GLOBAL SUPPORT PROPERTIES OF
STATIONARY ERGODIC PROCESSES
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Nelson [7] has made the deep observation that a variety of quantum fields
analytically continued to imaginary time are represented by stationary, ergodic,
generalized Markov processes (see also [12, 14]). Recently, there has been some
interest in determining the support properties of the measure in the canonical
model of the process on C,”(R")" given by Minlos’ theorem [4]. The analysis
has begun with the free Euclidean field, i.e., the Gaussian process over C,” (R")
with covariance

f qNq(9) duo = {f, (—A 4+ m*)'g).

The main results found for u, are:

(0) ([2]) Those distributions equal to a signed measure on some open set have
measure 0 if n > 2.

(1) ({1, 2)) If A is the Laplacian in n — 1 dimensions, then u, is supported
on (—A + 1)*H if « > n/4 — 1/2 and H is the set of locally Holder continuous
functions.

@) (2h It € C,"(R") and ¢,(x) = q(f(- — x)), then with u,~probability one:

lim ¢/()/ VIn'[e] = C(f, my , n)

where C is an explicit constant only depending on f, m, , n.

(3) (I9]) mo is supported by (—A& + 1)*(1 + 2*)* [log (2 4+ 2*)I"°L*R")
if @« > 4n — 3 and 8 > 1 and by its complement if « > 3n — 1 and 8 < 1.

We have studied the extension of these results to the P(¢), and P(¢), Markov
fields [7, 6, 14]. (0), (1) extend (or should extend) to these theories since they
are known or believed to be locally absolutely continuous to the free theory.
(This local absolute continuity is known for all P(¢), theories [6] and for “small
coupling” P(¢). [8]). We will examine the analog of (2) in detail elsewhere [11]
using partly methods from [10]. This note had its genesis in an attempt to
extend the result (3) of M. Reed and L. Rosen to these interacting fields. We
have found that their result only depends on the ergodicity of the process
associated with g .

Our results all follow from Theorem 1 which is a simple consequence of the
ergodic theorem:
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TuEoREM 1. Let (2, @, u) be a. probability space on which R” acts ergodically
as a continuous group of measure-preserving transformations, T*(x € R’). If
0 < hwith0 < E(h) < =, then:

f T%(h) d’x < woa.e for >1
me(L+2)"log @+ 2 = o g6 for B < 1.

Proof. Let us denote the integral in question by F(w). Then for 8 > 1,
we have the stronger result that F(w) € L'(dw) since, by Fubini’s theorem:

E(F) = E(h) f d'w <
) =E® | 0+ 2" Nog @ + P
If 8 < 1, the multi-parameter individual ergodic theorem [15] tells us that

lim (1 + R*»™" f T*(h) d’x = 2’E(h), a.e.
14 lzil <R

-

Hence for almost every o € ©, there is some R(w) with
A+ [ T a2 ER) iy 2 Re).
lzil<wy
But for some C and all z:

(142" og @ + 27 2 ¢ [ (1 + )" log @ + ) d'y.

vz (max|zil)

Thus:

Fo2 e[ wme [ at it e

2mnx |zl

¢ [7 @+ g + [IRRCoE

zilSu

v

C[ f m“) 1+ ) *log 2 4+ )17 dy:lE(h) = o,

R(

The following corollaries apply Theorem 1 to the P(¢), and P(¢), Markov
processes. The reader should consult [11, 14] for the definition of these processes.

CoroLLARY 1. For the P(¢), Markoff process X (t)
[ X@®) d't < wae if g>1
R! (1 + tz)*(l.(l(Q + t2))ﬂ = o g.c. if 8 < 1 '

Proof. Since the generator of the process is a second order differential opera-
tor with a one-dimensional eigenspace for its lowest eigenvalue, translations
act continuously and ergodically.
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Corollary 1 now follows from Theorem 1 if we set A = |X(0)|” and note that
by standard estimates, 0 < E(h) < «.

CoROLLARY 2. For the P(¢), Markoff process X(t) the measure u (on C(R))
ts supported on (1 + £)"**(lg(2 + ))*?I7(R") if 8 > 1 and on its complement
B <L

Proof. This is merely a restatement of Corollary 1.

CororLLaRY 3. (generalizing [9]) Let w, be the free Euclidean field of mass m
on R’ (withm > 04fv < 2andm > 01if v > 3). Let A be the Laplacian with
respect to someR"™ CR”. Leta > Yv — & Then u, (on C,"(R”)’) is supported by

(1 _ A)a(l + x2)v/2p[10g (2 + x2)]ﬂ/pr(R”)
if 8 > 1 and by its complement if 3 < 1.

Proof. u, is the measure corresponding to the Gaussian process, ¢, indexed by
H_, ..(R"), the set of distributions f € 8'(R”) with [ [f|* (»* + m*) "' d’p < «.
In particular, (1 — A)™* 6, € H_, .,(R’) so that ¢((1 — A)™* §,) is a Gaussian
random variable. We can thus take h = |¢((1 — A)™* 8,)|” and use Theorem 1.

CoOROLLARY 4. Let u be the measure for a P(¢), field theory with unique vacuum
(¢n particular, a theory with small coupling constant [5] or one with P(X) =
X* — 2\X, X # 0[13]). Then for any v > } and « > 1, u is supported by:

1= A)71 + &°)"log (2 + 2")""L"(R?)
or by

(1 — B)*1 + 2°)log 2 + &°)P"I’(R?)
if 8 > 1 and thewr complements ¢f 8 < 1.

