2d"x < [ G(0, a)d0
T

U |xq|>a
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where

G(0,a)=sup [ |e ™ Op(0)|*d"x.

U xy|>a

Since G(0,a) < | n(0)|*eL(df), (6.1) follows by the dominated convergence
theorem if we show that

lim G(0,a) =0 62)

for each 6. By hypothesis 7(6) = Y. C
where i, are normalised eigenvecai(ors of H() and ) |C,|* = | n(0)|*. By a limiting
argument we can suppose the sum is finite. In thaz case

G(0,a) < azﬂlcacﬁl I oyl |dx

|x1]>a

which goes to zero since Y, € L'(C).

Corollary 6.2. Suppose that He(® and that o

neRan P if and only if (5.2) holds for all b.

Proof. If neRan(P," + P,) then by Propositions 5.4 and 6.1
lim lim [ [(e”™y)(x)]*d"x=0.

a=wI= =0 x <

(H(0)) = for each 0. Then

sing

—a

The hypothesis on o, . and Theorem 5.3 imply

sing
Pr(O)+ P1(0)+ P (0)=1

so by Proposition 5.4 we deduce that
lim lim | [(e"™n(x)|*d"x=|Pn]|?

a—ow = — x1S—-a

for all #. Thus (5.2) implies that |5 | = | P, | * so that neRan P;".

Therefore when o, (H(0)) = & we have three scattering channels P, =
P,.P,, P P’ with geometric interpretations for all three channels. There is
however no scattering between the surface channel and the [,# channels unless

one introduces a localised “surface” impurity.

Theorem 6.3. Let H=H, + V where V€% has v — 1 periods and o, (H(0)) = &
for all 0. Let H'=Hy+ V + W where Wel (LR")) for some q=2,q>v. Then

P, (H)=P{(H)+ P} (H)+ P} (H)
where neRan P (H') if and only if
lim lim [ ) Pdx =0 (63)

a-ow t—=F o x1€R(a)

and

Rfa)=<{x:1x;>—a} ify=1

{x:x, <a} if y=r.

{{x:]x1]>a} if y=ac,s
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Proof. Combining the estimates given in the proofs of Theorems 5.1 and 5.3
with the Kato-Birman theory [33,36] one sees that Q*(H',H) exist and are
complete. If P, (H’) is the projection with range

Q(H', H)P (H)LA(R)
then completeness and ZP (H)= P, (H) imply ZPi(H’ =P, (H'). Now (6.3)

holds for the Hamlltonlan H by Proposition 6.1 and Corollary 6.2, so it also
holds for H' since yeRan Py (H") if and only if there exist ¢ePy (H) with

hm H e th’n _ eitH¢ H =0

t—F

Thus scattering for the Hamiltonian H' may still be described in geometric
terms, but there is now no reason why P, P, should vanish. Physically the
impurity allows coupling between the surface and the [, r channels.

This leaves the technical question of showing that o, (H(0)) = . We shall
prove this for the examples of Section 5, and most of those of Section 3. In all
cases there are two potentials W, and W, such that

(@) If W= W0+ Wio. then G=V — W converges to zero at + .
(i) The spectral properties of — 4 + W, are capable of detailed analysis.

In the rest of the section we shall suppose that G lies in the space Lj of bounded
functions of compact support. One can easily accommodate local singularities
of G and exponential fall-off at infinity. With more work one could presumably
develop the Agmon-Kuroda theory [2, 27, 37] to allow G which decay like r~* ¢
at infinity. Since the cases of greatest interest have Ge L} we exploit the simplifi-
cation then possible.

We shall reduce the analysis to a perturbative version of the limiting absorption

method. We begin with an abstraction of this method motivated in part by the
treatment in [36].

Definition. Let A = @Lz . Let (a,b) =R and let Q £ R" an open set. We

i=1
say that a self-adjoint operator A on lies in .«/(a, b, Q) if

(i) There is a complex neighbourhood N of (a,b) such that f(4 — z)~'g has an

analytic continuation from N {Im z> 0} to N for all f,ge @ LZ(R").
i=1
(ii) If p= —i0 and supp f<= Q then the continuation requirement is valid for

fpA4-2""g.

(iti) f Imz>0and fe éiﬁg then f(A — z)~ ' is compact. If also supp f = Q then
fpA—2z2)""is compat.it:.l

Note. The case Q % R” is only needed for some applications in the appendix.

A fundamental criterion for the absence of singular continuous spectrum
in [37] immediately implies

Proposition 6.4. If Ae</(a,b,Q) then oy (A)N(a,b)= and o, (A) has no
points of accumulation in (a, b).
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The definition was chosen in order to make possible the following perturbation
result.