Proof. As in Corollary 3, we need only prove that E(|¢(h,)|") < « and
E(|¢(f.)|")) < « where h, is the function whose Fourier transform is (1 + p*)™”
and f, the function whose Fourier transform is (1 + p,*)”*. Write h, =
> ez by where h,™ has support in the unit square about the point n &
Z* C R® Since (1 + p®) " is analytic in a tube, %, falls off exponentially and
by integration by parts, A, is C* away from ¢ = 0. Thus by Frohlich’s bounds
[3] in the simplest form Y .. ¢(hy ™) E [Np<cw LP(S'(R?), du) for any v. To
control the central square, we need the estimate proven as in [3] or [14]:

Eeosh ) < €y exp (€ [ 11111 at)

for f with support in {(z,t)||z] < %} where f,(x) = {(z,¢) and |lg||-,* =
J-o" |9(k)|* (k* + 1)~ dk. It is not hard to see that to prove [_.” dt ||k, V|-,
< o it is sufficient to prove that [_..” dt ||h, ..||-.* < <. But by the Plancherel
theorem,
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S Ul dt = Geonst) [ 2 4+ 7266 + 177 a7

which is finite if y > 1. Thus ¢(hy) € [No<w L7 if ¥ > L. A similar argument
based on Frohlich’s time zero bounds proved the a > % result.
For the case p = 2, we can extend Corollary 3 to the P(¢), theory:

CoROLLARY 5. Let u be a measure for a P (). theory with mass gap (in partic-
ular, a theory with small coupling constant). Let A = —(d*/dx,?). Then u s
supported by

(1 = (L + 29"(og (2 + ) *L*R)
if 8> 1, a > 0 and its complement if 8 < 1, a > 0.

Proof. Asin Corollary 3, we need only prove that ¢((1 — A)™* §,) € L*(R?).
But in a theory with mass gap and canonical commutation relations

B0 < ¢ [ 1IWF & + 17 @

by arguments in [12, 14].
Finally, by the method used in Corollaries 3, 4:

COROLLARY 6. Let u be a Borel probability measure on C," (R") for which the
translations act tnvariantly and ergodicially. Suppose that u is supported by the
locally L7 functions and that [ (fi,1<1 dx |T(2)|”) du(T) < «. Then uis supported
by (1 + 2%)"*log (2 + #°)*?I’(R”) if 8 > 1 and its complement if B < 1.

Acknowledgements. It is a pleasure to thank J. Frohlich, H. McKean,
M. Reed, and L. Rosen for valuable discussions.

REFERENCES

1. J. CannoN, Continuous sample paths in quantum field theory, Comm. Math. Phys., to appear.

2. P. CorLeLLa aNp O. Lanrorp, III, Sample field behavior for the free markov random
fields, pp 44-70 in Constructive Quantum Field Theory, ed. G. Velo and A. S.
Wightman, Springer, 1973.

3. J. FrROHLICH, Schwinger functions and their generating functionals, Helv. Phys. Acta, to
appear.

4. I. M. GeL'FaND AND N. VILENKIN, Generalized Functions, Vol. 4, Academic Press, New
York, 1964.

5. J. GLimM, A. JAFFE, AND T. SpuNCER, The wightman axioms and particle structure in the
P(¢): quantum field model, Ann. of Math., to appear.

6. F. Guerra, L. RoseN, AND B. SimoN, The P(¢): Euclidean quantum field theory as classical
statistical mechanics, Ann. of Math., to appear.

7. E. NeLsoN, Quantum fields and Markoff fields in Proc. Summer Institute of Partial Dif-
ferential Equations, Berkeley, 1971, A.M.S., Providence, 1973.

8. C. NEwMmAN, The construction of stationary two-dimensional Markoff fields with applications
to quantum field theory, J. Functional Analysis, vol. 14(1973), pp. 44-61.

9. M. Reep aNp L. RoseN, Support properties of the free measure for boson fields, Comm.
Math. Phys., to appear.



STATIONARY ERGODIC PROCESSES 55

10. J. RosEN, Princeton University Thesis, 1974 and article in preparation.

11. J. RoseEN aND B. Simon, Fluctuations in P(¢);-processes, in preparation.

12. B. Simon, Positivity of the Hamiltonian semigroup and the construction of Euclidean region
fields, Helv. Phys. Acta, vol. 46 (1973), pp. 686-696.

13. —————, Correlation inequalities and the mass gap in P(¢p)e. I1. Uniqueness of the vacuum
for a class of strongly coupled theories, Ann. Math., to appear.

14. —————, The P(¢): (Euclidean) Quantum Field Theory, Princeton Press, Princeton, N. J.,
1974.

15. N. WieNER, The ergodic theorem, Duke Math. J., vol. 5(1939), pp. 1-18.

RosEN: DEPARTMENT OF MaTHEMATICS, HEBREW UNIVERSITY, JERUSALEM, ISRAEL
SimoN: DEPARTMENTS OF MATHEMATICS AND PHYsIcs, PriNcETON UNIVERSITY, PRINCE-
TON NEW JERSEY 08540