Proposition 6.5. Let f be an n x n matrix-valued function in Cg with support in
Q and let g be an n x n matrix-valued function in Ly such that (f-p + g) is symmetric.

If Aeof(a,b,Q) on P LAR") then there exists a countable set S <(a,b) with no
i=1
limit points in (a, b) such that if (c,d) < (a, b)\S then (A + [ p + g)eA(c,d, Q).

Proof. Let B=f'p+ g and choose neCg§ equal to 1 on supp fusuppg. We
first claim that

(A+B-2"p=(A—2" "1+ BA—2)""n~! (6.4)

if Im z> 0 and the first inverse exists. This follows for large Im z by expanding
the last inverse as a geometric series and using nB = B. If f,,g, €L} and y also
equals 1 on supp g,, it follows that

fiA+B—2""g, =fi(A =27yl + B(A—z2)"'n)"yg,.

By hypothesis and the analytic Fredholm theorem this can be continued from
N {Imz>0} to all of N except for a set P of poles with no limit points in N.
Putting S = P (a,b) we obtain (i) for A + B, except that S as constructed may
depend on g, since we required # =1 on suppg,. But S is independent of f; so
by symmetry it is also independent of g,. The proofs of (ii) and (iii) are similar.

Theorem 6.6. (a) If A,,...,A, lie in (a,b,Q) for [*(R") then A, ®... DA,
lies in o/(a, b, Q) for @ LXR").

i=1

(b) A= — A4 lies in (a,b,R’) for any a,b > 0.

(c) Let Vel be periodic on R. Then there is a countable set E = {x,x,,...}
such that x, = 0 and — 4 + Vesl(a,b,R) for all (a,b) disjoint from E.

(d) Let W "be periodic on RY with (v — 1) periods in {x, = 0}. Define +/(a,b,Q)
on LXC,d"x) in the natural way, using only id, for p. Then H(0)= H,(0)+ W
lies in </(a,b,C) for all (a,b) disjoint from a set E(0)= {x,(0),x,(0),...} where
x,(0) = o0 as n— 0.

Proof (a) is trivial.

) If f geLy then for any ¢eL? the Payley-Wiener theorem implies that fo
and g are entire functions with

sup | /()| <C,, ] 0], (6.5)

lIm k| Sa
and a similar result with f replaced by g. If Im z > 0 then by straightforward

Fourier analysis
oS A= ) = ijﬁkgwik)
C

where C =R". As z - (a,b)%0 we can deform the contour to avoid singularities
of (k* — z)~! and use (6.5) to show that the analytic continuation is a bounded
operator analytic in z.

==
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(c) This is similar to (b) once we note the existence of a Paley-Wiener type of
theorem for the eigenfunction transform. In the notation of Theorem 4.5, if

foeLly x I? then f¢, can be analytically continued into a neighbourhood of
[ —m, 7). Thus

(g, (k)
g, (k) —

can be continued past (a, b) as long as z avoids the discrete set

{8,1( =0}U{8n(in)}

(at the former points the contour may be pinched by two singularities).
(d) This is identical to (c); now ¢k, 0) depends on 6 but since ¢,(k,0)) > o as
n— o for 0 fixed, the proof goes through.

We can now prove

(fo(=4+V—27'gP)=} | ﬂb

n —n

dk

Theorem 6.7. Let a,,...,a,_, be v—1 periods in {x, =0} and let a,,b, be two
vectors each independent of a,...,a,_,. Let W, be bounded and periodic with
periods day,...,a, and W, bounded and periodic with periods a,...,a,_,b,.
Suppose that H= H, + V where

V=W, Wal(-w,06L5-
Then o, (H(0)) = & for all 6.
Proof. 1t is clearly sufficient to show that if
V= Wikio,0) T Wiki— w0
then
—A4+V 0
9 =
A©) [ 0 — 4+ V]( )
has empty singular spectrum. Let U(x,) be a unitary, 2 x 2, C* matrix-valued
. 1 0. 0 1].
function on R such that U(xl)z[0 ] if x;,>1 and U(x, ):[_1 0] if

ifx, <—1 and let U act on L*(C)@® L*C) in the natural manner. It is easy to
show that if A(0) = UA(G)U " then

e [ —4+w, 0 .
A(9)—[ 0 —A+W1]+f p+g

with feCg and geL%. By the last three results o, (A(0)) = &

Appendix 1. The Twisting Trick

The method of Theorem 6.7, adding extra degrees of freedom and then twisting,
is quite powerful. In this appendix we indicate its scope of application. We use
the notation from Section 6 freely.






